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ADVERTISEMENT. 



Lacroix's Algebra has been in use in the French 
schools for a considerable time. It has been approv- 
ed by the best judges^ and been generally preferred 
to the other elementary treatises^ which abound in 
France. The following translation is from the elev- 
enth edition, printed at Paris in 1810. No alteration 
has been made from the original^ except to substitute 
English instead of French measures in the questions, 
where it was thought necessary. When there has 
been an occasion to add a note of illustration, the ref- 
erence is made by a letter or an obelisk, the author^s 
being always distinguished by an asterisk. 

Cambridge, June, 1818. 
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Prdindnary Remarks upon the TraTisitionfrom Arithmetic to Mgg- 
hrar--'Explanatum and Use of Algebraic Signs. 

1. It must have been remarked in the Elementary Treatise of 
Jtrithmetic, that there are many questions^ the solution of which 
is composed of two parts ; the one having for its object to find 
to which of the four fundamental rules the determination of 
the unknown number by means of the numbers given belongs, 
and the other the application of these rules. The first part, 
independent of the manner of writing numbers, or of the sys- 
tem of notation, consists entirely in the developipent of the 
C^^equence^ which result directly or indirectly from the enun- 
^Puon, or from the manner in which that which is enunciated 
connects 'the numbers given with the numbers required, that is 
to say, from the relations which it establishes between these 
numbers. If these relations are not complicated, we can for 
the most part find by simple reasoning the value of the unknown 
numbers. In order to this it is necessary to analyze the condi- 
tions, which are involved in the rekUiotis enundaiedf by reducing 
them to a course of equivalent expressions, of which the last 
ought to be one of the following ; the unknown quantity equal to 
tht mm, or the differencCf or the product, or the quotient^ of such and 
such magnitudes. This will be rendered plainer by an example. 

2b divide a gvoen number into two such parts, that thejirst shall 
exceed the second by a given difference. 

In order to this we would observe 1, that, 

27i€ greater part is eqv4d to the less added to the given excess^ 
and that by consequence, if the less be known, by adding to it 
this excess we have the greater ; 2, that, 

VoL I. 1 



2 JBlemenU cf Algebra, 

The grtakir added to the less forms the miwber to be divided. 

Substituting in this last proposition, instead of the words^ the 
grea'er part^ the equivalent expression given above, nameljf the 
less part added to the given excess f we find that, 

The less partf added to the given excess, added moreover to the 
less partf forms the number to be divided^ 

But the language may be abridged, thus. 

Twice the less part, added to the given excess, forms the'nwmber 
to be divided ; 
whence we infer, that. 

Twice the less part is equal to the number to be divided dinrni' 
ished by the given excess ; 
and that. 

Once the less part is equal to half the difference between the 
number to be divided and the given excess^ 

Or, which is the same thing, 

Tte less part is equal to half the number to be divided, diminished 
by half the given excess. 

The proposed question then is resolved, since to obtain the 
parts sought it is sufficient to perform opei*ations purely arith« 
metical upon the given numbers. 

If, for example, the number to be divided were 9, and the 
excess of the greater above the less 5, the less part wouldri^ 
according to the above rule, equal to | less I, or 4, or 2 ; off 
the greater, being composed of the less plus the excess 5, would 
be equal to 7* 

£• The reasoning, which is so simple in the above problem^ 
but which becomes very complicated in others, consists in 
general of a certain number of expressions, such as added to, 
diminished by, is equal to, &c. often repeated. These expressions 
relate to the operations by which the magnitudes, that enter 
into the enunciation of the question, are connected among them- 
selves, and it is evident, that the expressions might be Hbi'id2^4 
by representing each of them by a sign. This is done in rh# 

following manner. 

To denote addition we use the sign +, which signifies j^Zns. 

For subtraction we ibe the sign — , which signifies minus 

For multiplication we use the sign x» which signifies mvUi- 

plied by. 

To denote that two quantities are to be divided otie by the 
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•Oiery we place fhe second under the first with a straight line 
between them ; f Hignifies 5 divided by 4. 

LastI j9 to indicate that two quantities are equals we place 
between them the sign = which signifies equal. 

These abbreviations, although very considerable, are still not 
sufficient, for we are obliged often to repeat lAe mimber to be 
imdedf the rmniber giveHf the less parU the mimber sought, &c. 
by which the process is very much retarded. 

With respect to given quantities, the expedient which first 
aflbrs itself is, to take for representing them determinate num« 
bers, as in arithmetic, but this not being possible with i*espert to 
the unknown quantities, the practice lias been to substitute in 
tlieir stead a conventional sign, which varies as occasion re- 
quires. We have agreed to employ the letters of the alphabetf 
generally using the last ; as in arithmetic we put x for the 
fimrth term of a proportion, of which only the three first aro 
known. It is^rom the use of these several signs that we derive 
die scien^ of Algebra. 

I now proceed by means of them to consider the question 
^stated above (1). I shall represent the unknown quantity* or 
the less number, by the letter x, for example, the number tn be di- 
vided and the given excess by the two numbers 9 and 5 ; the 
giroater number, which is sou^t, will be expressed by a? -f- 5, 
Slid the sum of the greater and less bya;-f>5-f>a[?; we have 
then 

a: + 5 + «== 9; 
but by writing 9,x for twice the quantity x there will result 

• 2a; + 5 = 9. 

This expression shows that 5 must be added to the number 
2x to make 9, whence we conclude that 

2a: = 9 — 5, 
or that So; = 4, 

and that lastly or = | = 2. 

By comparing now the import of these abridged expressions^ 
which I have just given by means of the usual signs, with the 
process of simple reasoning, by which we are lo|d to the solu- 
tion, we shall see that the one is only a translation of the other. 

The number 2, the result of the preceding operations, will 
answer only for the particular example which is selected, while 
the course of reasoning considered by itself, by teaching usr 
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that the less part is eqwd to half the number to he dhnded, mims 
half the given excess f renders it evident, that the unknown num- 
ber is composed of the numbers given, and furnishes a rule by 
the aid of which we can resolve all the particular cases com- 
prehended in the question. 

I'he superiority of this method consists in its having reference 
to no one number in particular ; the numbers given are used 
thronp^hout without any change in the language by which they 
are expressed ; whereas, by considering the numbers as deter- 
Biinate, we perform upon them* as we proceed, all the operations 
which are represented, and when we have come to the result 
there is nothing to show, how the number 2, to which we may 
arrive by smy number of different operations, has been formed 
from the given numbers 9 and 5. 

3. These inconveniences are avoided by using characters to 
represent the number to be divided and the given excess, that 
ai-e independent of every particular value, and y/fth which we 
can therefoi'e perform any calculation. The lettej^ of the 
alphabet are well adapted to this purpose, and the jNTOposed 
question by means of them may be enunciated thus, a 

To divide a given mimher represented by a into two such parts 
that the greater shaU have with respect to the kss a given excess 
represented byh. ^ _ 

Denoting always the less by a?; 

The greater will be expressed by a? + 6 ; 

Their sum, or the number to be divided, will be equal to a? -f 
$; + b9or ^x + b; 

The first condition of the question then ynUl give 

^x + b = 0. 

Now it is manifest that, if it is necessary to add to double of 
X9 or to 2.r, the quantity b in order to make the quantity a, it 
will follow from this, that it is necessary to diminish a by i to 
obtain 2x, and that consequently 2ar = a — • 6. 

We conclude then that half of 2a: or a? = . 

This last renilt, being translated into ordinary language, by 
substituting the words and phrases denoted by the letters and 
signs which it contains, gives the rule found before, according 
to which, in order to obtain the less oj two parts sought we sfuh^ 



tradfrom half ojfhtr mmiher to be divided^ or from — half cf the 

b 
|tvai excess, or^. 

At 

Knowing the less part we have the greater by adding to the 
less the given excess. This remark is sufficient for effecting 
the solution of the question proposed ; but Algebra does more \ it 
furnishes a inile for calculating the greater part without the aid 
of the less as follows ; 

Hi being the value of this, augmenting it by the excess 6, 

fl ft M 1» 

we have fof the greater part +6. Now — — — l ( 

shows that after having subtracted from -~ the half of b, it is 

necessary to add to the remainder the whole of b, or two halves 
of b, which reduces itself to augmenting -? by the half of 6, or by 

— • It is evident then that :z + b becomes — H — ; and by 

2 2 2 2^ 2 ' ^ 

translating this expression we learn, that of the two parts sought 
the greater is equal to half of%the number to he divided plus half of 
the given excess. 

In the particular question which I first considered, the num- 
ber to be divided was 9, the excess of one part above the other 
5 ; in order to resolve it by the rules to which we have just 
arrived, it will .be necessary to perform upon the numbers 9 and 
5, the operations indicated upon a and b. 

The half of 9 being | and that of 5 being |, we have for the 
less part, 

and for the greater 

tt I « — 14 — T 

T +T — ir — '• 
4. I have denoted in the above the less of the two parts by 

X9 and I have deduced from it the greater. If it were required 

to find directly this last, it should be observed, that representing 

it by Xf the other will be a? — (, since we pass from the greater 

to the less by subtracting the excess of the first above the 

second ; the number to be divided will then be expressed by 

X + X'^b,ovhj Zx — b, and we have consequently 

2x — i = 0. 

This result makes it evident that 2a; exceeds the quantity 1 



by the quantity ft, and that consequently Sopss a -f-k By takiiig 

the half of Sor and of the quantity which is equal to it, we obtain 

for the value of x 

a h 

which gives the same rule as the above for determining the 
greater of the two parts sought. I will not stop to deduce from 
it the expression for the smallw. 

The same relation between the numbers given and the num- 
bers required may he enunciated in many different ways. That 
which has led to the preceding result is deduced also from the 
following enunciation : ^ 

Knowing the sum a of two numbers and their difference h, to find 
each of those numbers; since, in other words, the number to be 
divided is the sum of the two numbers sought, and their difer* 
ence is the excess of the greater above the less. The change n 
the terms of the enunciation being applied to the rules fimnd 
above, we have 

The less of two numbers sought is equal to half of the swm 
minus half of the difference. 

The greater is equal to half of the sum phis haV efthe differenctm 

5. The following question is similar to the preceding, but a 
little more complicated. 

To divide a given number into three such parts, that the excesi of 
iht mean above the least may be a given number, and the excess of 
the greatest above the mean may be another given number. 

For the sake of distinctness I will first give determinate 
values to the known numbers. 

I will suppose that the number to be divided is 230 ; 
that the excess of the middle part above the least is 40 1 and^ 
that of the greatest above the middle one is 60. 

Denoting the least part by x, 
the middle one will be the least plus 40, or a? -f 40, and the 
greatest will be the middle one plus 60, or a; -|- 40 + 60. 

Now the three parts taken together must make the number 
to be divided ; whence, 

a? + a? + 40 + a;+40 + 60 = 230. 

If the given numbers be united in one expression and the unp 
known ones in another, x is found three times in the result, and 
for the sake of conciseness we write 

Sx + 140 = 230. 
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Bat Binoe it is neccBsaryto ftdd 140 to trifile of x to make 250, 
ft feUowsy that by taking 140 from 230 we have exactly the 
trjpleof a?f or 

3a; = 230 ~ 140, 
er 3a; 1= 90, 

whence it foHows that 

0? = y = 30. 

By adding to 30 the excess 40 of the middle part above the 
kasty we have 70 for the middle part 

By adding to 70 the excess 60 of the greatest above the mid* 
die party wa have 130 for the greatest. 

6. if the knov^n numbers were different flnom those which I 
have used in the enunciation, we should still resolve the question 
by foUowing the steps traced in the preceding article, but we 
should be obliged to repeat all the reasonings and all the opera- 
timis, by which we have arrived at the number 30, because there 
is nothing to show how this number is composed of 230, 40, 
and 60. To render tiie solution independent of the particular 
Tsloes of numbers, and to show how the value of the unknown 
quantity is fixed by means of the known quantities, I will enun* 
date the problem thus ; 

3b divide a given mmber a into three such parts, that the excess 
tfthe middle one above the least shall be a given.number b, and the 
esecett efthe greater ahaoe the middle one shall be a given nwmber c. 

Designating as above by x the unknown quantity and making 
i»e of the common signs and the symbols a, (, c, which repre- 
sent the known quantities in the question, the reasoning already 
given %ill be repeated. 

The least part = a?, 
flie middle part = a? + ft, 
flie greatest = a? -f fr -f e, 

and the sum of these three makes the number to be divided ; 
nesce, 

x + x + b + x + b+e^a. 

This expression, which is so simple, may be still further 

Sbridged ; for since it appears that x enters three times into 

flie number to be divided and 5 twice, instead of a; -f or -|- a;, I 

shall write Sx, and instead of + ft + ft, I shall write + 2ft, and it 

will become 

s^r -f 2ft -f c = a. 
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From this last expression it is evident, that it is necessary to 
add to triple the number represented by X9 double the number 
represented by 6, and also the number c, in order to make the . 
number a ; it follows then, that if from the number a we take 
double the number h and also the number c, we shall have ex«- 
actly the triple of X9 or that 

3a: = a — 26 — c. 
Now X being one third of three times x, we thence conclude 
that 

X = . 

It should be carefully observed, that having assigned no par- 
ticular value to the numbers represented by a, bf Cf the result to 
which \Ce have come is equally indeterminate as to the value of 
a; ; it shews merely what operations it is necessary to perform 
upon these numbers, when a value is assigned to them, in order 
thence to deduce the value of the unknown quantity. 

In short, the expression -^ , to which x is equal, may be 

o 

reduced to common language by writing, instead of the letters^ 
the numbers which they represent, and instead of the signs, the 
kind of operation which they indicate ^ it will then become, as 
follows ; 

From the number to be dividedf sybtraet double the excess of the 
middle part above the least, and also the excess of the greatest above 
the middle part, and take a third of the remainder. 

If we apply this rule, we shall determine, by the simple opw- 
ations of arithmetic, the least part. The number to be divided 
being for example 230, one excess 40, and the other 60, if we 
subtract as in the preceding article twice 40, or 80, and 60 from 
230, there will remain 90, of which the third part is 30, as we 
have found already. 

If the number to be divided were 520, one excess 50 and the 
other 120, we should subtract twice 50, or 100, and 120 from 520, 
and there would remain 300, a third of which or 100 would bft 
the smallest part. The others are found by adding 50 to 100» 
which makes 150, and 120 more to this, which makes 270, m> 
that the parts sought would be 

100, 150, 270, 
and their sum would be 520, as the question requires. 
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It is because the results in algebra are for the most part only 
an indication of the operations to be peiforined upon numbers 
in oi*der to find others^ that they are callexi in general farmiulas. 

This question, although more complicated than that of article 
1, may still be resolved by ordinary language, as may be seen 
in the following table, where against each step is pLiced a 
translation of it into algebraic characters. 

FBOBI£M. 

To divide a number into three such parts, that the excess of 
tha middle one above the least shall be a given number, and the 
excess of the greatest above the middle one shall be another 
given number. 

soitunoir. 

By common langwige. By algebraic characters* 

Let the number to be dtvid' 
ed be denoted by a. 

the excess of the middle part 
above the least by b. 

the excess of the greatest 
above the middle one by c 

The least part being or. 

The middle part will be thei 

least, plus the excess of the v The middle part will he x + b. 

mean above the least. J 

The greatest part will be the"^ 
middle one, plus the excess of | 

gether form the number pro- 
posed. 

Whence the least part, plus^ 

the least part, plus the excess 

of the middle one above the 

least, plus also the least part, whence 

plus the excess of the middle >^,^,jli^,i;i^_.^ 

Slie .bovethe least, pluB the" * + * + * + * + * + * = **• 

excess of the greatest above 

the middle one, will be equal 

to the number to be divided. ^ 

3 
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Whence three times the least^ 

party plus twice the excess of I 

the middle part above the | 

least, plus also the excess ot^ 3x + ^b + c 

the greatest above the middle [ 

one, will be equal to the num- [ 

ber to bfj divided. J 

Whence three times the least' 

paii: will be equal to the num- 

ber to be divided, minus twice ^ 

the excess of the middle part ^ 3ar = a — 26 

above the least, and minus [ 

also the excess of the greatest I 

above the middle one. J 

Wlience in fine, the least part" 
will be equal to a third of 
what remains after deducting 
from the number to be divid- 
ed twiccgthe excess of the mid- 
dle part above the least, and 
also the excess of the greatest 
above the middle one. 



= a. 



— c. 



^X=z 






7. The signs mentioned in article 2 are not the onljr ones 
used in algebra. New considerations will give rise to others, 
as we proceed. It must have been observed in article 2, that 
the multiplication of x by 2, and in articles 5 and 6 that of Oa 
by 3 and that of h by 2, is denoted by merely writing the figures 
before the letters x and h without any sign between them, and I 
shall express it in this manner hereafter ; so that a number 
placed before a letter is to be considered as multiplied by the 
number represented by that letter. Sx, Sa, &c. signify five times 

Xf five times a, &c. fa? or — , &c. signifies | of or or three times 

X divided by 4, &c. 

In general, multiplication will be denoted by writing the fac- 
tors in order one after the other without any sign between them, 
whenever it can be done without confusion. 

Thus the expressions ax, be, &c. are equivalent to a x sc,bH 
c, &c. but we cannot omit the sign when numbers are concerned, 
for then 3x5, the value of which is 15, becomes 35. In this 
case we often substitute a point in the place of the usual sign, 
thus, 3 • 5. 
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Equations. 

9. K the solution of the problems in articles 3 and 6 be examin- 
ed with attention^ it will be found to consist of two parts entirely 
distinct from each other. In the first place^ we express by 
means of algebraic characters the relations established by the 
nature of the question between the known and unknown quanti- 
ties^ from which we infer the equalily of two quantities among 
fiiemsdves ; for instance, in article 3 the quantities £x -f- 6 and a, 
and in article 6 the quantities Sx + 2b + c and a. 

We afterwards deduce from tiiis equality a series of conse- 
quences, which terminate in showing the unknown quantity x 
to be equal to a number of known quantities connected together 
by operations, tiiat are familiat to us ^ this is the secgnd part of 
the solution. 

These two parts are found in almost every problem which be- 
longs to algebra. It is not easy, however, at present to give a 
rule adapted to the first part, which has for its object to reduce 
the conditions of the question to algebraic expressions. To be 
able to do this well, it is necessary to become familiar with the 
'characters used in algebra, and to acquire a habit of analyzing 
a problem in all its circumstances, whether expressed or implied. 
But when we have once formed the two numbers, which the ques- 
tion supposes equal, there are regular steps for deducing from 
this expression the value of the unknown quantity, which is the 
object of the second part of the solution. Before treating of 
these I flhaU explain the use of some terms which occur in 
algebra. 

An equation is an expression of the equality of two quantities. 

The quantities which are on one side of the sign = taken 
together are called a member ; an equation has two members. 

That which is on the left is called the first member, and the 
other the second. 

In the equation Ox + b=:a,2x +^ is ftiejirst member^ and 
a is the second member. 

The quantities, whibb compose a member, when they are 
separated by the sign -|- or — , are called terms. 

Thus, the first member of the equation ^ -f- 5 == a contains 
two terms, namely, 2a? ftnd -|- b. 
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The equation |a? -f 7 = 8a; — 12 has two terms in each of 
its members^ namely^ 

|a: and ^ 7 in the firsts 
8a; —• IS in the second. 

Although I have taken at random, and to serve for an exam* 
pic mei'eiy, the ec|uatioii ^x + 7 = 8a: — 12, it is to be consid- 
ered, as also every other of which I shall speak hereafter, as 
derived from a problem, of wluch we can always find the 
enunciation by translating the proposed equation into common 
language. This under consideration becomes. 

To find a number x suclh that by adding 7 to f x, the sum shall 
be equal to S Mines x minus 1£. 

Also the equation ax +bc — p ca: = ac —- 6a?, in which th© 
letters a, b, c, are considered as representing known quantities, 
answei*s to the following question ; 

To Jind a number x such, that multiplying it by a given number 
a, and adding the product of two given numbers b and c, and sub- 
tracting from, this sum the product of a given mimber c by the num^ 
her X, we shall have a result equal to the product of the numbers a 
and c, diminished by that of the numbers b and x. 

It is by exercising one's self frequently in translating questions 
from ordinary language into that of algebra, and from algebra 
into ordinary language, that one becomes acquainted with this 
science, the difficulty of which consists almost entirely in the 
perfect understanding of the signs and the manner of using them. 

To deduce from an equation the value of the unknown quan- 
tity, or to obtain this unknown quantity by itself in one member 
and all the known quantities in the other, is called resolving the 
equation. 

As the different questions, wluch are solved by algebra, lead 
to equations more or less compounded, it is usual to divide them 
into several kinds or degrees. I shall begin with eqvMions of the 
first degree. Under this denomination are included those equa- 
tions in which the unknown quantities are neither multiplied by 
themselves nor into each other. 

Cf the resohitum of equations of the first degree, having bui one 

unknown qiiantity. 

9. We have already seen that to resolve an* equation is to 
arrive at an expression, in which the unknown quantity alone in 
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cue member is equal to known quantities combined together by 
operations which are easily performed. It foUows then, that in 
order to bring ^n equation to this state^ it is necessary to free 
tlie miknown quantity from known quantities with which it is 
connected. Now the miknown quantity may be united to knowa 
qinintities ill three ways ; 
1. By addition and subtraction, as in the equations^ 

ar-f-5 = 9 — X 
a + oe = b — ar. 

£• By addition^ subtraction^ and multiplication^ as in the 
equations^ 

Tx*-^ 5 =: 12 + 407, 

ax-^ b =: ex + d; 

S. Lastly, by addition, subtraction, multiplication, and divis- 
ion, as in the equations, 

• ax . « mx . p 

n q 

The unknown quantity is freed from additions and subtract 
ti<ms, where it is connected with known quantities, by collecting 
together into one member all the terms in which it is found ; 
and for this purpose it is necessary to know how to transpose a 
term from one member to the other. 

10. For example, in the equation 

7x — 5 = 12 + 4x, 
it is necessary to transpose 4x from the second member to 
the first, and the term — 5 from the first member to the second. 
In order to this, it is obvious, that by cancelling + 4x in the 
second member, we diminish it by the quantity 4a:, and we must 
make the same subtraction from the first member, to preserve 
the equality of the two members ; we write then — 4x in the 
first m^nber, which becomes 7x — 5 — 4x and we have 

ra:— 5 — 4a:= 12. 

To cancel >— * 5 in the first member, is to omit the subtraction 
of 5 units, or in other words, to augment tliis member by 5 units ; 
to preserve the equality then we must increase the second mem- 
ber by 5 units, or write + 5 in this member, which will make it 
12 + 5 ^ we have then 

7ix? — " 4a: = 12 + 5, 
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Bj perforDiing the operations indicated there wiQ result tho 
equation 

Sx =; 17. 

From this mode of reasoning, which may be laipplied to any 
example whatever, it is evident^ that to cancel in a member a 
term affected with the sign -f , which of course augments this 
member, it is necessary to subtract the term from the other 
member, or to write it with the sign — ; that on the contrary 
when the term to be effaced has the si^ minus, as it diminishes 
the member to which it belongs, it is necessary to augment the 
other member by the same term, or to write it with the sign + ; 
whence we obtain this general rule ; 

To transpose, any term whatever of an equation from one memier 
to the otiier, it is necessary to efface it in the member where it is 
found, and to write it in the other with the contrary sign. 

To put this rule in practice, we must bear in mind that the 
first term o{ each member, when it is preceded by no sign, is 
supposed to have the sign plus. Thus, in transposing the term 
ex of the literal equation ax f — b =: ex + d- from the secon4 
member to the first, we have 

ax — b-^cx^di 
transposing also*-* & from the first member to the second, it be- 
comes 

ax — cxz=id + b. 

lU By means of this rule, we can unite together in one of the 
members all the terms containing the unknown quantity, and in 
the other all the known quantities; and under this form the 
member, in which the unknown quantity is found, may always be 
decomposed into two fiactors, one of which shall contain only 
known quantities, and the other shall be the unknown quantity 

by itselt 

This process suggests itself immediately, whenever the pro- 
posed equation is numerical and contains no fractions, because 
then all the terms involving the unknown quantity may be re- 
duccd to one. If we have, for example, lOx + 7x — 2a; = 25 
+ 7 by performing the operations Indicated in each member, we 
shall have in succession 

17ar — 2a? = 32, 
15a; = 32; 
and 150? is resolved into two factors 15 and a:; we have then 



^ Mqua^SarnqftheFirgt Degree. 15 

tiie nnkoown factor ac b j dividing the number 32^ which is equal 
to the product 15a: by the given factor 15^ thus^ 

This resolution is effected in lUce manner in the literal equa- 
tions of the form 

because the term ax signifies the product of a by or ; we hence 
ectncludey that 

X=z — . 

a 

Let there be the equation 

oo? — &r + catr = ac— k. 
which contains three terms involving the unknown quantity. 
Since ax, bx, ex, represent the products respectively of op by the 
qaantities a, h, and c, the expression ax — bx + ex translated 
into ordinary language is rendered as follows, 

Ffvm X taken Jirstf so many Hmesias there are units in a, sub- 
tract so mamj times x as there are vnits in 6, and add to the resuU 
the same quantity x, taken so many times as there are units in c. 

It follows then on the whole, that the unknown quantity x is 
taken so many times as there are units in the difference of Ihe num- 
bers a and (, augmented by the number c, that is to say, so 
many times as is denoted by the number a-^b + c; the two 
&ctors of the first member are therefore a — b + c and a:; we 
have then 

ac'-^e 
X= • 

a^-4f+c 

From this reasoning, which may be applied to every other ex- 
ample, it is evident, that after collecting together into one member 
Vie different terms coniahrdng tfte unknown quantity, the factor by 
whieh the unknown quantity is multiplied, is composed of aU those 
quanttUes by which it is separately multiplied, arranged with their 
proper signs, and the unknown quantity is found by dividing all 
the terms qfihe known member by the factor which is thus obtained. 

Accordhig to this rule, the equation ax — 3a; ^ 6c gives 

_ be 
"^ a — 3* 

Also the equation x+ax=:c — dis reduced to 

c— rf 

0?= -— — , 

1+a 
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for it is necessary to observe that the letter a?, taken singly, 
must be regarded as multiplied by one. It is besides manifest^ 
that in x +0X9 the unl^nown quantity x is contained once more 
than in 0X9 and is consequently multiplied by l+a. 

12. It is evident that if there be a factor^ which is common to 
all the terms of an equation^ it may be dropped without destroy- 
ing the equality of the two expressions, since it is merely divid*- 
ing by the same number all the parts of the two quantities, 
which are by supposition equal to each other. 

Let there be, for example, the equation 

^ 6060; — 96cd= IQbdx + 1 5abc, 
I observe in the first place, that the numbers 6, 9, IS and 15 aro 
divisible by 3, and by suppressing this factor, I merely take a 
third part of all the quantities which compose the equation. 
I have after this reduction, 

Qabx — Sbcd=:4bdx + 5abc. 
I observe, moreover, that the letter 6, combined in each term 
as a multiplier, is a factor common to all the terms 5 by cancelling 
it the equation becomes 

Qax — Scd = 4dx + Sac. 
Applying the rules given in articles 10 and 11, 1 deduce suc- 
cessively 

200? — 4dx =:5ac + Scd, 

5ac+Scd 

"* 2a — 4rf * 

13. I now proceed to equations, the terms of which have divi- 
sors. These may be solved by the preceding rules whenever the 
unknown quantity does not enter into the denominators ; but it 
is often more simple to reduce all the terms to the same denomi- 
nator which may then be cancelled. 

Let there be, for example, the equation 

-+4=-+12-_. 

Arithmetic furnishes rules for reducing fractions to the same 
denominator, and for converting whole numbers into fractions 
of a given kind, (j^rith. 79, 69.) Let all the terms of the pro- 
posed equation be transformed by these rules into fractions of 
the same denominator, beginning with the fractions, which are 

^ 4x 5x 
PI' "7- 
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I coBTert them by flie first of the rules cited into the following ; 

5X7 X^ Sxrx4j ? S X5X5JP 

3X5X7* 3X5X7* 3x5x7* 

Since, for conTerting the wh<de numbers 4 uid 12 into fractions^ 
nothing more is necessary than to multiply them by the com- 
mon denominator of the fractions, namely, 3x5x7; we have 

3X5X7X4, 3X5X7X12. 

By placing all these terms in order in the pi*oposed equation, 
it will become 

5X7 X^ar 3X5X7X4 

3XiX7"*'Sx5x7 

Sx7x4r .3X5X7X12 3x5x50? 
i — — — ^ 



3XJX7 3X5X7 3x3x7 

The denominator may now be cancelled, since by doing it we 
only multiply all the parts of the equation by this denominator, 
(Jbith. 54), which does not destroy the equality of the members. 
It will become then 

5x7X2a? + 3x 5X7X4 
= 3X 7x4a? + 3x 5x 7 X 12 — 3 X 5 X 5ap, 
or 70x + 420 = %4x + 1260 — 75X9 

an equation without a denominator from which we deduce the 
value of ix by the preceding rules. 

It is evident from inspection, . as also from the mere applica- 
tion of the arithmetical rules referred to, that in the above oper- 
ation the fmmerators of each fraction must be muUiplied by the prO' 
duct of the denominators of M the otherst the whole nvmbers by the 
product of all the denominators ; then no account need be taken of 
the common denominators of Oie fractions thus obtained. 

The equation 70a: + 420 = 84a: + 1260 — 75x, becomes suc- 
cessively 

70a: + 75x — 84a: = 1260 — 420, 

61a: = 840, 

The same process is applicable to literal equations, it being 
observed, that it is necessary only to indicate the multiplications, 
which are actually performed when numbers are concerned. 

Let there be, for example, the equation 

F ^"T + h' 
we deduce from it 

ehxeix — ie&x c z=ibh x dx +he xftf 
S 



18 Mements of Mgdbra. 

a result which may be more simply expressed by placing the 
factors of each product one after the other without atiy sign be- 
tween them^ according to the method given in article 7 ; and by 
joranging the letters in alphabetical order^ they are more easily 
read^ it then becomes^ 

adix — bceh = bdhx + hefg, 
from which is deduced 

(uhx — bdhx = hefg + bceh, 

and x= ME±^. 

aeh'-^bdh 

14. Although no general and exact rule can be given for 
forming the equation of any question whatever ; there is not- 
withstanding, a precept of extensive use, which cannot fail to 
lead to the proposed object. It is this, * 

To indicate by the aid of algebraic signs upon the known quanti- 
Hes represented either by numbers or letters, and upon the unknown- 
quantities represented always by letters, the same reasonings and 
the same operations, which it woidd have been necessary to perform 
in order to verify tlie values of tlie unknown quantities, had they 
been known. 

In making use of this precept, it is necessary, in the first 
place, to determine with care what are the operations which are 
contained in the enunciation of the question, either directly or by 
Implication; but this is the very thing which constitutes the 
difficulty of putting a question into an equation. 

The following examples are intended to illustrate the above 
precept. I have taken the two first from among the questions 
which are solved by arithmetic, in order to show the advantage 
of the algebraic method. 

I. Let there be two fountains, the first of which running for £^ft. 
fills a certain vessel, and the second fUs the same vessel by running 
3|A. what time will be employed by both the fountains running to- 
gether in filling the vessel ? 

If the time were given we should verify it by calculating the 
quantities of water discharged by each fountain, and addiitg 
them together we should be certain, that they would be equal to 
the whole content of the vessel. 

To form the equation we denote the unknown time by x, and 
we indicate upon x the operations implied by the question ; but 
in order to render the solution independent of the given num- 
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bersy and at the same time to abridge the expression where finc- 
tions are concerned, we will represent them also by letters^ a 
being written instead of £|h. and h instead of S^h. , 

This being supposed, by putting the capacity of the vessel 
equal to unity, it is evident, that. 

The first fountain, which will fill it in a number of hours de- 
noted by a, will discharge into it in one hour a quantity of 

water expressed by the fraction — , and that consequently, in a 

number x of hours, it will furnish the quantitv a: x — ^ or — • 

(ArUh. 53). 

The second fountain, which will fill the same vessel in a num- 
ber of hours described by 6, will discharge into it in one hour a 

quantity of water expressed by the fraction -rf and consequent- 
ly in a number x of hours, it wiU furniah the quantity ^ X -rt 

X 

or -J. 

The whole quantity of water then furnished by the two foun- 
tains, will be 

and this quantity must be equal to the content of the vessel, 
which was considered as unity ; we have then the equation. 

This equation reduced by the foregoing rules, becomes 

bx+ax=zab, 
_ ah 
b+a 
The last formula gives this pimple rule for resolving every 
case of the proposed question. 

Divide the product of the numbers, which denote the times em- 
pbyed by each fountain in JiUing the vessel, by the sum cf these 
numbers ; the quotient eocpresses the time require by both the 
tains running together to JiU the vessel. 

Applying this rule to the particular case under consii 
we have ; 
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21 + 3| =1 + V = Y + V = V* 
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wfaonce 0? = 1^ = !• 

S« Let n. Tft a number to he divided inte three parts, harring 
among themselves the swmeratios as the given numbers m, n, and p« 

It is evident that the terification of the qaertion would be as 
follows ; 
denoting the 1st pal-t by x, we hare 

m:n::x : the 2d part = — ^ (Jrith. 116.) 

m 

m : ti : : o; : the 3d part = ^ ; 

m 

the three parts added together must make the number to be di» 

vided. We have then the equation 

mm 
By reducing all the terms to the denominator m, it becomes 

mx + nx+px = am, 
and we deduce from this 

am 
m+n+p 

This result is nothing more nor less than an algebi*aic expres- 
sion of the rule qf Fellowship, (Arith. 124); for by regarding 
the numbers m, n, p, as denoting the stocks of several persons 
trading in company^ m + n +p is the whole stock, a the gain 
to be divided, and the equation 

ma 

X — — - — -■ , 
m+n+p 

shows that a share is obtained by multiplying tjie corresponding 

stock into the whole gain, and dividing the product by the sum (f 

the stodks ; which reduced to a proportion, becomes 

the whole stock : a particular stock 

: : the whole gain : to the particular gain^ 

15. To form an equation from the following qu^tion, re- 
quires an attention to some things, which have not yet been 
considered. 

•d fisherman, to encourage his son, promises him 5 cents for each 
throw of the net in which he shaU take any fish, but the son, an the 
other hand, is to remit to the JiUher 3 cents for eadi unsuccessful 
throw. Jfter 12 throws the father and the son settle their account, 
and the former is found to owe the latter 28 cents. What was the 
number of success^ throws of the net? 
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If we represent this number by x, the number of ansuccessfal 
ones will be 1 2 — x; and if these numbers were given^ we should 
verify them by multiplying 5 cents by the first, to obtain what 
the father was bound to pay the son, and 3 cents by the secondf 
to find what the son engaged to return to the father. The first 
number ought to exceed the second by 28 cents, which the father 
owed the son. 

We have for the first number x times 5 cents, or 5x. With 
respect to the second, there is some difficulty. How are we to 
obtain the product of 3 by 12 — x2 If instead of x we had a 
given number, we should first perform the subtraction indicated, 
and tlien multiply 3 by the remainder ; but this cannot be done 
at present, and we must endeavour to perform the multiplication 
before the subtraction, or at least, to give the expression an 
entire algebraic form, similar to that of equations that are rea- 
dily solved. 

With a little attention we shall see, that by taking 12 times 
the number three, we repeat the number 3 so many times too 
much, as there are units in the number X9 by which we ought 
first to have diminished the multiplier 12, so that the true pro- 
duct will be 36 diminished by 3 taken x times or Sx, 
or more simply 36 — 3a:. 

This conclusion may be verified by giving to or a numerical 
value. If for example x were equal to 8, we should have 3 to 
be taken 12 times — 8 times, and if we neglect — 8 times, we 
should make the result 8 times the number 3 too much ; the 
true product then will be 

3X12 — 3x8 = 36 — 24 = 12. 
This result agrees with that which would arise from irst sub- 
tracting 8 from 12 ; for then 

12 — 8 = 4, and 3X4 = 12. 
This being admitted, since the. money due from the father to the 
son is expressed by Sx, and that which the son owes the father 
by 36 — 3a?, the second number must be subtracted from the first 
in order to obtain the remainder 28 ^ but here is another diffi- 
cdty ; how shall we subtract 36 — 3a? from 5x, without having 
irst subtracted 3a? from 36 ? 

We shall avoid this difficulty by observing, that if we neglect 
the term — - 3a?, and subtract from 5a? the entire number 36, we 
•hall have taken necessarily 3a? too much, since it is only what 
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remains after having diminished 36 by 3a; that is to be subtract- 
ed from 5x; so that the diflference 5a?—- 36 ought to be aug- 
mented by 3a: in order to form the quantity that should remain 
after having taken from 5x the number denoted by 36 — « 3a;. 
This quantity will then be 

5x — 36 + 3a:; 
and we have the equation 

5x — S6 + 3a: = 28, 
which becomes successively 

8a: — 36 = 28, 

8a; = 28 + 36, 

8a? = 64, 

/v* _ 6 4 ... Q 

There have been then 8 successful throws of the net and 4 
unsuccessful ones. 

Indeed 8 tlirows at 5 cents a throw give 40 cents^ 
4 throws at 3 cents a throw give 12 

' difference 28 

as required by the conditions of the question. 

To render the solution general, let a represent the sum given 
by the father to the son for each successful throw of the net, and 
b the sum returned by the son for eacb unsuccessful one, and c 
the total number of throws, and d the sum received on the whole 
by the son. If x be put equal to the number of successful throws, 
c — X will express the number of unsuccessful ones ; each throw 
of the former kind being worth to the son a sum a, x throws 
would be worth a x a; or ax, and the unsuccessful throws would 
be worth to the father tlie sum b multiplied by the number c — ac 

The reasoning by which we have fbund the parts of the pro- 
duct of 3 by 12 — X, applies equally to the general case. If 
we neglect in the first place — a: in forming the product be of b 
by the wliole of c, the sum b will be repeated x times too much^ 
and consequently the true product will be be — 6a?. 

In order to subtract this product from the sum ax, it is neces- 
sary to observe, as in the numerical example, that if we subtract 
the whole of the quantity be we take the quantity bx too much, 
by which the former ought to have been first diminished, and 
that consequently the true remainder is not merely ax — be, but 
ax — bc+bx^ 
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As Udfl sum is equal to d, we have the equation 

ax — hc + bx = d9 

which gives 

aoe + bx=:d + be, 

d+bc 
a+6 

As this general formula indicates what operations are to bo 
performed upon the numbers a, b, e, d, in order to obtain the 
unknown quantity x, we may reduce it to a i*ule or cai'efully 
write instead of the letters a, b, c, d, the numbers given. This 
last process is called substituting the values of the given quanti- 
ties^ or putting the formida into numbers. Applying here those of 
the foregoing example^ we have 

_ C8 + 3X 12 
^" 5 + 3 ' 

by performing the operations indicated, it becomes 

28+36 64 ^ 
8 8 

Methods far performing^ as Jar as is possibUf tlie operations indicated 
upon quantities that are represented by letters. 

16. From the preceding question it is evident, that in certain 
cases a multiplication indicated upon the sum or difference of 
several quantities cannot be separated into parts ; and in art, 
II9 -we have exactly the reverse, by resolving the quantity ax — 
Ix+eac, which represents the result of several multiplications, 
fallowed by additions and subtractions, into the two factors a — 
1 + c and X, which indicate only a single multiplication preced- 
ed by addition and subtraction. The reasoning pursued in these 
two circumstances, will sug^t rules for performing, upon quan- 
litHB r^resented by letters, operations which are called af^e&ratc 
wdHpUoaHon and dtvmou, from the analogy which they have 
with fhe corresponding operations of arithmetic. 

We have also by the same analogy two algebraic operations, 
vidch bear the names of addition and subtraction, in which the 
•bject is to unite several algebraic expressions in one, or to take 
Me expression from another. But these operations, like the 
fncedinffy differ from those of arithmetic in this, that theii' 
imHb are^ for the most part, only indications of the operations 
b be performed ; they present only a transformation of the 
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operations originallj indicated into otherSf wbtch prodace the 
same effect All that is done^ is either to simplify the expres- 
sions, or to give them a proper form for exhibiting the condi- 
tions that are to be fulfilled. \ 
In order to explain these operations, we gire the name of j 
iimple qitantUies to those which consist only of one term, as \ 
-|-2a, — Sab, &c. Jnnondals to those which consist of two, as i 
a -f (, a — ft, 5a — 2ar, &c. trinomials to those irtiich consist of j 
three terms, quadrinondals to those which connst of four terms, * 
and pdynomiak to those which consist of more than fonr terms* 
It may be observed also, that we call polynomials eomponni 
quantities» 

m 

Of Ae addition of dlgdnmc q^nantities. 

17. The addition of simple quantities is perfomed by writiiig 
them one afiber the other, with the sign+ between them ; thus, a 
added to & is expressed by a + ft. But when it is proposed \» 
add together several algebraic expressions, we aim at the same 
time to simplify the result by reducing it to as small a number 
of terms as possible by uniting seyeral of the terms in one.- 
This is done in articles 2 and 5, by reducing the quantity x+x 
to 2a:, and the quantity x+x + x to to. It can take place only 
with respect to quantities expressed by the same letters, and 
which are for this reason called rimikar quantities* A literal 
quantity that is repeated any number of times is regarded as a 
unit, it is thus, that the quantities ta and 3a considwed as two 
and three units of a particular kind, form when added 5«9 or 5 
units of tlie same kind. Also 4a6 and 5ab make 9aft. 

In this case, the addition is performed with respect to tiie 
figures which precede the literal quantity, and which show koir 
many times it is repeated. These figures are called oo^!aadi> 
The coefficient then is the multiplier of the quantity befope whick . 
it is placed, and it must be recollected, that when tliere is none 
expi*essed, unity is understood ; for la is the same as a. 

18. When it is proposed to unite any qua^ties whatever, tf 

Aa + 5b and 2c + 3<{, 
the sum total ought evidently to be composed of all the parti 
joined together ; we must write then 

4a + 5b + 2c + Sd. 
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If W9 bave on the contrary 

4a + 5b and 2c — 3(L 
The sign '-7* muflt be retained in the sum, to mark as sub^ 
tractive the quantity Sd, which, as it is to be taken from 2c> 
must necessarily diminish by so much the sum formed by unit- 
ing 2c with the first of the quantities proposed j we have then^ 

4a+5b + 2c — 3d,. 

From these two examples it is evident, that in algebra the addu 
Uon tf poh/Tunnials is performed by writing in order, one after the 
other, the quantities to be added with their proper signs, it being db* 
served that the terms which have no signs before them are considered 
as having the sign -f. 

The above operation is, properly speaking, only an indication 
by which the union of two compound quantities is made to con- 
sist in the addition and subtraction of a certain number of 
simple quantities ; but if the quantities to be added contained 
similar terms, tliese terms might be united by performing the 
operation upon their coefficients. 

liet there be^ for example, the quantities 

4a + 96 — 2c, 
2 a — 3c + 4d, 
7ft + c— e; 
the sum indicated would be, according to the rule just given^ 
4a + 9b — 2c + 2a — 3c + 4d + 7b + e — e. 

But the terms 4a, + 2a, being formed of similar quantities, 
may be united in one sum equal to. 6a. 

Also the terms +9b, +7b give + 16 k 

Thp terms — 2c and -— Sc, being both subtractive, produce en 
the whole, 4he same effect as the subtraction of a quantity equal 
to their sum, that is to say, as the subtraction of 5c; and as by 
Tirtne of the term + c, we have another part c to be added^ there 
will remain therefore to be subtracted only 4c. 

The sum of the expressions proposed then, will be reduced to 

6a + 16& — 4c + 4d — e. 

The last operation exhibited above, by which all similar 
terms are united in one, whatever signs they have, is called 
redudunu It is performed by taking tlie sum of similar quantities 
having the sign -f^ that of similar quantities having the sign •— -, 
and subtracting the less of the two sums from the greater, andgiv^ 
ingtothe remainder the sign of the greater,. 

4 
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It is to be remarked^ that reduction is applicable to att idge^ 
braic operations. 

The following examples of addition^ with their answers^ are 
intended as an exercise for the learns* 

1* To add the quantities 

So +9« — llw+. 2r 
5jp— -4m-f. 8n 
lln — 26.^ m — r+s 



Answer^ 7w + Sn .— lAp + \7r +3a+9n — llUH-^r-f 5p— 4m+8ii 

+ 11 n — 2ft — m — r + s. 
By making the reduction, this quantity becomes 

— 9m + 31n — 9p + 18r + 3a — 2ft+«, 
or Slw — 9m — 9ji + 18r+3a — 2i + «, 

by beginning with a term having the sign -f. 
2. To add the quantities 
Whc+Aad — 8ac -^Scd 
8ac+ 7ftc—- 2ai{ + 4mn 
2cd — ^ah + 5ac + an 
9 an — 2&C-- 2ad + 5c({ 

llhc + Aad — 8ac+ 5c(! + 8ac + 7ftc — Qad+4mn 
Qcd — Sab+ 5ac+ an+9an — 26c — ^ad + 5cd. 
By reducing this quantity it becomes 

16bc + 5ac+lQcd + 4mn — Sab+ Wan. 

Of the Subtraction of Mgehraic Quantities. 

20. Thk subtraction of single quantities, according to estab- 
lished usage, is represented by placing the sign — between the 
quantity to be subtracted, and that from which it is to be taken ; 
b subtracted from a is written a— &• 

"When the quantities are similar, the subtraction is performed 
directly by means of the coefficients. 

If 3a be subtracted from Sa^ we have for a remainder 2(i. 

With regard to the subtraction of polynomials, it is necessary 
to distinguish two cases. 

1. If the terms of the quantity to be subtracted have eaich the 
sign -f, we must clearly give to eacli the sign — , since it is 
I'equired to deduct successively all the parts of the quantity to 
be subtracted. 
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If for example, from 5 a — 9( + 2c^ewouldtake sd-f-Se-f 
4/, we mast write 

5 a — 9ft + 2c — 2d — 3e — 4/ 

2» If any of the terms of the quantity to be subtracted have 
die sign — , we must give them the sigh plus. Indeed, if from 
(he quantity a we would take h — c and should first write a — bf 
we should thus diminish a by the whole quantity h ; but the sub- 
traction ought to have been performed after liaving first dimin- 
ished b by the quantity c ; we have taken therefore this last 
quantity too much, and it is necessary to restore it with the sign 
+9 which gives for the true result a — ft -f- c 

This reasoning, which may be applied to all similar cases, 
«bows that the sign — • of c must be changed into the sign -f- ; and 
by connecting this result with the preceding, we conclude, that 
ihe subtraction of algebraic qwmtitits is performed by writing them ^ • 
in order after the qiiarMieSjfrofm which they are to be taken, having 
first changed the signs + into — and the signs — into +. 

After this rule has been applied, the quantities are to be re- 
duced when they will admit of it, according to the precept given 
in article 19, as may be seen in the following examples ; 

1. To subtract from 17 a + 2m — 9 6 — 4 c + 23 d 
Ihe quantity . 51 a — 27 6 + 11 c— 4(1. 

Besult, 17 a + 2m — 96 — 4c + 23(I 

— 51a + 276 — lic+4d. 

When reduced it becomes » 

— 34 a + 2 111 + 18 6 — 15c + 27d, 

or rather 2m— •34a+18 6 — 15 c + 27 dp 

2. To subtract from 5ac — 8a6 + 96c-^4am 
de quantity- 8am — 2a6+llac*— 7c(f, 

Result 5ac— 8a6 + 96c — 4am 

— 8am + 2a6 — 11 a c+7 cd. 
Seduced it becomes 

— 6ac — 6a 6 + 9 6 Cr—12 am + 7cd 

or 9 6 c— 6 a c— 6 a 6—12 am+ 7c d. 

Of the multiplication cf algebraic quantities. 

21. So far as letters are considered as expressing the numer- 
ical values of the quantities for which they stand, multiplication 
jfk algebra is to be regarded like multiplication in arithmetic* 



(JtriOu 8I9 66.) Thus, io miuUiply a fry b iff to compoimd with the 
^piantity represented by a another quaniitii, in the same manner of 
tiie quantity represented by his with nmty. 

We have already explained, in articles 2 and 7» the sinpns used 
to indicate multiplication ; and the product of a by ft is express- 
ed by a x bf or by a • b^ or lastly^ by a b. 

We have often occasion to express several successive multiidi- 
cations, as that of a by bf and that of the product aft by e, also 
that of this last product by d, and so on. In this case, it is evidentp 
that the last result is a number liaving for factors the numbeni 
a, bf Cf df (Mth. ££) ; and to give a genera] expression of this 
method* we indicate the product by writing the fadors composing 
U in ordeTf one after the other, without any sign between them^ wo 
have accordingly the expression abed. 

Reciprocally every expression^ such as afrcd formed of several 
letters written in order one after the other, designates always 
the product of the numbers represented by these letters. 

I have already availed myself of this method, in which the 
numerical coefficients are also indnded, since they are evidently 
factors of the quantity proposed. Indeed ISabcdf designating 
the quantity abed taken 1 5 times, expresses likewise the product 
of the five factors 15, a, ft, e, d» 

It follows from this, that in order to indicate the multiplica* 
tion of several nmple quantities, such as 4 a 6 c, 5 d 0/, S m n, it is 
necessary to write the quantities in order, one after the other^ 
without any sig» between them, and it becomes 

4abc SdefSmn; ^ 

but since, as is sho\ni in arithmetic, (art 82) the order of the 
factors of a product may be* changed at pleasure without alter« 
ing the value of this product, we may avail ourselves of tliis 
principle, to bring together the numerical factors, the multipli- 
cation of which is performed by the rules of arithmetic ; \o 
express then this product, as indicated in the order 4.5.3 
abed efm n, we multiply together the numbers 4, 5, 3, which 

give simply 

60 abed efm iu * 

■ ' ■ ■ I ■ ' ' I ■ ■ .1 ■. 1 1 ■ I ■ ■ ■ 1. 1 I I i j i I 

*A8 the use of algebraic symbols abridges ver^ much the demonstra- 
tion of ihb proposition. I have thought it proper to suggest here a 
method by tiiese symbols. 

If wc write tiic product a b cdefas follows, abcxde x/, and, 
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SS. The expressioii of the product may be much abridged 
when it oontaiim equal factors. Instead of writing several times 
in order, the letter which represents one of the factors, it need 
be written only once with a number annexed, showing how 
many times it ought to have been written as a factor ; but as 
this number indicates successive multiplications, it ougiit to be 
carefully distinguished from a coefficient, which indicates only 
additions. For this reason, it is placed on the right of the let- 
ter and a litfle higher up, while a coefficient is always placed 
on the left and on the same line. 

Agreeably to this method, the product of a by a, which would 
be indicated according to article 21, by a a becomes a*. The 
2 raised, denotes that the number, designated by the letter a, ia 
twice a factor in the expression, to which it belongs. It ought 
not to be confounded with 2a which is only an abbreviation of 
a+a. To render evident the error, which would arise from 
mistaking one for the other, it is sufficient to substitute num- 
bers instead of the letters. If we have,, for example, a = 5, 2a 
would become 2.5 = 10, and a^ ^axa^5 .5:=^9,5. 

Extending tliis method we should denote a product in which 
a is three times a factor by writing a' instead of a a a ; also a' 
represents a product in which a is five times a factor, and is 
equivalent to aaaaa. 

24. The products formed in this manner by the successive 
multiplications of a quantity, are called in general powers of 
that quantity. 

T^e quantity itself, as a, is called the first power. 

The quantity multiplied by itself, as oa, or a*, is the second 
^wer. It is called also the square. 

The quantity multiplied by itself twice in succession, as aaa^ 
er a', is the third power, and is called also the cube.^ . 

A — — 

change the order of the factorB of the product to il e instead of e i, 
{ArWu 27.) it becomes ah c xed xf^ or abode f. It is evident 
that we may, by analyzing the product differently, produce any 
change which we wish in the order of the factors of the product in 
question. 

* The denominations square and cube refer to geometrical con- 
nderations. They interrupt the uniformity in the nomenclature of 
products formed by equal factors, and are very improper in algeboic^ 
Bat they are frequently used for the sake of conciseness. 
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In generaly amy power whatever is designated by tlie number 
of equal factors from which it is formed ; a' cH* aaaaa is the 
Jifift power of o, 

I take the number 3 to illustrate these denominations, and I 
have 

Ist. power S 

«d. 3,3= 9 

5d« 3.3.3=: 9.3ss2r 

4th. 3.3.S.3 = £7.3=:81 

5tb« 3.3.3.3.3=81.3 = 243* 

&C. • 

The pumber which denotes the power of any quantity is call- 
ed the toepoffiAtd oi this quantity. 

When the exponent is equal to unity it is not written ; thus a 
is the same as a^. 

It is evident then, that to find the powa^qf amf mmber, U i$ 
necessary to multiply this rmmber by Usdf as many times kss anCf 
as there are units in the exponent of the power. 

25. As the exponent denotes the number of equal factors, 
which form the expression of which it is a part, and as the pro- 
duct of two quantities must have each of these quantities as 
factors ; it follows that the expression a' in which a is five 
times a factor, multiplied by a^, in which a is three times a fac- 
tor, ought to give a product in which a is eight times a factor, 
smd consequently expressed by e^, and that in general the pro- 
duct of two powers of the same mmber ought to have for an expo* 
nent the sum of those of the wxitipHcand and muUiplier. 

£6. It follows from this, that when two simple quantities have 
common tetters, we may abridge the eacpression of the product qf^ 
these quantities by adding togeUier the exponents of such letters of 
the mvitiplicand and mtdtipUer. 

For example, the expression of the product of the quantities 
a* 6* c and a* 6' c* d, which would be a^ 6* c a* 6* c* d, by the 
foregoing rule, art. 21, is abridged by collecting together the 
factors designated by the same letter, and 

a* a*6» 6* cc^ d, 
becomes a^ b^ c^ d, 

by writing a* instead of a* a* 

6' instead of 6^ 6* 
c^ instead of c c* or of c* c*. 
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Hf . Ab we distinguish powers by the number of equal ftustors 
from which they^are formed, so also we denote any products by 
the number of simple factors or Jirsts which produce them ; and 
I shall give to these expressions the name of degrees. The pro- 
duct a' b^ c, for example, wOl be of the sixth degree, because it 
contains six simple factors, viz ; 2 factors a, 3 factors b, and 1 
factor c It is erident that the factors a. A, and c, here regard- 
ed as firsts, are not so, except with respect to idgebra, which 
does not permit us to decompose them ; they may, notwithstand- 
ing, represent compound numbers, but we here speak of them 



As the coeficients expressed in iSSw^Mft^'WUMlea^^^dgi in 
estimating the degree of algebraic quantities, we have regard 
only to the letters. 

It is evident, (21f 25) that when we multiply two simple 
quantities the one by flie other, the number which marks the 
degree of the product is the sum of those which mark the degree 
of each of the simple quantities. 

28. The multiplication of compound quantities consists in that 
of simide quantities, each term of the multiplicand and multi- 
plier being considered by itself; as in arithmetic we perform 
the operation upon each figure of the numbers which we propose 
to UBuItiply. (JMih. S3.) The particular products added to- 
gether make up the whole product But algebra presents a 
circumstance which is not found in numbers. These have no 
negative terms or parts to be subtracted, the units, tens, hun- 
dreds, &c. of which they consist, are always considered as added 
together, and it is very evident, that the whole product must be 
composed of the sum of the products of each part of the multi- 
plicand by each part of the multiplier. 

* We apply the term dimensions, generally to what I have liere 
called degrees^ in conformity to the analogy already pointed out: in 
fte note to page 29. This example sufficiently proves the absurdity 
of the ancient nomenclature^ borrowed from the circumstance, that 
the products of 3 and 3 factors, measure respectively the areas of the 
surfaces and the bulks of bodies, the former of which have two and 
the latter three dimensions ; but beyond this limit the correspondence 
between the algebraic expressions and geometrical figures fails, as 
extension can have only three dimensions. 



Tbe same is true of literal expressions when aU the temuF 

•re connected together by the sign -f. 
The product of a+b 

multiplied bjr c . 



*-^i 



is ac + hCf 

and is obtained by multiplying each part of the multiplicand by 
the multipliery and adding together the two particular products 
ae and he. The operation is the same when the multiplicand 
contains more than two parts. 

If the multiplier is composed of several terms, it is manifest 
that the product is madQ u^f the sum of the products or the 
miiliiplicafid^y'^ach^ferm of the multiplier. 

The product of a + h 

multiplieil by c+d 

. r ac + hc 

for by multiplying first a -f & by c, we obtain ac+ict then hj 
multiplying a + b by the second term d of the multiplier, we have 
ai -(.Ad, and the sum of the two results gives ac + frc + ad-fftd 
for the whole. 

29. When the multiplicand contains parts to be subtracted^ 
the products of these parts by the multiplier must be taken from 
the others, or in other words, have the sign — prefixed to them. 
For example, 

the product of a — b 

multiplied by c 

is ac — 6c; 

for each time that we take the entire quantity a, which was to 
have been diminished by h before the multiplication, we take the 
quantity b too much; the product a c therefore, in which the 
whole of a is taken as many times as is denoted by the number 
c, exceeds the product sought by the quantity b, taken as many 
times as is denoted by the number c, that is by the product 6c ; 
we ought then to subtract be from acj which gives, as above, 

ac — 6c \ 

The same reasoning will apply < * - iwta of the mul- 
tiplicand, that are to be ^jS^ number^ 
and whatever may ^ Ktri jpro« 
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fhey ftU ha?e the Jgn -(-• Bccollecting that the terms which 
have no sign are considered as having the sign -f^ we see by 
the examples, that the terms of the multiplicand affected by the 
lign + give a product affected by the sign +, wliile those wliich 
have the sign — give one having the sign — • It follows from 
tiiiB, that when tiie multiplier has tlie sign +, the product lias the 
mme sipt as the corresponding part of the multiplicand. 

50. The contrary takes place when the multiplier contains 
parts to be subtracted ; the products arising from these parts 
must be put down with a sign, contrary to that which they 
would have had by the above rule. This may be shown by the 
following example. 

Let the multiplicand be a — b 

and the multiplier c-^d 

the product win be { ..^S^Jj. 

for the product of the multiplicand, by the first term of the mut 
tiplier, will be by the last example ac — be; but by taking the 
whole of c for the multiplier instead of c diminished by d, we take 
the quantity a — & so many times too much as is denoted by the 
number d ; so that the product ac — be exceeds that sought by 
the product of a — b by d. Now this last is, by what has been 
said, ad-^bd, and in order to subtract it tvom the first it is 
necessary to change the signs (20). We have then 

ac — be — ad + bd tor the result required. 

51. Agreeably to the above examples, we conclude, that the 
muUiplicatumqf polynomials is performed by multiplying successively f 
according to the rules given for simple quantities (£1 — ^26), all the 
ienm of the muttipUcand by each term of the muUipHetf and by 
abserving that each particular product must have the same sign^ as 
the corresponding part of the multiplicandf when the multiplier has 
the $ign +, and the contrary sign when tlte ifulividual multiplier 
koM the sign --^ 

If we develop the diffei*ent cases of this last rule, we shall find, 
1. That a term having the sign -f , multiplied by a term having 
the sign +, gives a product having the sign + ; 

2* That a term having the sign — , multiplied by a term haV' 
limg the sign -f, gives a product which has the sign — ; 
<:\. S. Hiflt a term having the sign -f, multiplied by a term having 
He lign — -^ gives a product which has the sign — 5 

5 



^^ 
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4. That a term having the sign -— , multiplied by a term having 
the sign — , gives a product which has the sign +• 
-'^ It is evident from this table, that wlien the mvitiplicand and 
multiplier have the same sign, the product has the sign +, and that 
when they have different signs, tlie product lias the sign — . 

To facilitate the practice of the multiplication of polynomials, 
I have subjoined a recapitulation of the rules to be obst'rved. 

!• To determine tlie sign of each particular product according to 
the rule just given ; this is the rule for the signs. 

£• To form the coeffidents by taking the product of those of eadi 
muUipiieand and multiplier (£2) ^ this is tlie rule for the coeffi- 
cients. 

3. To write in order, one after the other, the different letters con- 
tained in each multiplicand and multiplier (21) j this is the rule 
for the letters. 

4. To give to the letters, common to the multiplicand and muUir 
plier, an exponent equal to the sum of the exponents of tJiese letters 
in the multiplicand and multiplier (25) | this is the rule for th^ 

vcxponents. 

32. The example below will illustrate all these rules. 

Multiplicand 5 a* — 2 «» 5 + 4 a * 6« 
MultipUer a« — 4 a« 6 + 2 5« 



^b 



J 5 a^ — 2 a« 6 + 4 a' 62 
several J _20o« 6 + 8a« 6* — 16a* 6» 
products. 1 ^ioan3-4a»6* +8a»6'. 



Result reduced 5a'' — 22a«6 + 12a«6« — 6a*68 — ia^^+SaH'. 

The first line of the several products contains those of all the 
terms of the multiplicand by the first term a^ of the multiplier '5 
this term being considered as having the sign +, the products 
which it gives have the same signs as the corresponding terms 
of the multiplicand (31). 

The first term 5 a* of the multiplicand having the sign plus, 
we do not write that of the first term of the product, which would 
be +; the coefficient 5 of a^ being multiplied by the coefficient 
1 of a^, gives 5 for the coefficient of this product; the sum of 
the two exponents of the letter a is 4 + 3, or 7, the first term of 
the product t^hen is 5 a' . 

The second term — 2 a* 6 of the multiplicand having the sign 
— ^ the product has the sign minus; the coefficient 2 of a^ 6 mul- 
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fiplied by the coefficient 1 of a^, gives 9, for the coefficient of the 
{product ; the exponent of the letter a^ common to the two terms 
which we multiply^ is 3 -f 3, or 6, and we write after it the letter 
i, which is found only in the multiplicand* The second term 
of the product then is — 2 a* 6» 

The third term + 4 a* 6' gives a product affected with the 
sign -fy and hy the rules applied to the two preceding terms^ we 
find it to be r(- 4 a' 6'. 

The second line contains the products of all the terms of the 
multiplicand by the second term — 4 a^ fr of the multiplier. This 
last having the sign — , all the products which it gives must 
have the signs contrary to those of the corresponding terms of 
the multiplicand ; the coefficients, the letters, and the expo- 
nents are determined as in the preceding line. 

The third line contains the products of all the terms of the 
multiplicand by the third term + £ 6' of the multiplier. This 
term having the sign -f., all the products which it gives have 
the same sign as the corresponding terms of the multiplicand. 

After having formed all the several produ(!;ts which compose 
the whole product, we examine carefully this last, to see whether 
it does not contain similar terms ; if it does, we reduce them 
according to the rule (19), observing that two terms are similar, 
which consist of the same letters under the same exponents. In 
this example there are three reductions, viz ; 

— 2 a* 6 and — 20 a* &, which give — 22 a* 6 ; 
+ 4 a* 6* and + 8 a* 6*, which give + 12 a* 6* ; 

— 16 a* 6« and + 10 a* 6^, which give — 6 a* h^. 
Tliese reductions being made^ we have for the result the last line 
of the example. 

See another example to exerpise the learner, which is easily 
performed after what has been said. 
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^%. From the maniier of proceeding in mnltiplicAtion, it is 
eridenty that if all the terms of the multiplicand are of the same 
degree (S7)« and those of the multiplier are also of tlie same 
dcgreey all the terms of the product will be of a degree denoted 
\j tiie sum of the numbers, which mark the degree of the terms 
of each of the fiu^ors. 

In the first example, the multiplicand is ofthe fourth degreOf 
Uie multiplier of the third ; and the pro^luct is of the seventh. 

In the second example, the multiplicand is of the sixth degree, 
flie multiplier of the third ; and the product is of the ninth. 

Expressions of the kind just referred to, the terms of which 
are all of the same degree, are cidled homogeneofos expressions. 
The above remark, with respect to their products, may serve to 
prevent occasional errors, which one may coi||mit by forgetting 
some of the factors in the several pq^ of the multiplication. 

54. Algebraic operations performed upon literal quantities, %s 
tiiey permit us to see how the sev^^l parts of the quantities 
eoncur to form the results, often make known some general 
properties of numbers independent of every system of notation. 
The multi^ications that follow, lead to conclusions of the greatest 
importance, and of frequent use in the subsequent parts of this 
work. 

a + h a + h 

a — b a + b 



a* 


+ ab 


+ 


a* 
+ ah 


+ ah 
>+b* 




a» 


— 6« 


a* 
a^+^ah + h* 
a + h 

a^ +Za*b+ab* 
a*b + 2ab* +6» 


+ Zab 


+ ** 



It appears from the first of these products, that the quantity 
a+hf flraHiplied by a — ft, gives a* — b* ; whence it is evident 
(hat, if we mmUiply the sum of two numbers by their difference f 
fheproimd wUl he the difference of the squares of these numbers. 

U we take, tor example, the sum 11 of the uumb^v 7 and 4^ 
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and multiply it by the difference S of these numbers, the product 
S X llf or Sdy will be equal to the difference between 49^ tho 
square of 7, and 15, the square of 4» 

By the second example, in which a + 6 is twide a factor, we 
learn ; that the second ponver^ or the square of a quantity composed 
of two parts a and b contains the square of the first part, plus 
doable the prodtwt qf^the first part by the secondf pltis the square oj 
the second* 

The third example, in which we have multiplied the second 
power of a + & by the first, shows ; that, the third power or cube 
of a quantity composed of two parts contains the cube of the firstf 
plus three Umes the square of tlie first multiplied by the second, plus 
three times the first multiplied by the square of Vie second, plus the 
tube of Vie second* ^ 

35. As ^e have often occasion to decompose a quantity into 
it^factors, and as the algebraic operations are dispensed with, 
when it can be done, in order to exhibit the formation of the 
quantities to be considered, as distinctly as possible, it is neces- 
sary to fix upon some signs proper to indicate multiplication 
between complex quantities. 

We use indeed the marks of a parenthesis to comprehend the 
factors of a product. The expression 

(5a* — 3a2 6« +6*) (Aab^—ac^ +d«) (b^^c^), 
for example, indicates the product of the compound quantities 
5a* — Sa^b^+b^, 4ab^ —ac^ +d^ and 5* — c*. 

Bars were used formerly by some authors placed over the 
factors thus, 

5 a'*' — 3o*6*+6* X 4a6« — ac2 +d« X 6^ — c^ ; 
but as these may happen to be too long or toa short, they are 
liable to more uncertainty than the marks of a parenthesis, 
which can never admit of any doubt with respect to the quantity 
belonging to each factor. They have accordingly been preferred. 

Of the division of algebraic quantities* 

56. Algebraic division, like division in arithmetic, is to be 
regai*ded as an operation dLsigncd to discover one (^ the fac- 
tors of a given product, when the other is known. According 
to this definition, the quotient multiplied by the divisor must 
produce anew the dividend. 
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• 
By applying what is here said to simple qaantities ve shall see 

by art. 21, that the dividend is formed from the factors of the 

divisor and those of the quotient ; whence, by suppressing in the 

ihndtnd aU the factors which compose the divisor, the result will be 

the quotient sought. 

Let there be, for example, the simple quantity 72 a* b^ c* dto 
be divided by the simple quantity 9a^bc^ ; according to the rule 
above given, we must suppress in the first of these quantities the 
factors of the second, which are respectively 

9, a^f b, and c^. 
It is necessary then, in order that the division may be perform- 
'ed, that these factors should be in the dividend. Taking them in 
order, we see in the first place that the coefficient 9 of the divi- 
sor, ought to be a factor of the coefficient 72 of the dividend, or 
tliat 9 ought to divide 72 witliout a remainder. Tliis is in fact 
the case, since 72 = 9 x 8. By suppressing tlien the factor 9» 
tliere will remain the factor 8 for the coefficient of the quotient. 

It follows moreover, from the rules of multiplication (25), that 
the exponent 5 of the letter a in the dividend, is the sum of the 
exponents belonging to the divisors and quotient ; this last ex- 
ponent therefore will be the diffisrence between the two others, 
or 5 — - 3 = 2. Tlius the letter a has in the quotient the expo- 
nent 2. For the same reason, the letter b has in the quotient an 
exponent equal to 3 — 1, or 2. Tlie factor c^ being common to 

the dividend and divisor is to be suppressed, and wc have 

8 a^ 62 d 

for the quotient required. 

The same will apply to every other case ; wc conclude tl)en> 
that, in order to effect the division of simple quantUieSf the course 
k bepursued is, 

Tb divide the coefficient of the dividend by thai of tlie divisor ; 

2b suppress in tlie dividend the Utters which are conmion to it and 
ihe divisor, when they have the same exponent; and wlien the 
exponent is not the same, to subtract the exponent of the div^'isorfrom 
ihatqf the dividend, the remainder being the exponent to be affixed 
to the Idler in the quotient ; 
' To write jn the quotient ihe letters of tlie dividend which are not 
in the divisor. 

37. If we apply the rule now given for obtaining tlie expo- 
nent of the letters of the quotient, to a letter which lias the sam^ 
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exponent in the dividend and divisor^ we shall find zero to be 
the exponent which it ought to have in the quotient ; a* divided 
by a^9 for example, gives a®. To understand what is the im-* 
port of such an expression, it is necessary to go back to its 
origin and to consider, that if we represent the quotient arising 
from the division of a quantity by itself, it ought to answer to 
unity, which expresses how many times any quantity is contain- 
ed in itselfl It follows from this, that the eocpresmn a^ isa lym- 
hd equwaleni to unityf and may consequently be represented by U 
We may then omit writing the letters which have zero for their . 
exponent, since each of them signifies nothing but unity. Thus 
a' 6 c* divided by a* h c*, gives a^ b^ c®, which becomes a, as is 
very evident by suppressing the common factors of the dividend 
and divisor. 

We see by this, that the proposition, every quantity which ha$ 
%ero far its exponent, is equal to 1, is nothing, properly speak* 
ing, but the explanation of a conclusion to which we are 
brought by the common manner of writing the powers of quanti- 
ties by exponents* 

In order that the division may be performed, it h necessary, 
1. that the divisor should have no letter which is not found in 
the dividend ; 2. that the exponent of any letter in the divisor 
should not exceed that of the same letter in the dividend ; 3. 
that the coefficient of the divisor should exactly divide that of 
the dividend. 

38. When these conditions do not exist, the division can only 
be indicated in the manner pointed out in the 2d article. Still 
we should endeavour to simplify the fraction by suppressing 
such factors, as are common to the dividend and divisor, iC there 
are any such ; for (Srith* 57) it is manifest, that the theiry <^ 
arithmetical fractions rests upon principles which are indepen- 
dent of every particular value of their terms, and which would 
apply to fractions represented by letters, as well as to those 
which are represented by numbers. 

According to these principles, we in the first place suppress the 
numerical factors common to the dividend and divisor, and then 
the letters which are common to the dividend and divisor, and which 
have the same eocponent'in each. When the exponent is not the 
same in each, we subtract the less from the greater, and affix the 
remainder, as the exponent to the letter, which is written only in 
that term of tlie fraction which has the highest exponent. 
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The fottowing example will illustrate this rule. 
Let 48 a* h^ c^ d be divided by 64a*b^ e^e; the quotient can 
(Mily be indicated in the form of a fraction 

But the coefficients 48 and 64 being divisible by IG^by suppress^ 
ing this common factor, the coefficient of the numerator be^ 
comes 3, and that of the denominator 4. The letter a having the 
same exponent 3 in the two terms of the fraction, it follows that 
a^ is a factor common to the dividend and divisor, and may con- 
sequently be suppressed. 

To find the number of factors b common to the two terms of the 
fraction, we must divide the higher b' by the lower b^, accord- 
ing to the rule above given, and the quotient b^ shows, that 
i» = 6^ X 6*. Suppressing then the common factor 6', there will 
remain in the numerator the factor b*. 

With respect to the letter c, the higher factor being c^ of the 
denominator, if we divide it by c^ we shall decompose it into 
c* xc^ ; and by suppressing the factor c* common to the two 
terms, this letter disappears from the numerator, but will remain 
in the denominator yvith the exponent 2. 

Finally, the lettera d and a, will remain in their respective pla- 
ces, since in the state in which they are^ they indicate no factor 
common to both. 

By these several operations the proposed fraction is reduced to 

4c»e^' 
and it is the most simple expression of the quotient, except we 
give numerical values to the letters, in which case it might be 
further reduced by cancelling the common factors as before. 

39. It ought to be remarked, that if all the factors of the div- 
idend enter into the divisor, which besides Contains others pecu- 
fiar to it, it is necessary after suppressing the former to put unity 
in the friiace of the dividend as the numerator of the fraction. Iti 
ttus case indeed we may suppress all the terms of the numera- 
tor^ or in other words, divide the two terms of the fraction by the 
numerator ; but tliis being divided by itself must give unity for 
. the quotient, which becomes the new numerator. 
Biqqpose for example the fraction 

4 a* b e 
TS'aFFTd^ 
6 
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the factora 12, a^, 6' andc may be divided respectively by thd 
factors 4, a' , 6 and c, or we may divide the two terms of the fnuv 
tion by the numerator 4 a^ be Now the quantity 4 a* 6 c divi- 
ded by itself gives 1 for the quotient, and the quantity 12 a* b^ cd 
divided by the first, gives by the above rules 3 6* d; the new 
fraction then is 

1 
3 b^ d' 

40. It follows from the rules of multiplication, that when a com- 
pound quantity is multiplied by a simple quantity, this last be- 
comes a factor common to all the terms of the former. We may 
make use of this observation to simplify firactions of which the nu- 
mei*ator and denominator are polynomials having factors tbat are 
common to all their terms. 

Let their be the expression 

by examining the quantity 6a^ — 3 a* 6 c + 12 a* c*, we see that 
the factor a* is common to all the terms, since a* = o* x a*> and 
that, besides, 6, 3 and 12 are all divisible by 3 ; so that, 
6a^ — 3a«6c + 12a2 c* = 2a* x3fl* — bcxSa^ +4c* X3a». 
Also the denominator has for a common factor 3 a*; for the fac- 
tors a* and 3 enter into all the terms, and we have 
9 a* 6 — 15 a^ c +24 a^ = 36x3 a* — 5c x 3a* +8ax 3 a*. 
Suppressing tlierefore the 3 a* as often in the numerator as in the 
denominator^ the proposed fraction will become 

2a*— 6c+4c* 



S6 — 5c + 8o 



4U I pass now to the case where the numerator and denominat* 
tor are both compound, and in which one cannot perceive at first 
whether the divisor is or is not a factor of the dividend. 

As the divisor multiplied by the quotient must produce the div- 
idend, it is necessary that this last should contain all the several 
products of each term of the drv^isor by each term of tlie quotient ; 
and if we could find the products arising from each particular 
term of the divisor ; by dividing tliem by this tenn, which is 
kfiown, we should obtain those of the quotient, after the same 
manner as in arithmetic we discover all the figures of the quotient 
by dividing successively by the divisor the numbers, which we re- 
gard as tiic several products of this divisor by the different fig- 
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ores ftf the iqnotieiit. But in numbers the several products pre- 
isent themselTes in order^ beginning v^ith the units at the last 
place on the left, on account of the subordination established be- 
twaen the units of each figure of the dividend accoi*ding to the 
rank which they hold. But as this is not tlie case in algebi*a« we 
supply the want of such an arrangement by disjiosing all the terms 
of the dividend and divisor in the order of the exponents of tlio 
power of the same letter, beginning with the highest and proreed- 
ing from left to right, as may be seen with refei*encc to tlie letter 
a in the quantities 

5 a^ — 22 a* 6 + 12 a« 6* — 6 a* 6^ — 4 a* 6* + 8 a^ 6«, 

5 a* — 2a»6 + 4a*6«, 
of which one is the product and the otlier the multiplicand in the 
example of art. 32. This is called arranging the proiM)scd quan- 
tities. 

"When they are thus disposed, it is evident, that whatever be 
the factor by which it is necessary to muftiply the second to ob- 
tain the first, the term 5 a^, with which this begins, results fi*om 
the multiplication of 5 a*, with which the other begins, hy the 
term in the factor sought, in which a has the highest exponent, 
and which takes the first place in this factor when the tenns of it 
are arranged with reference to the letter a. By dividing then 
the simple quantity 5 a^ by tlie simple quantity Sa^j the quotient 
a* will be the first term of the factor sought. Now as the entire 
product ought by the rules of multiplication to contain the several 
particular products arising from the multiplication of tlie whole 
multiplicand by each term of the multiplier, it follows that the 
quantity here taken for the dividend, ought to contain the pro- 
ducts of all the terms of the divisor, 5 a* — 2rt* 6 + 4 a* 6*, by 
the first term of the quotient a' ; and consequently, if we subtract 
from thedividend these products, which are 5 a'' — 2a« 6+4a« b*, 

flie remainder — 20a* 6 + 8a' b* — 6a* b^ 4a^ 6* +8 a* &* 

will contain only those, which result irom the multiplication of the 
divisor by the second, third, &c. terms of the quotient. 

The remainder then may be considered as a part of the divi- 
dend, and its first term, in which a has the highest exponent, can- 
not be obtained^ otherwise than by the multiplication of the first 
term of the di^'isor by the second term of the quotient. But the 

first term of this part of the dividend having the sign , it is 

necesBary to assign that which is to be prefixed to the corres- 
ponding term of the quotient. This is easijy done by the firs* 
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rule art 31, for the quantity — 20 a* hf being regarded as apart 
of the product, having a sign contrary to that of the multi[d]caad 
5 a^9 it follows that the multiplier must have the sign — •• Divi- 
sion then being performed upon the simple quantities, — 20 a* A 
and 5 a^f gives — 4a^ b for the second term of the quotient. 
If now we multiply this by all the terms in the divisor, and sub- 
tract the product from the partial dividend^ the remainder 
+ 10 fl* 6* —4 a* 6* + 8 a* 6' will contain only the products 
of the third kc. terms of the quotient 

Regarding this remainder as a new dividend, its first term 
10 a^ b^ must be the product of the first term of the divisor by 
the third of the quotient, and consequently this last is obtained by 
dividing the simple quantities, 10 a* b^ and 5 a^ the one by the 
other. The quotient 2 6' being multiplied by the whole of Ae 
divisor furnishes products, the subtraction of which exhausting 
the remaining dividend, proves that the quotient has only three 
terms. 

If the question had been such as to require a greater number 
of terms, they might evidently have been found like the preceding, 
and if, as we have supposed, the dividend has the divisor for a 
factor, the subtraction of the product of this divisor by the last 
term of the quotient ought always to exhaust the corresponding 
dividend. 

42. To facilitate the practice of the above rules j 
*/ V 1. FFe dispose the dividend aind divisor, as for the division of 

numberSf by arranging them with reference to 'Some letter , that is, by 
writing the terms in the order of the exponents of this letter, begin^ 
ning with the highest ; 

2. We divide thefrst term of the dividend by the first term of the 
divisor, and write the result in the place of the quotient; 

3. We multiply the whole divisor by the term of the qtiotient just 
found, subtract it from the dividend, and reduce similar terms* 

4. We regard this remainder as a new dividend, the first term of 
which we divide by the first te, .si of the divisor, and write tlie result 
as the second term of the quotient, and continue the operation till all 
the terms of the dividend are exhausted. 

Recollecting that a product has the same sign as the multipli- 
cand when the multiplier has the sign -f-. and that it has in the 
contrary case the sign — (31), we infer that, when the term 6f 
the dividend and the first term of the divisor have the same sign, the\ 
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fuHmi imght to have the sign +, and if they have contrary signs, 
the quotient aught to have the sign — ; this is Uie rule for the signs. 

The individual parts of the operation are performed by the 
role fiir the division of simple quantities. 

We divide the coefficient of the dividend by that of the divisor; 
this is the rule for the coefficients. 

We write in the quotient the letters common to the dividend and 
divisor with an exponent equal to the difference of the exponents of 
these letters in the two termSf and the letters which belong only to 
the dividend ; these are the rules for the letters and exponents. 

43. To apply these rules to the quantities, 
5 a'' — 22 a« 6 + 12 a« 6^ — 6 a* 6* — 4 a* 6* + 8 a* b', 

5 a*— 2a«6+4o» 6*, 
whkh have been emjdoyed as an example above, we [dace them 
as we place the dividend and divisor in aritlimetic. 

Dividend. ■ I Divisor, 

5a'' — 22a«6+12a'6*— 6o*6^ — ia^b^+Sa^b^ on^^Qa^b^AaH* 
-5a'' + 2a«6— 4a'6* quotient. 

a^ — 4a2ft+2ft* 



Rem.— 20a«6 + 8a«6*— 6ft*6^ — 4a*Z>*+8a^6' 
+ 20a« b—Sa' ^* -f 1 6fl*6« 



rem. +I0fl*6» — 4a»6*+8a*.>« 

— 10a*&H4fl«6*— 8a«6' 

0. 

The sign of the first term 5 a^ of the dividend being the same 
as that of 5 a*, the first term of the divisor, the sign of the quo- 
tient must be +, but as it is the first term, the sign is omitted. 

By dividing 5 a'' by 5 a*, we have for the quotient a^, which 
we write under the divisor. 

Multiplying successively the three terms of the divisor by tlie 
first term a' of the quotient, and wTiting the products under the 
corresponding terms of the dividend, the signs being changed to 
denote their subtraction (20), werhave the quantity 

— 5a'' +2a« 6 — 4a« 6% 

which with the dividend being reduced, we obtain for a remainder 

— 20a» ft+8a' 6* — 6a* 6* —4 a* 6* + 8 a« 6^ 

By continuing the division with this remainder, the first term 
— 20 a^ hf divided by 5 a*, will give for a quotient 4 a* b, this quo- 
tient having the sign*—-, as the dividend and divisoc have differ- 
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6tit signs. Multiplying it by all the terms of tiie divisor and 
changing the signs, we obtain the quantity 

20 a* b —8a' 6* +16a*ft«, 
which taken Mith the dividend and reduced, gives for a remainder 

+ 10 a^ b^ —4 a^ h^ +B a* b*. 
Dividing the first term of this new dividend, 10 a* 6*, by the 
first term. 5 a*, of the divisor, and multiplying the whole divi- 
sor by the result + 2 6*, writing the products under the dividendf 
tlie signs being changed and making the reduction, we find that 
nothing remains, which shows that -f 2 6* is the last term of the 
quotient sought. The quotient therefore has for its expression 
«3^4rt2 6 + 2 63. 

44. It is proper to remark here, that in division, the multi- 
plication of the diffei-ent terms of the quotient by the divisor 
often produces terms that are not to be found in tiie dividend, 
and which it is necessary to divide by the first term of the divi- 
sor. Tiiese terms are such as destroy themselves, since the divi- 
dend has been formed by the multiplication of the two factors 
tlie quotient and the divisor. See a remarkable example of these, 
reductions ; 

Let a^ — 63 jj^ divided by a — 6. 
Division. 



fl» — 63 
a3-4-a2 6 



a — b 



a 



ab + b 



2 



— n^b+ab^ 



+ ab^—b^ 
— ab^ +63 



Multiplication, 
a-^b 
a^-^nb^b^ 

a^ — a^ 6 
+ a26 — a6* 
+ab^ — 63 



Result a3 — 63. 





The first term a^ of the dividend, divided by the first term a 
of the divisor, gives for the quotient a* ; multiplying this quotient 
by the divisor, and changing the signs of the products, we have 
— a^ +a* b; the first term — a^ destroys the first term of the 
dividend, but there remains the tSrm a* 6, which is not found at 
first in the dividend. As it contains the letter rt, we can di\dde 
it by the first term of the divisor, and obtain + a 6. Multiplying 
this quotient by the divisor, and changing the signs of the pro- 
ducts we have — a* 6 + a6* ; the term — a* 6 cancels the one 
above it, but thci'e remains the term + 06^, which is not in the 
dividend. This being divided by a gives for the quotient + 6* ; 
multiplying this quotient by the cli\ isor and changing the signs. 
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we have — • a (^ + fr' ; flie first term — ah^ destroys Die firsi 
term of the dividend^ and the second + h^ destroys the other 

The mechanical part of the operation will be better undei^ 
ftopd^ if we look for a moment at the niultiplication of the quo- 
tient a' •f oft + (^ by the divisor a^-^h. >Vc see that all the 
terms reproduced in the process of dividing are those which 
destroy each otlier in tlie result of tbe multiplication. 

45. It sometimes ha])pens that the quantity with reference to 
which the arrangement is made, has the same power in several 
terms both of tlie dividend and divisor. In this case, the terms 
should be written in the same column, one under the other* the 
remaining ones being disposed with refei*cnce to another letter. 

Let there be 

— a* 6>+i«c* — o^ c^^-'-a^ +2a*c«+6« +26*c» +o* 6*, 
to be divided by a* — 6* — c*. 

Arranging the first of these quantities with reference to the 
letter a, we place in the same column the terms — a^ b* and 
+ 2 a* c' , in another, the terras + a* 6* and — a* c* ; and in the 
last column the three terms + &•, + 2 6* c^, + 6* c*, disposing 
them with reference to the letter b, as may bo seen in the next 
page. 

Tlic first term a* of the dividend being divided by the first 
term a* of the divisor, gives for the first term of tlie quotient 

— a* ," forming the products of this quotient by all the terms of 
the divisor, changing the signs of the products in oi*der to subr 
tract them from the dividend, and placing in the same column 
the terms containing the same power of a, wo havo, after the 
reduction of similar terms, the first remainder, which we take 
for the second dividend. 

The first term — 2 a* 6* of this new dividend, being divided 
fcy fl') ffives for the second term of the quotient — 2 a* 6* ; form- 
ing the products of this quotient by all the terms of the diviso!', 
changing the signs cf the products to indicate their subtraction 
from the dividend, and placing in the same column the terms 
containing the same power of a, we have after the reduction 
of similar terms^ the second remainder, which we take for the 
third dividend. 

The operation being continued in the same manner with the 
second remainder and tlic following ones, we shall have three 
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terms in the quotient. The last being multiplied by all the 1 

of the divisor^ furnishes products which being subtracted 

the fourth remainder exhaust it entirely. As the division a< 

of being exactly performed^ it fbllowsy that the divisor 

factor of the dividend 

*_a«— a* ft* +a«6*+ft« 

+ 2 a * c« — • a* c* -f 2 ft* c» 

+ 6*c* 
+ o«—a*ft« 



a^c* 



a^ — h*—c^ 



— a* — 2a»ft« — 



lat. rem. ~ 2 a* ft* + a* ft* + ft* 

+ a^c^ — a*c*+2ft*c« 

+ ft*c* 

+ 2 a* ft* — 2a* 6* 

— 2a* ft* c* 

■ 

2d. rem. + a^ c^ — a* ft* + ft« 

— 2a*ft*c* + 2ft*c* 

— a^ c^ + ft* c* 



3d. rem. 



4th. rem. 



a*c* + 


o» 


6»c» 


+ 


a» 


c* 


--o» 


5* 


+ 6« 


— o» 


6» 




+ a* 


6* 


— 6* 

— 6*c» 


— o' 


'6» 




+«' 


»6» 


— 6»c* 





46. The form under which a quantity appears^ will s 
times immediately suggest the factora into which it ma 
decomposed. If we have, for example, 

8a«— 4a3 6« +4a»+ 2a« — ft* +1, 
to be divided by 2 a' — ft* + 1 ; as the divisor forms the thro 
terms of the dividend, it is only necessary to see if it is a fi 
of the three first ; but these have obviouslyfor a common fi 
4aSfor8a«— 4a*ft* +4a» = 4o» (2a«— -ft' + l). ^ 
The dividend then may be represented by 
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4 a» (« a» — ft* + 1) + 2 a» — ft> + 1, 
or (2 fl» — »« + 1) (4 a» + 1). 

Tte division is performed at once by suppressing the factor 
(a* — fts ^ 1, equal to the dirisor, and the quotient will be 
4a* +1. 

After a little prartice» methods of this kind will readily occur, 
by which algebraic operations are abridged. 

By frequent exercise in examples of this kind, the resolution of 
1 quantity into its factors is at length easily performed ; and it is 
often rendered very conspicuous, when, instead of performing the 
operations represented, they are only indicated. 

Cf algebraic fractiom, 

47. When we apply the rules of algebraic division to quan- 
tities, of which the one is not a factor of tl)e other, we perceive 
the impossibility of performing it, since in the course of the 
operation we arrive at a remainder, the first term of which is 
not divisible by that of the divisor. See an example ; 



a» + a* ft + 2 ft* 



a* 4- ft* 



a +b 



1st rem. a* ft — a ft* +2 ft* 
_a*6 — ft* 



2d. rem. — a ft* +ft* 
The first term — aft* of the second remainder cannot be di- 
Tided by a*, the first term of the divisor, so that the process is 
arrested at this point. We can however, as in arithmetic, annex 

*— aft* -4-6^ 
to the quotient a + b the fraction — r3~2 — ' having the re- 
mainder for the numerator, and the divisor for the denominator; 
and the quotient will be 

a + b 4 — ' r^-. 

^ ^ a* -I- ft* 

It is evident, that the division must cease^ when we come to 
arenudnder, tlie first term of which does not contain the Utter with 
reference to which the terms are arranged, or to a power inferior to 
^at of the same letter in the first term of the divisor. 

48. When the algebraic division of the two quantities can 
be performed, the expression of the quotient remains indici 
under the form of a fraction, having the dividend for the nui 
tbXot, and the divisor for the denominator ; and to abridge it 

7 
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mach as possible^ we should see if the dividend and divisor have 
not common factors^ which may be cancelled (38). But when 
the terms of the fraction are polynomials, the common factors 
, are not so easily found as when they are simple quantities. They 
are in general te be sought by a method analogous to that, which 
is given in arithmetic for finding the greatest common divisor of 
two numbers. / 

We cannot assign the relative magnitudes of algebraic ex- 
pressionSf as we do not give values to the letters which they 
contain ; the denomination of greatest common divisor thereforey 
applied to these expressions, ought not to be taken altogether in 
the same sense as in arithmetic. 

In algebra we are to understand by the greatest common divi- 
sor of two expressions, that which contains the most factors in 
all its terms, or which is of the highest degree (27). Its deter* 
mination rests, as in arittiinetic, upon this principle ^ Every com^ 
mon divisor to two qtianiittes vmst divide the remainder after their 
division* 

The demonstration given in arithmetic (art 61) is rendered 
clearer by employing algebraic symbols. If we represent the 
common divisor by D, the two quantities proposed might be 
expressed by the products Jl D and B D^ formed from the com- 
mon divisor and the factor by which it is multiplied in each of 
the quantities. This being supposed, if ^ stands for the entire 
quotient, and JL for the remainder resulting from the division of 
•d JD by £ JD, we have AD z=iBB x ^l + Jt {Arith. 61); 
dividing now the two members of the equation by J9, we obtain 

and since the first member, which in this case must be composed 
of the same terms, as the second, is entire, it must follow, that 

y- is reduced to an expression without a divisor, that is to say, 

that U is divisible by B. 

According to this principle, we begin^ as in arithmetic^ by 
inquiring whether one of the quantities is not itself the divisor (f 
tlie otiier; if the division cannot he exactly performed^ we divide 
the first divisor by the remainder, ami so on ; and that remainder, 
which will exactly divide the preceding, will be the greatest common 
divisor (f the two quantites proposed. But it will be necessary in 



the divisions indicated^ to have regard to what belongs to the 

. nature of algebraic quantities. 
. We are not, in the Arst place, to seek a common divisor of 
two algebraic quantities, except when they have common letters ; « 
and we must select from them a letter, with reference to which the 
proposod expressions are to be arranged, and that is <b be taken 
font the dividend in which this letter has the highest exponent 
the other being the divisor. 
. Let there be the two quantities 

4a«6 — 5a6« +ft», 
which are already arranged with reference to the letter a ; we 
take the first for the dividend and the second for the divisor. 
A difficulty immediately presents itself, which we do not meet 
with in numbers, and this is, that the first term of the divisor 
will not exactly divide the first term of the dividend, on account 
sf the factors 4 and h in the one, which are not in the other. 
But the letter h being common to all the terms of the divisor and 
not to those of the dividend, it follows (40) that 6 is a factor of 
the divisor, and that it is not of the dividend. Now ever^ divi- 
sor common to two quantities can consist only of factors which 
are common to the one and to the other ; if then there be such a 
divisor with respect to the two quantities proposed, it is to be look- 
ed for among the factors of the quantity 4 a' — Sah + h^^ which 
remains of the quantity 4 a' ft — 5 ab' -f &', after suppressing 
i ; so that the question reduces itself to finding the greatest com- 
mon divisor of the two quantities 

Sa» — 3a*5+a6»— ftS 
4o« — 5a6 + ft«. 

For the same reason that we may cancel in one of the pro- 
posed quantities the factor h which is not in the other, we may 
likewise introduce into this a new factor, provided it is not a 
factor of the first By this step, the greatest common divisor, 
which can consist only of terms common to both, will not be 
affected. Availing myself of this principle, I multiply the quantity 
3a^ -^3a' ft^aft' — h^ by 4, which is not a factor of the 
quantity 4 a' — - 5 a fr + ft', in order to render the first term of 
the one divisible by the first term of the other. 

I shall thus have for the dividend the quantity 

12a» — 12a? ft4.4aft»— 4ft», 
for the divisor the quantity 
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4a« — 5ab + b^, 
and the quotient VfiW be So. 

Multiplying the divisor by this qnetienty and subtracting tha 
product from the dividend, I have for a remainder 

3a« ft + at*— 4ftS 
a quantity whijch, according to the principle stated at the oodei- 
mencement of this article, must have with 4 a^ — 5 a i + fr*> the 
same greatest common divisor as the first 

Profiting by the remarks made above, I suppress the fiactor ft, 
common to all the terms of this remainder, and multiply it by 4 
in order to render the first term divisible by that of the divisor; 
I have then for a dividend the quantity 

lga» +4a6— 166% 
and for a divisor the quantity 

4a^ —5ab + b* ; 
and the quotient thence arising is 3. 

Multiplying the divisor by the quotient, and subtracting fbi 
product from the dividend, we obtain the remainder 

19 at — 10 6*, 
and the question is reduced to finding the greatest common divi- 
sor to this quantity, and 

4a2— 5a6-^6», 
But the letter a, with reference to which the division is made, not 
bein^ in the remainder, except of the first degree, while it is of 
the second degree in the divisor, it is this wliich must be taken 
for the dividend, and the remainder must be made the divisor. 

Before beginning this new division I expunge from the dirl- 
sor 19 a 6 —^ 19 6*, the factor 19 6 common to both the terms, and 
which is not a factor of the dividend ; I haye then for a divi- 
dend the quantity 

4a» — 5a6 + 6*, 
and for a divisor 

a — 6. 
The division leaves no remainder ; so that a — 6 is the greatest 
common divisor required. 

By retracing these steps, we may prove a posteriori, that the 
quantity a — 6 must exactly divide the two quantities proposed^ 
and that it is the most compounded of those which will do it. I9 
dividing by a — 6 the two quantities proposed 

3a»— 3a«6 + a6«— 6S 4a* 6 — 5a62 +6% 



we reaolTe ^m as foUows ; 

(3a» +4«) (a — ft), (4 aft — ft*) (a~ft). 

49l When the quantityt which we take for a diyigor, contains 
several terms having the letter, with reference to which the 
arrangement is made, of the same degree, there are precautions 
to be used, wifliont which the operation would not terminate. 
See an example of this. 

Let there be the quantities 

a* h + ac^ — dS aft — ac + d* ; 
if we make the preparation as for common division 



a^ b +ac^ — d^ 
— a* 6 + a* c — ad* 



aft — ac + d* 



a 



Rem. a^c+ac^ — ad* — d^, 
by dividing first a* ft by a ft, we have for the quotient a ; multi- 
plying the divisor by this quotient, and subtracting the products 
from the dividend, the remainder will contain a new term, in 
which a will be of the second degree, namely, a* c, arising from 
the product of — a c by a. Thus no progress has been made ; 

for by taking the remainder 

a^c + ac^ — ad* — d* 

for a dividend, and multipling by ft to render tlie division possi- 
ble by aft, we have 



a^bc + abc* —abd* — ftd^ 
— a* 6 c + a* c* — acd* 



ab — ac + d* 



ac 



rem. a^c^+abc* — acd* — abd* — ftd«, 

and the term — a c produces still a term a* c*, in which a is of 

the second degree. 

To avoid this inconvenience, it must be observed, that the 
divisor aft — ac + d* =^a(b — c) +d*,by uniting the terms 
aft — acin one; and for the sake of shortening the operation, 
Bnaking ft — c = m, we have for a divisor a m -f d* ; but then 
the whole dividend must be multiplied by the factor m, to make 
a new dividend, the first term of whicli may be divided by am, 
the first term of the divisor ; the operation then become.s 



a^bm +ac* m — d^ m 



^ a* ft w — abd* 



am + d^ 

ab +c^ 



1st. rem. ^-^abd* +ac*m — d^ m 
— ac* m*^c* d* 

Sd. rem. — abd* — c* d* — d^ m 
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The terms involYing a* now disappear from flie diyidend^ and 
there remain only the terms which v have the first power of a. 
To make these disappear we first divide the term a c* m by a nif 
and it gives for a quotient c' ; multiplying the divisor by this 
quotient) and subtracting the products from the dividend^ we 
obtain the second remainder. Taking this second remainder 
for a new dividend, and suppressing the factor d^j which is not 
a factor of the divisor, we have 

— ah — c* — diHf 
which being multiplied anew by m, becomes 



— ahm — c^ m — dm* 



am + d^ 



Rem. +bd^ — c^m — dm* 

The remainder ft d« — c^m-^dm* of this last division, not 
involving a, it follows that if the proposed quantities have a 
common divisor, it is independent of the letter a. 

Having arrived at this point, we can continue the division no 
longer with reference to the letter a ; but it will be observed, 
that if there be a common divisor, independent of a, to the 
quantities b d* — c^ m — dm* and am + d*, it must divide 
separately the two parts a m and d* of the divisor ; for if a 
quantity is arranged with reference to the powers of the letter 
a, every divisor of this quantity, independent of a, must divide 
separately the quantities multiplied by the different powers of 
this letter. 

To be convinced of this we need only observe, that in this 
case, each of the quantities proposed must be the product of a 
quantity depending on a, and of the common divisor which does 
not depend upon it Now if we have, for example, the expi^ession 

Aa^ + Ba^ +Ca*+l)a + £, 
in which the letters ^f B, C, D, E, designate any quantities 
whatever, independent of a, and it be multiplied by a quantity 
also ind^ndent of a, the product 

Mda^ +MBa^ +MCa^ +MDa + ME, 
arranged with reference to a, will contain still the same powers 
of a as before ; but the coefficient of each of these powers will 
be a multiplier of M. 

This being supposed, if we restore the quantity (6 — c) in the 
place of in, we have the quantities 
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6d>— c«(ft — c)— d(6--c)S 
alb — c) +d* ; 
and it is evidenty tbat (— c and d^ have no common factor; 
the two quantities then under consideration hare not a common 
divisor. 

If it were not evident by mere inspection, tbat there is no 
common divisor between b — c and d^, it would be necessary to 
seek their greatest common divisor by arranging tbem with 
reference to the same letter, and then to see if it would not also 
divide the quantity 

5d« — c«(6 — c) — d(6 — c)*. 
50. Instead of putting off to the end of the operation, the 
investigation of the greatest common divisor independent of 
the letter with reference to which the quantities ai*c arranged, 
it is less trouble to seek it at first, because, for the most part, 
the operation becomes more complicated at each step as we ad- 
vance, and the process is rendered more difficult. 
Let there be, for example, the quantities 

a* b* + o^ 6» + 6* c« —a^c^—a^bc^— b^ c*, 
a^b + ab^ +b^ — a^ c — abc — b*c; 
having arranged them with reference to the letter a we have 
(6» _c») a* + (6» — 6 c*) a» + 6* c» — 6« c*, 
(6 _ c) a » + (6 « — t c) a + 6 » — 6 > c, 
I observe in the first place, that if they have a common divisor 
which is indqiendent of a, it must divide each of the quantities 
multiplied by the different powers of a (49), as well as the quan- 
tities b^ c* — 6* c* and b* — 6* c, which do not contain this letter. 
The question is reduced then to finding the common divisors 
of the two quantities b^ — - c' and b — c, and determining whether 
among these divisors there is to be found one which wUI divide 
at the same time 

fts ._ 6 c» and 6s — be, 6* c« — 6« c* and h^ — 6* c. 
Dividing b^ — c* by h — c, we find an exact quotient b + c; 
b — c then is a common divisor of the quantities b^ — .c^ and 
^ — * c, which evidently admit of no other, since the quantity b-^c 
is divisible only by itself and by unity. We must now see 
whether 6*-«c will divide the other quantities referred to above, 
or whether it will divide the two quantities proposed ; it is found 
fliat it will, and it gives 

(6 + c)a* + (b^ +bc)a^ +b^ c^ + 6« c% 

«2 -f.6a + *2* 
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To bring these last expressions to the greatest degree of sim- 
plicity, we should see if the first is not divisible by 6 + c ; it 
appears upon trial that it is, and we have only to find a com- 
mon divisor to the quantities 

By proceeding with these as the rule prescribes, we come 
after the second division to a remainder containing the letter a 
of the first power only ; and as this remainder is not the com- 
mon divisor, we conclude that ttie letter a does not make a part 
of the common divisor sought, which therefore can consist only 
of the factor h — c. 

If beside this common divisor, another had been found involv- 
ing the quantity a, it would have been necessary to multiply 
these two divisors together to obtain the common divisor soughL 

These remarks will enable the learner, after a little practice 
in analysis, to find in every case the greatest common divisor. 
He will determine without difficulty that the quantities 

6 a' +15 a* 6 — 4 a* c* — 10a*6c», 
9a3 6_2ra« 6c — 6a6c» +186c», 

have for their greatest common divisor the quantity 3a* — 2 c*. 
51. Tlie iowv fundamental operations, addition, subtraction^ 
multiplication and division, we perform in algebra as in arith- 
metic, observing merely to proceed, in the operations prescribed 
by the rules of arithmetic, according to the methods given for 
algebraic quantities. I shall, therefore, merely suggest these 
methods, giving an example of the application of each. I shall 
begin as I did in arithmetic, with the multiplication and division 
of fractions, as they require no preparatory transformations. 

1. For multiplication, we have 

-^ X c = -T (wJriiCA. 53), 

2. For division, 

— divided by c, gives — or -7 x — (j^rith. 54, 70) 



be b c 
d __^ad 
c^ b c 



-r- divided by -j, gives -- x — = t- {AriHi. 73). 
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Sk The fractions --, -^f beiner redaced to the same denomina- 

a 



toop, become respectively 

ad 
Fd' bd 



t4 fe (•***• ^9). 



Thefractionsy 

a e e ff 

T 1' 7' T 

by the same redaction become respectively 

adfh cbfh ebdh ghdf 

bdfh* bdfh' bdfh^ bTJK 

52. I have given in art 79 of arithmetic, a process for ob- 
taining in certain cases a denominator more simple» than that 
which' results from the general rule ; it may be much simplified 
by means of algebraic symbols, as we shall see. 

Hy for example, we have the two fractions .— , r-r., it is easy to 

see that the two denominators would be the same, if/ were a fac- 
tor of the.first, and c a factor of the second ; we multiply then the 
two terms of the first fraction by /, and the two terms of the 

second by ^ which gives r-=^cuid j—^ more simple than ., ^ 

and -rj—ff obtained by multiplying by the original denominators* 

In general, to form the common denominator^ we collect into one 
product all the different factors raised to the highest porwer found in 
the itnominators of the proposed fractions f and it remains only to 
mitWply ihenunurator of each fraction by the factors cf this product f 
which arc wanting in the denominator of thefraclion* 

ad p 

Having, for example, the fractions rr-9 r> <^d —» I ioitm 

^ ^ b^c bf eg 

the product b* cfg ; I multiply the numerator of the first frac- 
tion by fg, that of the second beg, that of the third by ('/, and 

I obtain 

afg 1>cd^ b* ef 

6» cfg' b^ cfg' 6« cfg 

53. The sum of the fractions 

a b c 

T 1' T 

wMcli have the same denominator, or 

8 



r- 
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The diflbrence of the fractions 

a ^ h 

d *"«» 1' 

which have the same denominator, or 

a b a— & 



>!■— ^ 



d d d 

The whole of a added to the fr^tion —9 or the expression 

a-f — :a h-^= — -^ (Anth. 81). 

CJ C CJ v 

Also the expression 

ft __ac 6 _flc — ft . . 

« "^ c c c, * 

Reciprocally 

-, . «c + 6flc,ft .ft 

the expression =— H — =:aH — » 

'^ c c c c 

., . ac'-^b ac ft _ ft 

the expression =— .— - — = fl— — . 

'^ c c c c 

The terms of the preceding fractions were simple quantities, 
but if we had fractions, the terms of which were polynomials, w« 
should have to perform, by the rules given for complex quanti- 
ties, the operations indicated upon simple quantities ; it is tiius 
that we have 
a* +6» a — b _ (fl^+ft») (fl— &) _ a^ -f, gftg — ^a ft— fts 

c+d ^ c — d'^ (c+rf) ( c— ^; ■" c» —1^ 

The quotient of the fraction 

a* + ft* ,. . , , , a— ft 

p-7- divided by ^, 

c + d "^ c — a 

. gg +fta c — rf _ (fr8 +&«) (c — rf) _ o»c + &«/-— fl»rf—ft»i 

c + rf a — ft"" (c + rf) (a — ft)"" ac + ad — be — ftd * 

and so of other operations* 

54. .Understanding wliat precedes, we can resolve an equation 
rf the first degree, how^-ver complicated. 

If we have, for example, the equation 

a — ft ^ 3«4-6 

we be^n by making the denominators to disappear, indicating 
only the operations ; it becomes then 

(afft) (a:— c) (3a+ft)+46(a— 6)(3a4ft)=r2a:(£]t-ft)(Sa+ft)— flc(a— ft) ; 
performing the multiplications we have 

3ft*cT + 4a6a:+6*a: — 3c*c — 4a6c — ft«c+12o*&— Soft* — 4ft* =5 
6a*a?— -4afti«r— 26*a? — a» c + aftc; 
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tranflposing to one member ail tiie terms involving x, it be* 

comes 

— 3a* .i:+8a6a: 4.3ft » j:=2a» c+5dbc+b* c— 12a* ft+8a6« +46*, 
jErom which we deduce 

9a*c + 5a6c + ft*c— 12a*ft + 8aft* + 4ft« 



07 = 



— 3tt* + 8oo4-;>y* 



Of questions having two unknown qtumtities, and of negative 

quantities. 

^ S5. The questions, which we hare hitherto considered, involve 

only one unknown quantity, by means of wliich, with the known 

quantities, are expressed all the conditions of the question. It is 

often more convenient, in some questions, to employ two unknown 

quantities, but then there must be, either expressed or implied, 

two conditions, in order to form two equations, without which the 

two unknown quantities cannot be determined at the same time. 

The question in art* 3, especially as it is enunciated in art. 4, 

presents itself naturally with two unknown quantities, that is, with 

both tiie numbers sought. Indeed if we denote 

the least by x, 

the greatest by y, 

their sum by a, 

their difference by ft, ^ 

we have by the enunciation of the question, 

a;-fy = a 

y — ar = ft. 

Each of these two quantities being considered by itself, we can 

determine one of the unknown quantities. It we take the second, 

for e](ample, we deduce the value of y, which is 

y=zb + x, 

a value which s^ms at first to teach us nothing with regard to 

what we are seeking, since it contains the quantity x* which is 

not given ; but if instead of the unknown quantity y in the first 

equation, we put this, its equivalent ; the equation, containing now 

only one unknown quantity x, will give the value of x by the 

process already taught. 

We have in £Act by this substitution 

x + b+xz^a, 

0r 2 a; + ft = a, 

1 _-Li a— ft 

orlastiy a?= — ---; 
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and putting ibis value of OP in the expresnon for y^ -s 

we hare then for the two unknown numbers the same espresaioBi- 
as in art S. 

It is easy to see indeed^ that the above solution does not differ 
essentially from that of art S ; only I have supposed and resolr- 
ed the second equation y — x = 6, which i ccmtented mywslf 
with enunciating in common language in the article cited ; and 
from it I deduced, without algebraic calculation^ that thi0 greater 
number was x + b, 

56. I take another question. 

A labtmrer having worked for a person 12 dat/n^ and kaciim vnth 
hinif during the 7 first daySf his wife and soOf received 74 fummg 
he worked afterward with the same person 8 days moref during 5 
qfwhicht he had with him his wife and soof and he received ai thi$ 
time 50 francs; how much did he earn per day himsdfp cyut h€W 
much did his wfe and son earn ? •• . 

L^t X be the daily wages of the man^ 
y that of his wife and son ; 

12 days' work of the man will amount to 12 or, 

7 days* work of his wife and son 7' y ; 
we have then by the first statement of the question^ 

12a? + 7 y = 74 5 ^ 

8 days' work of the man will give 8 ar, 
and 5 days' work of his wife and son 5 y ; 
we have then by the second statement 

8 a? + 5 y = 50. 
Proceeding as in the preceding question^ we take the vdiie of 
y in the first equation, which is 

74 — 12a? 

y=— 7— > 

and substitute this value in the second, multi^ying it by 5, the 
coeflkient, and it becomes 

370 — 60a? ^^ 
8 a; + = 50, 

an equation, which contains only the unknown quantity x. By 
reducing it we have 

56 a? + 370 — 60 a; = 350, 
870 — 4a: = 350; 



tnutfposiiig — 1 4 OP toihe second meniber, and 350 to tho fintf 
we obtain 

sro— S50=:4a; 
20 = 40? 

Knowing x, which we have just found equal to 5, if we place 
ijm Yaloe in the formula 

74 — 12a? 
»=— 7-- 

the second member will be determined, for we have 

74— 13x5 _ r4~60 _l4_ 
S- 7 "" 7 "" 7 "" ^ 

fhn 9 = 8. 

He man flien earned 5 francs per day, while his wife and 
son earned only S. 

«' 57. The reader has perhaps observed, that in resolving the 
above equation 370 — 4 x = 350, I have transposed 4 or to the 
second member. I have proceeded thus to avoid a slight diffi- 
coltjr, that would otherwise have occured, and, which I will now 
explain. 

By leaving 4 a; in the first member, and transposing 370 to 
(he second, we have 

— 4a:e=350 — 370^ 

and reducing the second according to the rule in art. 19, there 
will result from it 

— 4a: = — 20. 

But as we have avoided, in the preceding article, the sign — , 
which affects the quantity 4 x, by transposing this quantity to 
the other member ; and as in like manner the quantity 350 — 370 
becomes by transposition 370 — 350 ; and since a quantity, by 
being flms transferred from one member to the other changes the 
sign (10), it is evident that we may come to the same result by 
simply changing the sign of each of the quantities — 4 or, 
+ 350 — 370, which gives 

4a? = — 350 + 370, 
or 4«= 370 — 350 

.which is the same as 

370 — 350 ss ix. 
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We migbt also change the rigna after redactkm^ • and t|p€ 
eqaation 

— 4a? = — 20 
becomes, as above, 

4 a; = 20. 

It follows from this, that we may transpose irdifferently to one 
member or to the other,* all the terms involving the tmknown 
quantity, observing merely to change the signs of the two members 
in the result, when the unknown quantity has the sign — . 

58. Having undertaken, by means of letters, a general solu- 
tion of the problem of art 56, 1 will now examine a particular 
case. I suppose that the first sum received by the labourer to 
be 46 francs, and the second 30, the other circumstances remain- 
ing as before ; the equations of the question will then be 

12ar + 7^ = 46, 
8 a? + 5 y = 30. 
The first give^ 

46—12 0? 
y = f-^f 

multiplying this value by 5, in order to substitute it in flie plaiM^ 

of 5 y, in the second, we have 

230— 60a? ^^ 
Sx+ =30^ 

the denominator being made to disappear, it becomes 

56 0? + 230 — 60 a: = 210, 
or 56 a: — 60a?=210 — 230 

or — 4 a: = — 20 

and the signs being changed agreeably to what has just been 
remarked, 

4 a: = 20, 

/y* — SO K 

If we substitute this value in3tead of x in the expression for y, 
it will become 

46 — 60 

— 14 
or ^"^"T — 

Now how ai'c we to interpret the sigh — , which affects the in- 
solated quantity 14 ? We understand its import, when there are 
two quantities separated from each other by the sign , and 



JEjfHafiofu with two unkmnim Quantities. 63 

wlmi the quuititjr to be subtracted is less tban that fimn which 
it is to be taken ; but hoV can we subtract a quantity when it is 
not connected with another in the member where it is found ? 
To clear up this difficulty it is best to go back to the equations, 
which express the conditions of the question ; for the nearer we 
approach to the enunciation^ the closer shall we bring together 
the circumstances which have given rise to the present uncer- 
tainty. 

I resume the equation 

12x + 7y = 4e, 
I put in the place of x its value 5, and it becomes 

60 + ry=46. 
This equation by mere inspection presents an absurdity. It is 
impossible to make the number 46 by adding any thing to the 
number 60, which exceeds it already. 

I take also the second equation 

Sx + Sy^SO, 
and putting 5 in the place of x, I find 

40 + 59 = 30; 
the same absurdity as before, since the number 50 is to be form- 
ed by adding something to the number 40. 

Now the quantities 1£ x or 60 in the firsf equation, 8 a? or 40 
in the second, represent what the labourer earned by his own 
work; the quantities 7y and 5 y stand for the earnings of his 
wife and son, while the numbers 46 and 30 express the sum given 
as the common wages of the three ; we must see tiien at once in 
what consists the absurdity. 

According to the question, the labourer earned more by him- 
self than he did by the assistance of his wife and son ; it is 
impossible then to consider what is allowed to the woman and 
ton, as augmenting the pay of the labourer. 

But if, instead of counting the allowance made to the two latter 
persons as positive, we regard it as a charge placed to the ac- 
count of the labourer, then it would be necessary to deduct it 
from his wages ; and the equations would no longer io 
contradiction^ as they would become 

60~7y = 46, 
40 — 5 y = 30 ; 
we deduce from tiie ono as well as from the other. 
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and we conclude from it» that if the labourer earned 5 firanot 
per day, his wife and son were the occasion of an expense of fl 
francsy which may otherwise be proved thus. 

For 12 days' labour he received 

5x 12 or 60 francs; 
the expense of his wife and son for 7 days is 

2 X 7 or 14 francs ; 
there remain then 46 firancs. 

For 8 days' labour he receives 

5 X B or 40 francs; 
the expense of his wife and son for 5 days is 

2 X 5 or 10 francs^ 
there remain SO francs. 

It is very clear then^ that in order to render the pnipoeed 
problem with the first conditions possible, instead of the eniUH 
ciation in article 56, we must substitute this ; 

A labourer worked for a person 12 days, having had with him 
^ the 7 first days^ his wife and son at a certain expense^ and he re" 
ceived 46 francs ; he worked afterwards 8 days, during 5 afwhi^Ap 
he had with him his wife and son at expense as before, and he 
received SO francs. It is required to find how muck he earned per 
day, and what was the sum charged him per day on accomU of his 
wife and son. 

Calling X the daily wages of the labourer, and y the daily 
expense of his wife and son, the equations of the problem wiH 
evidently be 

12a: — ry = 46, 
gar — 5jf=30; 
and being resolved after the manner of those in art 56, they 
will give 

07 = 5 francs, y = 2 francs. 

59* In every case, where we find for the value of ihe unknown 
quantity, a number afibcted with the sign — ^ we can rectify the 
enunciation in a manner analogous to the preceding, by exam- 
ining with care what that quantity is amoqg those, which are 
additive in the first equation, which ought to be subtractive in 
the second ; but algebra supercedes the use of every inquiry of 
this kind, when we have learnt to make a proper use of expres- 
sions affected with the sign *— • ; for these expressions being 
deduced from the equations of the problem must satisfii those 
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equations ; that is to say 5 hj subjecting them to the operations 

indicated in the equation* we ought to find for the first member 

14 

a value equal to that of the second. Thus the expression --^ 

drawn from the equations 

8 a* + 5 y = 30, 
must, consistently with the value <^ or = 5, as deduced from 
these same equations, verify them both. 
The substitution of the value of x gives in the first place 

60 + 7y = 46, 
40 + 5 y = SO. 

•— 14 

It remains to make the substitution of — = — in the place of y 1 

and for this purpose we must multiply by 7 and by 5, having re- 
gard to the sign — , with which the numerator of the fraction is 
affected. 

. If we apply the rule relative to the signs given in art. 4^ for 
division, we have 

besides, by the rule for the signs in multiplication we find 

7X— 2 = — 14, 
5X— 2 = — 10. 
Hence the equations 

60 + 7^ = 46 and 40 + 5y = 30, 
become respectively 

60—14 = 46 and 40 — 10 = 30, 
and are verified, not by adding the two parts of the first member^ 
but in reality by subtracting the second from the first, as was 
done above, after considering the proper import of the equations. 
60. The problem in art. 58 does not admit of a solution in 
the sense in which it is first enunciated ; that is to say, by 
addition, or regarding as an accession the sum considered with 
reference to the wife and son of the labourer ; neither does the 
second enunciation consist with the data of the problem in art* 
56. 

If we were to consider in this case y, as expressing a deduc^ 
tionf liie equations thus obtained 

9 
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Would giv« 



12X — ry = 74, 
or = 5 and y = — = — 



and the substitution of the ralue of x would immediately change 
the equations to 

60 — ry = 74, 

40 — 5y = 50. 

Tlie absurdity of these results is precisely contrary to that of 
the results in art 59, since it relates to remaindei's greater 
than the numbers 60 and 40^ from which the quantities 7 y and 
5 y are to be subtracted. 

The sign minus which belongs to the expression of y, impliei 
an absurdity ; but this is not all, it does it away also; for a^ 
cording to the rule for the signs, 

— 14 _ 
7 "" 
and — 7x — 2 = + 14 

— 5x — 2 = +10. 
Thus the equations 

60 — 7y = 74, 40 — 5y=50, 
become 

60 +14 = 74, 40 + 10 = 50, 
and are verified by addition ; consequently the quantities — -7y 
and — 5 y, transformed into -f 14, +10, instead of expressing 
expenses incurred by the labourer, 'are regarded as a real gain. 
We are brought back then in this case also to the true enuncia- 
tion of the question, 

61* We perceive by the preceding examples, that there may be 
in the enunciations of a problem of the Jirst degree, certain contra^ 
dictions f which algebra not only makes known, hd points out also, 
how they may be reconciled, by re^ndering subtractive certain quan^ 
iities which had been regarded as additive, or additive certain qtum* 
tities which had been regarded as subtractive, or by giroing to ike 
unknown quantities values affected with the sign — • 

See then what is to be understood, when we speak of values 
affected by the sign >—, and of w^hat are called negative solutiona 
resolving, in a sense opposite to the enunciation^ the question 
i^n which they occur. 
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It follows from ihis^ that we may re^rd, as but one single 
^e8tioa» those, the eminciatioiis of which are connected together 
in such a manner, that the solutions, which satisfy one of the 
enundations, will, hy a mere change of sign, satisfy the other 
abo. 

62, Since ne^tive quantities resolve in a certain sense the 
pmblemSf which give rise to them, it is proper to inquire a little 
more particularly into the use of these quantities, and to settle 
once for all the manner of performing operations in which they 
are concerned. 

We have already made use of tlie rule for the signs, which had 
been previously determined for each of the fundamental opei*a- 
tions ; but the rules have not been demonstrated with reference 
to insolated quantities. In the case of subtraction, for example, 
we 8U]^;iosed that there was to be taken from a the expression 
}-— c, in which the negative quantity c was preceded by a posi- 
tive quantity 5. Strictly speaking, the reasoning does not de- 
pend upon the value of ft ; it would still apply when 6 = 0, which 
reduces the expression b — c to — c But the theory of nega- 
tive quantities being at the same time one of the most important 
and most difficult in algebra, it should be established upon a sure 
basis. To effect this, it is necessary to go back to the origin of 
negative quantities. 

The greatest subtraction, that can be made from a quantity, is 
to take away the quantity itself, and in this case we have zero 
for a remainder ; thus a — a = 0. But when the quantity to be 
subtracted exceeds that from which it is to be taken, we cannot 
subtract it entirely ; we can only make a reduction of the quan- 
tity to.be subtracted equal to the quantity from which it was to 
be taken. When, for example, it is required to subtract 5 from 
3, or when we have the quantity 3 — 5 ; to take in the first place 
3 from 5, we decompose 5 into two parts S and S, the successive 
subtraction of which will amount to that of 5, and thus, instead 
of 3 — 5, we have the equivalent expression 3 — 3 — 2, which 
is reduced to *— £. The sign — , which precedes 2, shows what 
is necessary to complete the subtraction ; so that, if we had add- 
ed 2 to the first of the quantities, we should have had 3 -f- 2 — 5, 
or zero. We express then with the help of algebraic signs, the 
idea that is to be attached to a negative quantity — a, by form- 
ing the equation a — a = 0, or by regarding the 
a — a# i — (, &c. as equivalent to zero. 
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This beinj^ siipposed, it will be understood^ that if we add to 
any quantitj whatever the symbol b — hf which in reali^. ia 
only zero, we do not change the value of this quantiiyf and that 
consequently the expression a + b — b is nofliing else but a diC* 
ferent manner of writing the quantity a which is also evideaft 
from the consideration, that + b and — b destroy each oiUieir* 

But having by this change of form introduced +b and-— ft 
into the same expression with a, we see that in order to sobtract 
any one of these quantities, it is sufficient to eflfkce it If it were 
•f b that we would subtract, we efface it, and there remsuna 
a^^b, which accords with the rule laid down in art S ; if on 
the other hand it were — * 6, we efface this quantity and there 
would remain a -f 6, as might be inferred from art. 20» 

With respect to multiplication it will be observed^ fliat the 
product of a — a by -f ft must be a 6 — ab, because the multipli- 
cand being equal to zero, the product must be zero ; and the first 
term being ab, the second must necessarily be — a 5 to destroy 
the first 

We infer from this, that — a, multiplied by -f Of must give 
— aft. 

By multiplying a by ft — ft, we have still aft*— * a ft, because 
the multiplier being equal to zero, the product will also be equal 
to zero; it is therefore necessary that the second term should be 
-— aft to destroy the first -f a ft. 

Whence -f a multiplied by — ft must give — aft. 

Lastly, if we multiply — a by ft — ft, the first term of the pro- 
duct being, according to what has just been proved, — oft, it is 
necessary that the second term should be -f aft, as the product 
must be nothing when the multiplier is nothing. 

Whence — a, multiplied by — 6 gives -f- aft. 

By collecting these results together we may deduce from them 
the same rules as those in art 31 (A). 

As the sign of the quotient, combined with that of the divisor 
according to the rules proper for multiplication, must produce 
the sign of the dividend, we infer from what has just been said, 
that the rule for the signs given in art. 42, corresponds with that 
which it is necessary to observe in fact, and that consequently, 
simple qiumtitieSf when they are insotated, are combined with respect 
to their signs, in the same manner, as when they make a part of 
polynomials. 
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6S« Accordinff to these remarks we may alwaySf when we 
meet wifli negative values, go back to the true enunciation of the 
qwstion resdvedf hy seeking in what manner these values will 
flitisfy the equations of the proposed problem ; this will be con- 
Irmed by the following emmple, which relates to numbers of a 
different kind from those of the question in art 56. 

64« TvDO (umrifrs ^ ou^ to mee^ eac& o^Aer a< tile Minf &iK^om 
ttDo dUeif the distance of which is given; we know haw many 
wks{a) each travels per hour, and we inquire at what point of the 
rmUe between the two cities they will meet. 

To render the circumstances of the question more evident, I 
have sabjmned a figure in which the points A and B represent 
the places of departure of the couriers. 

A R B 

I denote the things given, and those required in the usual way, 

by small letters. 

a the £stknce in miles of the points of departure ^ and B, 

b the number of miles per hour, which the courier from Ji 

travels, 

c the number of miles per hour which the courier from B 

travels. 

The letter R being placed at the point of meeting of the two 

couriers, I shall call x the distance ^ R passed over by tlie first, 

y the distance B R passed over by the second^ 

and as 

AR + BR^ABy 
I have the equation 

X'^y^a. 

Considering that the distances x and y are passed over in the 
same time, we remai^ that the first courier, who travels a num- 
ber b of miles in an hour, wUl employ^ in passing over the dis- 
tance X9 a time denoted by ^. 



Also the second courier, who travels c miles in an hour, will 
«ni*oy, in passing over the distance y; a time denoted by jL 5 we 

C 

have then 

(a) In the original the distance is given in kilometres. It is here 
expressed by miles to avoid perplexing the learner. 
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» 

The equations of the question therefore will be 

Malcing the denominator h of the second to disa^ear^ we hare 






e 

putting this value in the place of ir in the first equatton^ it be^ 
comes 

^y , 

and we deduce from it 

hy + cy=:ae9 whence y = j— • 

Substituting this value of y in the ei^ression for the value of 
Xf we obtain 

h a c ah e ^---v 

«r lastijT 

As the sign ^^ does not enter into the values of x and y, it h 
evident that whatever numbers are put for the letters a, by Cf we 
shall always find x and y with the sign +, and therefore the 
question proposed will be resolved in the precise sense of the 
enunciation. Indeed it is readily perceived, that in every case 
where two persons set off from different points and travel toward 
each other they must necessarily meet. 

65. I will now suppose, that the two couriers proceed in the 
same direction, and that the one, who sets out from •/}, is pursuing 
the one who sets out from J?, and who is travelling toward tiie 
same point C, placed beyond B, with respect to A» 

A B 5 C" 

It is evident that in this case, the courier, who starts from the 
point •^, cannot come up with the courier who sets off from the 
point B, except he travels' faster than this last, and the point of 
coming together R cannot be between A and J9, but must be 
beyond J9, with respect to A. 

Having the same things given as beforci and obsei'ving that 

when 

,«^ R — — B R^szJlBf 
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veiiare 

jc— •y = fl. 
The gecond equation 

•xpressing only the equality of the times employed by the cou» 
riers in passing oyer the distances 4 R and B R, undergoes no 
ehange. 
The abore equations, being resolved like the former ones, give 



# — » = flf »v--c« = ai. 






b ac ahe 

• f — c c (6 — c/ 

and lastly x = -r • 

— c 

Here the values of x and y will not be positive, except when 
h is tak^ti greater flian c, that is to say, except the courier start- 
ing fh>m the pmnt A be supposed to travel flutter than the other* 

If, fbr example, we make 

*=:20, «=10, 

we have 

SO a 20a ^ 

20 — 10 10 "' 

lOfl _10fl_ 
^"^ 20—10'" 10 ""^^ 

from which it follows, that the point of their coming together is 
distant from the point A twice A B. 
If WQ now suppose ( smaller than c, and take, for example 

>=:10, «=20, 

we find 

__ 10 g _ 10 a _ 

^""10— 2o""'::rro'" ^ 

20 a 20 a 

3r 10 — 20 —10 
These values being affected with the sign — , make it evident, 
that the question cannot be resolved in the sense in which it is 
emnciated y and indeed it is absurd to suppose that the courier 
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setting out from the point A9 and proceeding only 10 miles in an 
hour, should ever be able to overtake the courier setting out from 
the point B and travelling 20 miles per hour, ud who is in ad* 
vance of the first. 

66. Nevertheless, these same values resolve the question in a 
certain sense ; f<»- by substituting them in the equations 

■5-7' 

we have by the rule for the signs 

— a-|-2a = (t 

10 20' 
equations which are satisfied ; since by making the reductions, the 
first member becomes equal to the second ; and if we attend to 
the signs of the terms, which compose the first, we shall see how 
it is necessary to modify the enunciation of the question^ in 
order to do away the absurdity. . . ; 

Indeed, it is the distance a corresponding to or, and passed 
over by the first courier, which is in reality subtracted from the 
distance 2 a, corresponding to y and passed over by the second 
courier ; it is then just as if we had changed y into or, and x 
into ^9 and had supposed that the courier starting from the point 
B had run after the other. 

This change in the enunciation, produces also a change in the 
direction of the routes of the couriers ; they are no longer tra« 
veiling toward the point C, but in an opposite manner toward 
the point C, as represented in the figure below ; 



C' R' A B R C 

and their comipg together takes place in B!. The result from 
tills is 

B jtt — A^ Ja = 9^ Bf 
which gives 

we have besides constantly 

X y 

and we find 

ah 10 a 

c_6 20—10 ' 
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ae 9,0 a 

jMMsitive values^ which resolye the qaestioA in the precise sense 
in which it is eminciftted* 

67* The question we have been considering presents a case, in 
Which it is in eyery sense absurd* This occurs when we suppose 
the two couriers to travel equaUy fast It is evident that in what* 
ever direction we suppose them to move, they can never come to- 
gether, since they preserve constantly the interval of their points 
of departure. This absurdity, which no modification in the enun« 
ciation can remove, is very conspycuons in the equations. 

We have now t = c, since the couriers travelling equally fast 
pass over the same space in an hour ; the equation 

becomes T^'T 

and gives ^ = y« 

Thns tiie equation x — y=:a 

reduces itself to x — x = a or 0=ra, 

a result sufficiently absurd, since it supposes a quantity Op the 

migmtufc of which is given, to be nothing. 

68* This absurdity shews itself in a manner very singular tn 
Cto values of tte unknown quantities 

ah ae 

their denominator becoming when 6 = c we have 

ab ac 

^0 

We do ijot easily perceive what may be the quotient of a di- 
vision when the divisor is zero ; we see merely that if we con- 
aider h as nearly equal to c, the values of x and y become veiy 
great To be convinced of this, we need only take 

5 = 6 miles, c =: 5,8 miles 

6a 



we then have 


0?= =30o 

0,3 




5j8 a ^^ 


If further we take 


J = 6, c = 5,9 


10 
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we have 

0,1 

^ 0,1 

If moreover we make 

6 = 6, e=5,99f 

it becomes 

6fl 
X = — - = 600 a, 

0,01 

5,99 a 
^ = -^-— = 599 a, 
^ 0,01 ^ 

and it is manifest, that as the divisor diminishes in proportictn tci 
the smallness of the assumed difference of the numbers b and e, 
we obtain values more and more increased in magnitude* 

But as a quantity however minute can never be taken for ze- 
ro, it follows that however small we make the difference of tbt 
numbers represented by the letters b and c, and however great 
may be the consequent values of x and y, we never attain to those 
which answer to the case where 6= c. 

Since these last cannot be represented by any number, howev- 
er great we suppose it, they are said to be vifinite ; and every 

expression of the form — , the denominator of which is zero, is re- 
garded as the symbol of wfinity. 

This example shows that mathematical infinity is a negative 
idea, since we at length get it only by the impossibility of assign- 
ing a quantity that can resolve the question* 

We may ask here how the values 

ah . ac 

satisfy the equations proposed ; for it is an essential character- 
istic of algebra, that the symbols of the values of unknown quan- 
tities, whatever th^y may be, being subjected to the operations in- 
dicated upon these quantities, shall satisfy the equations of the 
problem* 

By substituting them in the equations 

x — y=:a, 

which answer to the case where 6 = c, we have by the jBrst, 



i 
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ab ^^^gf 

OP g&~qft_^ ^^ ab^abzsaxO, 

or lastly = 0, since ax = 0. 

The second equation ^ves, under the same condition, 

ab ab 
Ox6""ox6' 
the two members of each equation becoming equal, the equa- 
tions are satisfied* 

It remains still to explain how the notion indicated by the 

expression — , removes the absurdity of the result found in art. 



6r. For this purpose. 


let the two members of the equation 




X — 


ysa 




be divided by a?, which 


gives 








1-1 

X 


a 
-x' 




and as the equation 












_ V 

' b 


• 


gives a: = y, the first becomes 






1 — 




p 

or 


= — • 

X 



The error here consists in the quantity — , by which the sec- 

X 

ond member exceeds the first ; but this error becomes smaller 
and smaller, in proportion to the assumed magnitude of x. , It 
is then with reason, that algebra gives for x an expression, 
'which cannot be represented by any number, however great, 
but which, as it proceeds in the order of numbers, becoming 
greater and greater, points out in what manner we may re* 
dace more and more the error of the supposition. . 

69* K the couriers travelling equally fast, and in the same 
direction, had set out from the same point, their coming together 
could not be said to take ^ace at any particular point, since 
they would be together through the whole extent of their route. 
It may be ^orth while to see how this circumstance is represent- 
ed by the values, which the unknown quantities x and y assume 
m this case. 
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B 



A C 

The points ^ and B being coincident^ we have on this suppo- 
sition azsO, and constantly i = c ; it follows then^ that 

— — — — > y"""o"""o* 
In order to interpret these values^ that indicate a divisioiit 
in which the dividend and divisor are each nothing, I go back 
to the equations of the question. The first becoming 

0? — y = gives a? = y; 
and substituting this value in the second equation, which is 

"^=2-, it becomes ■r=-r« 
b b 0. 

The last equation having its two members idewHeal^ that is to 

say, composed of the same terma with the same sign is verified# 

whatever value is assigned to y, and this unknown quantity can 

never be determined* Besides, it is evident that the equation 

-- = 2- becomes a: = Vt 
b b ^ 

and consequently can express nothing more than the first.^ The 

only result both from the one, and from the other is* that the 

two couriers are always together, since the distances x and y 

trom the point A are equal, their value in other respects remains 

indeterminate. The expression ^ then is here a symbol of an 

indeterminate quantity. I say here, for there are cases where 

it is not ; but the expression has not then the same origin as 

the preceding. 

70. To give an example, let there be 

b{a^b) • 
This quantity becomes ^ in its present form when a = ( ; but 
if we reduce it first to its most simple expression, by suppress- 
ing the factor a — 6, common to the numerator and denominator^ 
we find 



* For the sake of conciseness, analysts apply to the same equations 
the epithet, identicaL 

V 8 7- is an identical equation,5 — d;va= 5 — d:r is another, and 

when two equations express only the same thing, we say that these 
equations also are identical. 
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b ' 
which gives 2a when a s= b. 

It is not the same with the values of x and y^ found in the 
preceding article, for they are not susceptible of being reduced 
to a moi'e simple expression. 

It follows, from what I hare just said, that when we meet 
with an expression which becomes ^, it is proper before pro- 
nouncing upon its value, to see if the numerator and denominator 
have not a common factor, which becoming nothing, renders 
the two terras at the same time equal to zero, and which being 
suppressed, the true ralue of the proposed expression is obtained. 
There are, notwithstanding, some cases which elude tliis method, 
but the limits of this work will only allow me to note the analft' 
tad focL It belongs properly to the differential calculus to 
give the general processes for finding the true value of quan- 
tities, which become }. 

71. It is very evident, from what has been said, thnt algebraic 
$olutions either answer perfectly to the conditions of a problem f when 
it i$ possibUf or they indicate a modificalion to be made in the enun-- 
dation, when the things given imply contmdictions that cannot be 
reconciled ; or lastly, they make known an absolute impossibiUtyf 
when there is no method of resolving with the same things given, 
a qjiesiion analogous in a particular sense to the one proposed. 

72. It may be remarked, that in the different solutions of 
the preceding question, the changing of the signs of the unknown 
quanties x and y corresponds to a change in the direction of the 
journeys represented by the unknown quantities. When the un- 
known quahtity y was counted from B towards ^, it had in the 

equation 

x+y=a, 

ttie sign +9 and it takes the mgn — for tlic second case, vehen 

the motion Is in the opposite direction from B towards C, art. 

65, since we had for the first equation 

x^y=za. 

By changing the sign in the second equation 

X y 
6"- 7* 

we have 
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A B C R 

the points of departure would be 

AC = ^B + BCz:za+cd; 
and the distance passed orer b j the courier from the point Jl 
would be Ji M, nihile that passed over by the other courier would be 

we have then 

X X — «— erf 

r- c — ' 

whence 

ab + bed 
ft — c 
75. Enunciated in this manner the problem presents a case^ in 
which the interpretation of the negative value found for a? is at^ 
tended with some difficulty ; it is when the couriers being sap- 
posed to proceed in opposite directions, w^e give to the number d 
a value such, that the space B C represented by c d becomes greats 
er tlian a, which represents JiB. 



C R A B 

Now the courier from the point B arrives at C on the other aide 
of ^ at the moment, when the courier from A sets off towards 8 ; 
there is then an absurdity in supposing that the two couriers can 
thus come together. 

If we should take, for example, 

a = 400"^% b = l9P^, c=8"^, d = 60'», 
there woi^ld result from it c d = 480™^, thus the point C would be 
80^^ on the other side of d, with respect to the point B ; but we 
find, 

_ 400. 12^ 60. 8. t2 _ 400. 3 — 60. 2. 12 
"■ 8 + 12 "* 2 + 3 

_ 1200— 1440 240 _ .q 

"" 5 ■" 5 "" 

Thus the coming together of the couriers takes place in a point 
jR, 48°*^* on the other side of the point A but between d and C ; 
although it seems that the courier from jB, being supposed to con- 
tinue his journey beyond the point C, can be overtaken by the 
other courier only after he has passed this point. 

To understand the question resolved in this sense, we may 
substitute in the place of x the negative member — m, and the 
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equation becomes 

M a«M* cd •{- f!i 

~T c ' 

or by changing the signs in the two members, 

T= c 

We see that the distance passed over bjr the courier from the 
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point JB, is c d^^a — w, or what remains ot B C after J B 
and .^ jR are subtracted, that is CR9 and that AC^cd-^a. 
This is just what would take place if the second courier had 
started immediately from the point C, where he is at the depar- 
ture of the first ; but as they travel in opposite directions, they 
must necessarily meet between A and C. Thus, this case is 
similar to the first of those of art. 74, where it is sufficient to 

« 

change a — cd into cd^-^a^ in order to obtain the value, which 

m has according to the above equation."*^ 

7Q. The problem of art. 5^^ taken in its most enlarged sense, 

may be enunciated as follows ; 

' A labourer having passed a number a of days in afamHtjf and 

having with, him his wife and son during a number b of days, 

received a sum c; he lived afterward in tlie same family a number 

d of days; he had with him this time his wife and son during a 

number e^ofdays^ and he received a sum f ; we inquire what he earn* 

ed per day, and wliat was allowed per day to his wife and son. 

Let X represent constantly the daily wages of the labourer, 

and y that of his wife and son ; for the number a of days he has 

ax, and for the number b of days his wife and son have by, so 

that, 

ax + by:=zc; 

for the number d of days, he has d x, and for the number e of 

days his wife and son have e y, thus, 

dx + ey =/. 

Tfiese are the general equations of the question. 

We deduce from the first 

c — by 

tA/ — — — ^— • , 

a 
multiplying this value by d, in order to substitute it in the place 

« __ 

* See note at the end of the Elements of Algebra. 
11 
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of X in the second equation, we have 

da: = . ^f 

a 

and consequently 

5 — -^+e»=/. 

By making the denominator to disa^iear, we obtain 

cd-^bdy + aeyz=:aff 
whence aey'—hdysza/ — cd. 

Having the value of y, if we substitute it instead of y in the 

expression for x, this last will be known 

a f — c d 

c — -^ 

^ ae — bd 

a 

To simplify this expression, we should, in the first place, perform 

the multiplication indicated upon the quantities 

» •»■ :-&^ («) • 

which gives 

abf'^bcd 
ae^-'bd 
a 
and then reduce c to a fraction having the same denominator as 
the fraction which accompanies it, and perform the subtraction 
of this fraction (53) ; and it becomes 

ace — bcd'—abf+bcd 
ae — bd 



or by being reduced 



f 



a ce^^abf 



ae ^-^bd ^t, 
a 



i * There might be some doubt as to the meaning of this expres- 

sion ; but it is obviated by attending to the bar denoting division, 
which is placed in the middle of the line. Thus, in the expression 

or &= Tj, •^ represents the dividend, whether integral or fractional, and 

B the divisor, which may also be a whole number or a fraction. So also 
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Dividing by a (51) we have 

Suppresdng the factor a, common to the numerator and denom- 
inator (SS), we find 

The values 

are applied in the same manner as those, which we before found 
for literal equations^ with only one unknown quantity ; we sub- 
stitute in the place of the letters^ the particular numbers in the 
•xample selected. 
We shall obtain the results in art. 5^^ by making 

a = l£j 6 = 7, c = 74, 
cl= 8, e = 5, /= 50, 
and those of art 58, by making 

a =12, ft = 7, c = 46, 
I d= 8, « = 5, /=30. 

I 77. The values of x and y are adapted not only to the proposed 
/ question ; they extend also to all those, which lead to two equa- 
I tions of the first degree with two unknown quantities, since it is 
I evident, that these equations are necessarily comprehended in 
I flie formulas. 



ihe expression a: ass -= signifies, that or is equal to the quotient of the 

fraction -^dimed bjr B,Kai the expression ^ ^-s indicates for x 

C 

{he quotient arising from A divided by the fraction -p ; ^^d lastly, we 

A 

C 
denote by the expression j: ss ~ the quotient resulting from the di- 

D 

vision of the fraction -^ by the fraction -^r. 

C "^ D 

It will be perceived by these remarks, that it is necessary to place 

(fae bars according to the result, which we propose to express* 
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ax + by:=Ct 

provided the letters a, h, dj tj denote the whole of tBe gitea 
quantities*. by which the unknown quantities x and y are respec- 
tively multiplied, and the letters c and / the whole of the known 
terms, transposed to the second member. 

Of the resolution of any given number of equations of fht first degree, 
containing an eqiud number of unknown quantifies^ 

78. When an equation has as many distinct conditions^ as it 
contains unknown quantities, each of these conditions furnishes 
an equation, in which it often happens, that the unknown quan- 
tities are involved with others, as we have seen already in the 
problems with two unknown quantities ; but if these unknown 
qnantitins are only of the first degree, according to the method 
adopted in the preceding articles, we take in one of the equations 
the value of one of the unknown quantities^ as if ad the rest were 
known, and substitute this value inaU the other equations, which wiU 
then contain only the other unknmun quantities. 

This operation, by which we exterminate one of the unknown 
quantities, is called elimination. In this way, if we have three 
equations with three unknown quantities, we deduce from them 
two equations with only two unknown quantities, which are to be 
treated as above ; and having obtained the values of the two 
last unknown quantities, we substitute them in the expression for 
the Value of the first unknown quantity. 

If we have four equations with four unknown quantities, we 
deduce from them^ in the first place, three equations with three 
unknown quantities, which are to be treated in the manner just 
described.; having found the value of the three unknown quanti- 
ties, we substitute them in the expression for the Value of the firsts 
and so on. 

See an example of a question, which contains three unknown 
quantities and three equations. 

79. •A person buys separately three loads of grain; thefirst, which 
contained 30 measures of rye, 20 of barley , and 10 qfwlieat, cost 230 
francs; 

The second, which contain^ 15 measures of rye, 6 of barley, and 
12 of wheat, cost ISS francos; 
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The third, which contained 10 measures of rye, 5 rf barley, and 

4 of wheat, cost 7 5 francs ; 

Bis asked, what the rye, barley, and wheat cost each per measwre 9 

Let X be the price of a measure of rye, 

y that of a measure of barley, 

!» that of a measure of wheat. 

To fulfil the first condition we observe, that 

SO measui-es of rye are worth 30 x, 

£0 measures of barley are worth 20 i/, 

10 measures of wheat are worth 10 « ; 

and as the whole must make 230 francs, we have the equation 

30ar + 20y + 10» = 230. 

For the second condition we have 

15 measures of rye worth 15 or, 

6 barley 6 y, 

12 wheat 12 c, 

and consequently 

15ar + 6y+12» = 138. 

For the third condition we have 

10 measures of rye worth 10 x, 

5 barley 5 y, 

4 wheat 4 C6, 

ind consequently 

10 x+ 5 y +4%= 75. 

The proposed question then will be brought into three equations ^ 

30 a* + 20 y + 10 « = 230, 
15a:+ 6y + 12«=138, 
10ar+ 5y+ 4»= 75. 
Before proceeding to the resolution, I examine the equations, to 
see if it is not possible to simplify them by dividing the two mem- 
bers of some one of them by the same number (12), and I find 
that the two members of the first may be divided by 10, and 
those of the second by 3. Having performed these divisions I 
have only to occupy myself with the equations 

3a: + 2y+ «=23, 
5a? + 2y+4«i = 46, 
10x + 5y+4»z=z75. 
As I can select any one of the unknown quantities in order to 
deduce its value, I take that of cc in the first equation, because this 
unknown quantity having no coefficient, its value will be entire 
•r without a divisor^ as follows. 
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This value being subi^tituted for % in the second and third equa- 
tioiis^ they become 

5ar + 2y + 92 — 12ar — 8y = 46, 
10a? + 5y + 92 — 12 x — 8y = r5; 
and reducing the first member of each, we find 

92^7£r — 6y = 46, 
92 — 2a? — 3y = 75. 
To proceed with the^se equations^ which contain only two un- 
known quantities, I take in the first the value of the unknown 
quantity y, and I obtain 

92-_46 — 7^ 46 — 7a? 

2/ = , or y=— g— , 

and by substituting this value in the second equation^ it becomes 

92 — 2a? — 3X 5 :=:75. 

6 

The denominator 6 may be made to disappear by the usual meth- 
od, but observing that the denominator is divisible by 3, 1 can 
simplify the fraction by multiplying it by 3^ agreeably to articb 
5A of Arithmetic. I have then 

46 — 7x 

92 — 2a: = 75. 

The denominator 2 being made to disappear, it becomes 

184 — 4 a? — 46 +7 a: =150; 
flie first member being reduced gives 

138 + 3 0?= 150, 

whence 

150—138 12 
X = = — ., or a? = 4, 

3 3 

Substituting this value in the expression for that of j^, I find 
46—7x4 46 — 28 18 , ^ 

» = — e — =— 6-=6' ^'' ^=''- 

and by substituting these values in the expression for that of % 
we obtain 
^ a = 23 — 3x4 — 2X3 = 23 — 12 — 6, or« = 5. 

It appears then, that the price of the rye per measure was 4 fr. 
that of the barley 3, 

that of the wheat 5. 

This example, while it illustrates the method given in the pre- 
ceding article, buglit to be attended to on account of the abbre- 
viations of calculation, which are performed in it 
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4 80. I proceed now to resolve the following problem. 

Jimath ^ho y/ndertook to transport some porcelain vases tf three 
afferent sixes, contracted that he would pay as much for each ves^ 
d that he bn^, as he received/or those, which he delivered safe. 

Ed had committed to him two snuUl vases, four of a middle sixe, 
and nine large ones ; he broke the middle si%ed ones, delivered all t/ie 
others safe, and received the sum of 28 francs. 

There were afterwards committed to him seven smaU vases, three 
fffhe middle sixe, andfve large ones ; he rendered this time the smalt 
mi the middle six£d ones, but br(^e the five large ones, and he re- 
moed only 3 francs. 

Lastly he took charge of nine small vases, ten middle si%ed ones, 
and deven large ones ; all these last he brake, and received in con- 
itquence only 4 francs. 

It is asked what was paid him for carrying a vase of eacli si%e. 

Let X be the sum paid for carrying a small vase^ 
y that for carrying a middle sized one, 
% that for carrying a large one. 

It is evident that each sum, which the porter received, is the 
difference between what was due to him for the vessels delivered 
safe, and what he had to pay for those which were broken ; acc- 
cordingly the three conditions of the problem furnish respectively 
the following equatiohs ; 

gar — 4y + 9« = 28, 
7x + Sy— 5«= 3, 
9x + lOy — 11 a= 4. 

The first of these equations gives 

28 + 4y-9;r. 

and by sujlistituting this value, the second and third equatioin^ 

become 

196 + 281/— 63 a? 



2 



+ 3y — 5«5=3, 



?£i±^^i=l!lf + 10y_ll« = 4. 

Making the denominators to disappear, we have 

196 + 28y — 63«+ 6i/— 10» = 6, 
S52+36y~81« + 20y — 22« = 8^ 

reducing the first member of each, we^ obtain 
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196 + 34y— 73» = 6, 
£5a + 56y — 103« = 85 
taking the value of y in the fii^ of these equations^ we fiud 

73 »— 190 

By means of this value, the second equation becomes 

252 + 56X ^^""—^^ ~103i8 = 8: 

34 ' 

being cleared of the denominator 34, it is changed into 

34X252 + 56X73* — 56 X 190— 34 X 103« = S4X 8, 
or into 

8568 + 4088 « — 1 0640 — 3502 « = £72. 
The reduction of the first member of tiiis result gived 

586 »~ 2072 =272, 
whence we deduce 

2344 
* = 186' ^^ * = ^- 

By going back with the value of s:; to that of y, we have 

73x4—190 292—190 102 

v = — = = 9 or 1/ = 3 ; 

^ 34. 34 34*^' 

and with these two values, we find 

2& +4X3 — 9x4 28 + 12 — 36 4 

X = — ■ = ' = -:^» or a: = 2. 

2 2 2 

The prices then were 2 tr. for carrying a small vase, 

3 one of a middle size, 

4 . a large one. 

This example is sufficient to show how to proceed in all atm- 
ilar cases. 

81. It sometimes happens, that all the unknown quantities dc 
not^enter at the same time into all the equations ; the mesttiod] 
however, is not changed by this circumstance ; it is sufficient; 
carefully to examine the connexion of the unknown quantltiei 
in order to pass from one to the others. 
Let there be, for example, the four equations 

Su — 2y= 2, 
2a? + 3y = 39, 
5x — 7»= 11, 
4y + 3s:; = 41, 
containing the unknown quantities u, or, y and »• 
With a litUe attention we see, that by taking the value of i 
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' in flie second eqaatlon» and gabstituting it in the fhird, the result 
coBtauiing only y and »9 will, by being combined with flie fourtii 
equation, g^ve the ralues of these two quantities ; and having 
the value of y, we obtain those of u and x, by means of the first 
and second equations. The following is the process ; 

39 — 3y 

5x T— s' — r«=iit 

or 195 — 15 y — 14«=:22 

or 15y + 14«= 173 (57). 

The two equations 

15y+14«=irs 
4y+ 3«= 41, 
being resolved, give 

y = 5, » = 7| 
and by means of these values, we have 

39—3x5 39—15 S4 

ir= = — - — =--, or x=ilQ» 

3 2 2 

2 + 2y 3 + 10 13 
3 3 3 

The numbers sought then are 

4, 12, 5 4nd 7. 
4 82. The method now explained is applicable to literal equa- 
tions as well as to numerical ones ; but the multitude of letters^ 
which it is necessary to employ to represent generally the things 
given, when the number of equations and unknown quantities 
exceeds two, has led algebraists to seek for a more simple man« 
ner of expressing them. I shall treat of this in the following 
article ; but in order to furnish the reader with the means of 
ezerdsing himself in putting a problem into an equation, and 
resolving it, I have subjoined a number of questions, knd have 
placed at the end of each the answer that is required. 

1. A father, being-asked the age of Ms sofh said, if from doMt 
the age that he is of now, you subtract triple of what he was six years 
ago, you haroe his present age. 

Answer. The chUd was 9 years old* 

2. IHopIiantus, the author of the most ancient book on MgAra, 
that has come down to us, passed a siaeth part of his Itfe in irfaney, 
atUH^thpart of it in yoiUhf afterward he wasmarriid end pass^ 

12 
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ed in this state a sevenOi pari, and Jive years mare, when he had tf 
son, whom he survwed four years, and who aUained only to hs^ 
the age of his father, whatwas UieagerflHophantus when he died I 
' Answer, 84 years, 

S. Ji merehaM drew, every year, upon the stock he had in trade, 
the sum of \000 francs for the expense of his family ; still his prop^ 
erty increased every year, by a third part of what renifdned after this 
deduction, and at the end of three years it was doubled ; how mueh 
had he at tlie beginning of^^ffr:^ ijcrr? 

Answer, 14800 /rancs. 

4. A merchant hastwo 'iivdsqfiea. tkefrsi ul 14 f^a^^icft a pfymui^ 
the second at 1 S francs ; how miick ougtU lie lo take of each to make 
up a chest of 100 pounds, which should be worth 16S0 francs ? 

Answer, 30 pounds of the first and 70 of the seconds 

5. A person fiUedn in 12 minuses, a vessel containing 39 gaUans, 
with water, by means of two fountains, which were made to run in 
succession, and one discharged 4 galUms per minute and the other 
3, how long did each fountain run ? 

Answer, the first 3 minutes, and the second 9. 

6. M noon the hour and minute hands of a watch are U^ether, 
at what point of the dial wUl they nsxt be in conjunction ? 

Answer, at 1 hour 5 minutes and -fj. 

Obs. This problem refers itself to that of art 65. 

7. A man, meeting some beggars, Tvishes to give them 25 cents 
each, but finds upon counting his money, tluit he wants 10 cents m 
order to do it; he then gives Hiem only 20 cents each, and has 25 
cents left; how much money had he, and what was the number of 
beggars ? 

Answer, 7, 

8. Three brotlwrs purchased an estate for 50000 fraiws, and the 
first wanted, in order to complete his part of the payment, half of the 
property of the second ; tJie second would have paid his share with 
the help of a third of what tlie first owned, and the third required to 
make the same payment, in addition to what he had, a fourth pari 
of what the first possessed; what was the amount of eaJth one^s 
property ? 

Answer, the first had 30000 francs, the second 40000, and the 
third 42500. 

9. Three players after a game count their money, one had lost, 
tlie other two had gained each as much as he had brought to the play; 
after the second game, one of the players, who had gained before, lost. 
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mud the two others gained each a sum equal to what he had at the 
hegmning of this second game; at the third gamCf the player, who 
had gained tiU noWf lost with each of the others a sum equal to that, 
wMch each possessed at the beginning of this last game ; they then 
separated^ each hapoing 120 fraatcs ; how much hud they each when 
tkey commenced jkvying 9 
Answer, he^.who lost at the first game, had 195 francSf 
hCf who lost at the second 105 

he, who lost at the third 60 

Beneral formulas for the resoluHon of equations of the first degree. 

83. To obviate the inconvenience referred to in tlie beginning 
of the last article, we shall represent all the coefficients of the 
same unknown quantity by the same letter, but distinguish tliem 
by one or more accents, according to the number of equations. 

General equations with two unknown quantities arc written 

thus ; 

a x + hy:=zc 

a' x + b'y = c^m 
The coeflb^ients of the unknown quantity x are both represented 
by a, those of y by 6 ; but from the accent, which is placed over 
the letters in the second equation, it may be seen, that they are 
not considered as having the same value, as the corresponding 
ones in the first Thus o^ is a quantity different from a, V ?l 
quantity different from fr. 

If there are three equations, they are expressed ; 

. a X +h y -f-e «=rtf 
a! X +b' y + d %=zd' 
€i'x^V'y + d'%z=:d\ 
All the coefficients of the unknovm quantity x are designated by 
tiie letter a, those of y by ft, those of (S by c ; but the several let- 
ters are distinguished by different accents, which show, that they 
denote different quantities. Thus a, a% a", are three different 
quantities. The same may be stud of ft, ft', ft", &c. 

Following this method, if we have four unknown quantities, 
and four equations, we may write them thus ; 

a x+h y + c x-^d u:=ze 
a! X +V y+c' %+d! u^d 
a"ar + ft"y+c"» + d"tt = e" ' 
cl"x + }/"y+d"%+il"u=.€\ 



f 
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64. To avoid fractions^ and simplify the calculatioiif we nqr 
Tajry the process of elitnination in the following manner* 
Let there be the equations 

a x + b ]f = e 
a! x + Vy=:(f ; 
it is evident, that if one of the unknown quantities, a?, for example^ 
has the same coefficient in the two equations, we hare only to 
subtract one of these equations from the other, in order to make 
this unknown quantity to disappear. This - u>y be s^n at once 
in the equations 

10ar + lly = 2r, 
10 0?+ 9y=15, 
which give 

11 j^ — 9y=27 — 15, or Sjf=:12, or y=:6. 
It is evident, that tiie coefficients of x may be immediately Biad» 
equal in the equations 

a x+b y =c 

a^ x + Vyzsd 

by multiplying the two members of the first by a', the coefficirait 

of X in the second, and the two members of the second by a, the 

eoefficient of a; in the first ; we thus obtain, 

ad x + a'by=za! c 
a alx + aV yzrzad. 
Then subtracting the first of these from the second, the unknown 
quantity x disappears ; and we have 

^aV — a' ft) jf = a </ — . a' c, 
an equation, which contains only the unknown quantity y ; from 
this we may deduce. 



ae' —-ca^ 



^''ab' — ba'' 

The method, we have just employed, may always be applied to 
equations of the first degree, to exterminate any one of the un- 
known quantities. 

By exterminating, in the same manner, the unknown quanti^ 
y, we may find the value of x. 

If we apply this process to three equations, containing x, y and 
», we may first exterminate x from the first and second, then 
from the first and third ; we thus obtain two equations, which 
contain only y and «, from which we may exterminate y. 

When this calculation is performedy the equation containing ^ 
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to iridcfa we arrive^ will have a toictiw common to all Hb termSf 
and consequently will not be the most simple^ which may be 
obtained. 

85. Besfiout has given a very simple method for exterminating 
at once all the unknown quantities except one, and for reducing 
the question immediately to equations, which contain one un- 
known quantity less, than the equations proposed. Although 
this process is necessary, only when equations with three un- 
known quantities ace employed, we shall, in order to give a com- 
plete view of the subject^ begin by applying it to those, which con- 
tain only two. 
Let there be the equations 

a x + bysze 

a'x + b'y + cf; 
mltiplying the first by any indeterminate quantity m, we have 

amx + bmy=zfnc; 
aabtracting from this result the equation 

a' a: + y y = c^, 
ftere remains 

amX'^af x + h my '^Vy:=efn'^ cf 9 
or (am — a^x + (bm — V)y=zcm — cf. 

Since m is an indeterminate quantity, we may suppose it to be 

such, that bm=iV. In this case, the term multiplied by y dis- 

appearsy and we have 



a? = 



cm— >c' 
a m — a' ' 



but since bm^V, it follows that, 

b" 

therefore 



m = j; 



eb' J 
JT ~^ _ cV — bc' 

^^aV ,'^ab^ — ba'' 

If, instead of supposing bm = V, we make amzs^a', the term> 
which contains x, will vanish, and we shall have 

c ni'-^c' 

The value of m will not be the same as before ; for we shall have 

,« 
f 



a' 
in = — * 



a 
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and hj substitiituig this in ttie expression for y, we find 

y — fa^ZTTV 
If we change the signs of the numerator and denominator of thii 
value of y, the denominator will become the same, as fliat in Hm 
expression for x, since we shall have •* 

^ac' — ct^ 

t& Next let there be the three equations 

a x + b y + c %=:d 

a! x + b^ y + cf » = d! •' 

ci'x + V'y + d'%:=zi'i 
we shall be led, bj an obvious analogy, to multiply the first of 
these equations by m, and the second by n, m and n being inder 
terminate quantities, to add together the results, and from the* 
sum to subtract the third ; by this means, all the equations will 
be employed at the same time, and the two new quantities m and 
91, which we may dispose of, as we please, will admit of any deter- 
minate value, which may be necessary to make both the onknowif' 
quantities to disappear in the result. Having proceeded in this 
manner, and united the terms by which the same unknown quan- 
tity is multiplied, we shall have 

(am+a'n — a")x+Q)m + Vn — b")y+{cm + (in — tr)% 

=idm+d!n — d". 
If we would make the unknown quantities x and y to disi^ 
pear^ we must take the equations 

am + a' n=ia" 
bm + Vnsz 6", 



and then we obtain 



dm + d'n — df 



cm + c' n — c" 

From the two equations, in which m and n are the unknown 
quantities, it is easy to deduce the value of these quantities, by 
means of the results obtained in the preceding aiiiicle ; for it ia 
only necessary to change in these results x into w, y into n, and 
to write instead of the letters 

which gircs 



) 



a 
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^■"o 6^ — 6 a' 
ah"—h a" 

Suhstitntiiig these values in the expression for %9 and reducing 
sllthe terms to the same denominator, we have, (a) 

*'~ c{ya"'-^a'h") + c'(ab"^ba")—c"{ab' — ba'y 
Kwe had made the terms containing x and % to disappear^ 
we should have had y ^ the letters m and n would have depended 
opon the equations 

am + a'nzs:a" cm + (fn=:cf', 
and proceeding as before, we should have found 

_ d (c' a" — a' c") + d' (a c" — ca") — d" {ae'^e a') 
■ *■" b (c'a" — a' c"} + 6' [a c''—ca") — 6" (a c' — c «') * 
Lastly, by assuming the equations 
, bm + Vn=zb", cm + cfn^cf', 

Kre make the terms multiplied by y and « to disappear ; and we 

^ "^ a (c' 0" — b' c") + o' (6 c" — c 6") — o" (* c' — c 6')* 
These values being developed in such a manner, as to make 
the terms alternately positive and negative, if we change, at the 
same time, the signs of the numerator and denominator, in the 
first and third, we shall give them the following forms ; 
_ ab'd'' — ad'b'' + da'h" — ba!d'' + bd'a" — db'a'f 
*"" ab'c''-^ac' b" + ca' b' — ba' c'' + b c' a" — cb' a' ^ 

_ a d' c" ^ac'd" -^-e a' d" — da' c" J^dc'a" — c d' a " 
' ■" a 6' c" — ac' b' + ca' b''—ba'c" +bc' a"'—c (/ a 



^^ d V c'' — dc' b" + cd' h" ^bd'c" +b c' d"^ehf d" 

^ab' c"-^ac' b''+ca'b'--'ba' c" + bc'a"^cb'a"* 
87. Let there be the four equations 

a x + b y^c % + d u=:e 
a^ x + V y + cf % + d' u^ef 

a'"x + V"y + (/"% + d"'u = e"' ; 
^^ "^a b'^b a'^ aft' — 6a' af/ — ba' 



% = 



af'h'---b"a' , aV'^ba '' _,,a W — ba' " 
^ a V-^b a''^ a b' — bd' ab'^hf/ 
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if we multiply the first by i% the second by n^ the third by 
and from the sum of their products subtract the fourth^ we shi 
" have 

{am + dn-^^ a"p^a'")at + (bm + Vn + V'p — tf") y 

^em+e^n +ef'p — «"'• 
In order to obtain u, we make 

am+a!n + a!'psaa'" 
bm + Vn + V'p=:V'' 

em + (fn + cf' p=zcf". 



we then hare 



u= -^ — ~ 



dm + d n+d"p—d^"" 

The preceding equations^ which must give m, fh and p, may 
resolved by means of the formulas found for the case of thr 
unknown quantities. This method wUi appear very simple m 
convenient ; but the nature of the results obtained above will fi 
nish us with a rule for finding them without any Calculatiott. 

88. To begin with the most simple case, we take an equatli 
with one unluiown quantity^ axz=:b; from this we find 

b 
a 

in which the numerator is the whole known term (, and the d 
nominator the coefficient a of the unknown quantity. 

From the two equations 

ax + byz=.C9 a! x + Vy=z(i9 
we have already deduced 

c h' — b c' _ a c'— c a' 

^ "" ab'-^ba' ^ "ab'^ba'* 

The denominator in this case is composed also of the letters Of i 
bf h'f by which the unknown quantities are multiplied. We fii 
write a by the side of b, which gives a 6 ^ we then change the ( 
der of a and b^ and obtain 6a; prefixing to this the sign 
we have ab — 6a; lastly we place an accent over the last letl 
in each term, and the expression becomes a 6'—* 6 a' for the i 
nominator. 

From this expression we may find the numerator. To obtt 
that for or, we have only to change each a into c^ and each h ii 
c for that of y, putting an accent over the last letter as befoi 
in this way we find cV — 6 (/ for the one, and ac^ — c a' for \ 
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lylher. The fiwmerator may iherefare hefaimdfirom the denomhuUar^ 
■8 well in ctses where there are two unknown quantities^ as when 
. there is only one, fry changing the coefficient of the unknown guoti- 
atyiougkt, into the hwwn term or second member, and retaining the 
accents, wlwA heUmgedto the coeffidents. 

The same rule may he ajqplied to equations with three un- 
known quantities, as we shall see by merely inspecting the val- 
aesy which result fh>m these equations. With respect to the de- 
nominator, it is necessary further to illustrate the method by 
which it is formed. Now, since in the case of two unknowa 
quantities, the denominator presents all the possible tranpositions 
of the letters a and fr, by which the unknown quantities are mul- 
tiplied, it may be supposed, that when there are three unkn<»wn 
quantities, their denominator will contain all the arrangements 
of the three letters a, fr, c These arrangements may be formed 
is the following manner. 

We first make flie transpositions ah-^ha with the two letters 
i and fr, then after the first term a fr« write the third letter c, which 
gives ahc; making this letter pass through all the places, ob- 
serving each time to change the sign, and not to derange the or- 
der in which a and fr respectively stand, we obtain 

abC'-^acb + cab. 
Proceeding in the same manner with respect to the second term 
^ fr a, we find 

— frac -f-frca*— cfra; 

connecting these products with the preceding, and placing over 
the second letter one accent, and over the third two, we have 

ab' c" — ad V + ca'V' ^ba' c" +b (f a" -^cV a'\ 
a result, which agrees with that presented by the formulas, ob-- 
talned above. 

From this it is obvious, that, in order to form a denominator 
in the case of four unknown quantities, it is necessaiy to intro- 
duce the letter d into each of the six products 

ahc — acb + cab — bac-^bca — cba, 
and to make it occupy successively all the places. The term 
afr c> for example, will give the four following ; 

abed — abdc+adbc — dabc 
If we observe the same method in regard to the five other pro- 
iacts, the whole result will be twenty four terms, in each of 

13 
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which^ the 8econ4 letter will have one accent^ the tfairdtwo^ aid 
the fourth tbree.^ The numerators of the unknown quantitiea % 
», y and x, are found by the rule already given.* 

89. We may employ these formulas for the resolution of nn^ 
mericiil equations. In doing this* we must compare the terms of 
the equations proposed with the corresponding terms of the gen- 
eral equationsy given in the preceding articles. 

To resolve^ for example^ the three equations 

7'a? + 5y + 2fl5= 79 

it is necessary to compare the terms with those of the equa- 
tions given in art 86. We have then 

a = 7, ( = 5, c = d, d = 79 
a' = 8, ft' = 7, </ = 9, d' = 122 

a"=l,ft"=:4,cr'=5,d"=: 55. 

Substituting these values in the genwal expressions for the wi- 
known quantities x, y and %, and going through the operationfl^ 
which are indicated^ we find 

x = 4, y = 9, « = 3. 
It is important to remark^ that the same expressiims may be 
employed, even when the proposed equations are not, in all their 
terms, affected with the sign -h as the general equations from 
which these expressions are deduced appear to require. If we 
have^ for example^ 

3a:— .9y + 8»= 41 
— 5iC + 4y+2« = .— 20 
11a? — 7y — 6«= 37, 
in comparing the terms of these equations with the correspond- 
ing ones in the general equations^ we must attend to the sign^ 
and the result will be 

a = + 3, &= — 9, c = + 8, d = +41 
a'=— 5, y =+4, c's +2,d' = — 20 
a"=+ 11,6" = — 7,c"= — 6, d"= + 37. 
We are then to determine by the rules given in art 31, the sign, 

* M. Laplace, in the second part of the M^moires de i'Acad^mie 
des Sciences for 1772, p. 394, has demonstrated these rules djpricrim 
See also Jitmales de MathSmatiques pures appliquSeSy by M. Gergonne^ 
vol. iv. p. 148. 



Bqualum$ rf the Beemd B^gru rarith mie unknown 99 

lifUdi each term of the general expressioiui |tM^» jf Md % ought 
to faa;fe^ according to the signs of the fifictorsvM^hich it is com- 
posed* Thus we find^ for example, that the first TOrm of the com- 
mon denominator, which is aV (f% becoming + sx +^X — 6, 
changes the sign of the product, and gives — 72. If we observe 
the same method with respect to the other terms, both of the nu- 
merators and denominators, taking the sum of those, which are 
positive^ and also of those which are negative, we obtain 

_a 8r4— ■g834 _ — 60_ 
^"" 592— 632 ■" ^ITso "" "*" ^ 
_ 3022 — a93fl _ + 90 



<5 



8859 — 3889 _ — SO 
5M— iitig'"— -30 



= +t 



Equations o^ihe second degree, having only one unknown quantity. ' 

I 90. HiTHBBTo I have been employed upon equations of the 
first degree, or such as involve onlj the first power of the un- 
known quantities ; but were the question proposed. To find a mmi- 
kr, trAicA, muUipLied by five Hmes itsdf, rmll give aproduct equal to 
195 $ if we designate this number by ae, five times the same will 
be 5 07, and we shall have 

5x^=: 125. 
This is an equation of the second degree, because it contains x*, 
or the, second power of the unknown quantity. If we free this 
second power from its coefficient 5, we obtain 

X* = — , or X* = 25. 

5 

We cannot here obtain the value of the unknown quantity x 
as in art 11, and the question amounts simply to this, to find 
a number which, multiplied by itself, will give 25. It is obvious 
that this number is 5 ; but it seldom happens that the solution is 
qp easy ; hence arises this new numerical question ; to find a 
number, icUdi, tnuUiplied by Uselfi will give a product equal to aprO' 
posednumber; or, which is the same thing, from the second power 
of a number, to retrace our steps to the number from which it is 
derived, and which is called the square root. I shall proceed in 
the first ^ace to resolve this question, as it is involved in the de- 
termination of the unknown quantities^ in all equations of the se* 
cond degree. 

920486^ 
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91. The meth^jfemployed in finding or extracting theroote of 
i&iimbera, suppoflRne second power of such^ as are expreased jbj 
only one figur^o be known. See the nine primitiTe numben 
witli their second powers written under them respectirelj. 

123456789 
1 4 9 16 25 36 49 64 81 ? 

It is evident from this table, that the second power of a num- 
ber expressed by one figure, contains only two figures ; 10, which 
is the leiist number ex))ressed by two figures, has for its square 
a number composed of three, 100. In order to resolve the se- 
cond power of a number consisting of two figures, we must attend 
to tlie method by which it is formed ; for this purpose we must 
Inquire, how each part of the number 47, for example, is employ*- 
ed in the production of the square of this number. 

We may resolve 47 into 40 + 7, or into 4 tens and 7 units ; 

if we represent the tens of the proposed number by a, and the 

units by b, the second power will be expressed by 

(a + J) (a + ft) = o» + 2 a & + 6* ; 

that is, it is made up of three parts, namely, the square cfihe tens, 

twice the product of the tens mvttiplied by the units, and the square tf 

tlie units. In the example wo have taken, a = 4 tens or 40 uiiit%. 

and bz=7 ; we have then 

a» = 1600 

2a 6= 560 

6»=: 49 



Total, a«+2aft + 63 = 2209 = 47x4r. 

Now in order to return, by a reverse process, from the number 
2209 to its root, we may observe, that the square of the tens, 1600, 
lias no figure, whicrh denotes a rank inferior to hundreds, and 
that it is the greatest square, which the 22 hundreds, comprehend- 
ed in 2209, contain ; for 22 lies between 16 and 25, that is, be- 
tween the square of 4 and that of 5, as 47 falls between 4 tens or 40, 
and 5 tens or 50. 

We find therefore, upon examination, that the greatest square 
contained in 22 is 16, the root of which 4 ex])resses the number 
of tens in the root of 2209 ; subtracting 16 hundi*eds or 1600 
from 2209, the remainder 609 contains double the product of the 
tens by the units, 560, and the square of the units 49. But a^ 
double the product of the tens by the units has no figure infi^ 
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rior to tenSf it must be found in the two flni^giires 60 of the 

remainder 6099 which contain also the tens, arising from the 

aqiiare of the units* Now if we divide 60 bj double of flie tens 

8) and ne^ect the remainder^ we have a quotient 7 equal to the 

pnits sought. If we multiply 8 by 7 9 we have double the product 

of the tens by the units, 560 ; subtracting this from the whole 

ranainder 609, we obtain a diflforence 49, which must be, and in 

tKt is the square of the units. 

This process may be exhibited thus ; 

S2,09 I 47 

Te fir 



60,9 
60 9 



000 

We write the proposed number in the manner of a dividend, 
ind assign for the root the usual place of the divisor. We 
then separate the units and tens by a comma, and employ 
only the two first figures on the left, which contain the square 
of the tens found in the root. We seek the greatest square 
16, contained in fliese two figures, put tlie root 4 in its assigned 
phice, and subtract 16 from 22. To flie remainder we bring 
down the two other figures, 09, of the proposed number, separat- 
ing the last, which does not enter into double the product of the 
tens by the units, and divide the remainder on the left by 8, dou- 
ble the tens in the root, which gives for the quotient the units 7. 
I« order to collect into one expression the two last parts of the 
sqaare contained in 609, we write 7 by the side of 8, which 
gives 87, equal to double the tens plus the units, or 2 a -f-fr ; this 
mnlti^ied by 7 or ft, reproduces 609 = 2 a ft + 6*, or double the 
ptMinct of the tens by the units, plus the square of the units. 
This being subtracted leaves no remainder, and the operation 
shows, that 47 is the square root of 2209. 
\ If it were required to extract the square root of 324 ; the 
operation would be as follows ; 

3,24 I 18 

22,4 I 28 
522 4 



000 



•<ii*i 
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Proceeding asjn fhe last examplet we obtain 1 for flie plaoa 
of tens of the r^ ; this doubled gives the munber St, by wUdk 
fhe two first figures 22 of the remainder are to be diTided. Now 
582 contains 2 eleven times^ but the root can ndflier be nKune tbtCk 
10, nor 10 ; even 9 is in fact too large, for if we write 9 bj the 
ride of 2, and multiply 29 by 9, as the rule requires, the result is 
261, which cannot be subtracted firom 224. We are therelbri 
to consider tfie division of 22 by 2, only as a means of apptdiA- 
mating the units, and it becomes necessary to diminish the quo- 
tient obtained, until we arrive at a product, which does not 
exceed the remainder 224. The number 8 answers to this con- 
dition, since 8 x 28 = 224 ; therefore the root sought is 18. 

By resolving the square of 18 into its three parts we find ; 

a* = 100 

2aft = 160 

6»= 64 



Total, 324 = 18x18, 

and it may be seen, that the 6 tens, contained in the square of 
the units, being united to 160, double the product of the tens by 
the units, alters this product in such a manner, that a division of 
it by double the tens will not give exactly the units. 

92. It will not be difficult, after what has been said, to extract 
the square root of a number, consisting of three or four figures') 
but some further observations, founded upon the principles abovQ 
laid down, may be necessary to enable the reader to extract tfa0 
root of any number whatever. 

No numberless than 100 can have a square consisting itf more 
than four figures, since that of 100 is 10000, or the least number 
expressed by five figures. In order therefore to analyze 1]ie 
square of any number exceeding 100, of 473, for example, we 
may resolve it into 470 + 3, or 47 tens plus 3 units. To obtain 
its square irom the formula 

a* +2ab + h*, 
we make a = 47 tens = 470 units, 6 = 3 units, then 

fl» = 220900 
2 a 6 = 2820 

6^= 9 



Total, 223729 = 473 X 473. 

In this example^ it is evident that the square of the tens has no 
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Igare inftrior to hundreds, and this is a general principley sinca 
tana.ouiltiplied bj tens, always gire hundreds (JMth. 32). 

ft 18 thoefore in the part 22S79 which remains on the left of 
flie proposed number, after we have separated the tens and unite, 
ftat it IS necessary to seek the square of the tens ; and as 475 
lifls between 47 tens, or 470, and 48 tens, or 480, 2237 must fall 
between the square of 47 and that of 48 ; hence the greatest 
ifnare contained in 2237, will be the square of 47, or that of the 
tens of the root In order to find these tens, we must evidently 
ivoceedf as if we had to extract the square root of 2237 only; 
bat instead (tf arriving at an exact result, we haTe a remainder, 
vUch contains the hundreds arising from double the product of 
ike 47 tens multiplied by the unite. 

The operation is as follows 

92,37,29 I 473 



16 



63,7 
60 9 



87 
943 



282,9 
282 9 





We firat separate the two last figures 29, and in order to extract 
flie root of the number 2237, which remains on the left, we 
ftirther separate the two last figures 37 of this number ; the 
proposed number is then diyided into portions of two figures, 
beginning on the right and advancing to the left. Proceeding 
with the two first portions as in the preceding article, we find 
the two first figures 47 of the root ; but we haye a remainder 
88, which, joined to the two figures 29 of the last portion, con- 
tains double the product of the 47 tens by the unite, and the 
square of the units. We separate the figure 9, which forms no 
part of double the product of the tens by the unite, and divide 
282 by 94, double the 47 tens ; writing the quotient 3 by the 
side of 94, and multiplying 943 by 3, we obtain 2829, a num- 
ber exactly equal to the last remainder, and the operation is 
completed. 

> 93. In order to show, by what method we are to proceed with 
any number of figures, however great, I shall extract the root of 
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82391824. Whatever this root may be^ ve may soppofte it 
capable of being resolved into tens and unitSy as in the precediiq; 
examples. As the square of the tens has no figure inferior to 
hundreds, the two last figures 24 cannot make a part <rf it ; w# 
Inay therefore separate them, and the question will be reduced 
to this, to find the greatest square contained in the part 22S91€y 
which remains on the left. This part consisting bf more than 
two figures, we may Conclude, that the number, which expresses 
the tens in the root sought, will have more than one figure ; it 
may therefore be resolved, like the others, into tens and units* 
As the square of the tens does not enter into the two last figures 
18 of the number 223918, it must be sought in the figures 
2239, which remain on the left ; and since 2239 still consists (f 
more than two figures, the square, wliich is contained in it must 
have a root, which consists of at least two ; the number which 
expresses the tens sought will therefore have more than one 
figure ; it is then, lastly, in 22 that we must seek the square of 
that, which represents the units of the highest place in the root 
i*equired. By this process, which may be extended to any 
length we please, the proposed number may be divided into por- 
tions of two fi|^ures from right to left ; it must be understood 
however, that the last figure on the left may consist of only one 
figure. 

Having divided the proposed number into portions as below, 
we proceed >vith the three fii*st portions, as 22,39,18,24 
in the preceding article; and when we 16 



have found the three first figures 4r3 of the 63,9 
root, to the remainder 189 we bring down ^Q 9 



4732 



87 

943 

9463 



the fourth portion 24, and consider the 301,8 
number 18924, as containing double the ^ 

product of the 473 tens already found by ^qq^'1 

the units sought, plus the squai-e of these 



units. We separate the last figure 4 ; di- 
vide those, which remain on the left, by 946, double of 473, and 
then make trial of the quotient 2, as in the preceding examples. 
Hei-e the operation, in the present case, terminates ; but it is 
very obvious, that if we had one portion more, the four figures 
already found 4732, would express the tens of a root, the anits 
of which would remain to be sought ; we should proceed therefore 
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to divide the remainder bow found, together with the first figure 
ef the fiiUowing portion, by double of these tens, and so on for 
each of the portions to be successively brought down, 

M. If, after haTing brought down a portion, the remainder, 
joined to the first figure of this portion, does not contain double 
of llie figures already found, a cypher must he placed in the root ; 
tMf the root, in this case, will have no units of this rank ; the 
fdlowi^g portion is then to he brought down, and the operation 
to be continued as before. The example subjoined *yill illustrate 
fliis case. The quantities to be subtracted are 49,42,09 | 70S 
lot put down, but the subtractions are supposed 04,20, 9 | 1403 
id be performed mentally, as in division. 00 

95. Every number, it will be perceived, is not a perfect square. 
If we look at the taHle given, page 100, we shall see that between 
(he squares of each of the nine primitive numbers, there are in- 
tervals comprehending many numbers, which have no assignable 
root ; 45, for instance, is not a square, since it falls between 36 and 
49. It very often happens, tlierefore, that the number, the root of 
which is sought, does not admit of one ; but if we attempt to find 
it, we obtain for the result the root of the greatest square, which 
the number contains. If we seek, for example, the root of 2276, 
we obtain 47, and have a remainder 679 which shows, that the 
greatest square, contained in 2276, is that of 47 or 2209. 

As a doubt may sometimes arise, after having obtained the 
root of a number, which is not a perfect square, whether the 
root found be that of the greatest square contained in the number, 
I shaH give a rule, by which this may be readily determined* 
As the square of a + 6 is 

fi« + 2a6 + 6», 
if we make ( r= 1, the square of a-f 1 will be 

a« +2a + l, 
a quantity which difiers from a^, the square of a, by double of a, 
plus unity. Therefore if the root found can be augmented hy 
wmtyf or more than unity, its square, subtracted from the proposed 
numbeTf will leave a remainder at least eqiud to twice this root plus 
unity. Whenever this is not the case, the root obtained will be, 
in &ct, that of the greatest square contained in the number pro- 
posed. 

96« Since a fraction is multiplied by another fraction, when 
their numerators are multiplied together, and their denominators 

14 
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together, it is evident that the product of a fraction multiidied bj 
itself, or the square of a fraction is equal to the square of iii mi* 
meratoTf divided by the square of its denominator. Hence it foUowsy 
that to extract the square root of a fracHonf we extract the squaft 
root of its numerator and that of its denominator. Thus the root 
of 11 is |, because 5 is the square root of 25, and 8 that of 64. 

It is very important to remark, that not only are the squares 
of fractions, properly so called, always fractions, but everjffrac^ 
iional number, which is vrreducMe, (Arith* 59) wHl, when muUir 
plied by itself, give a fractional result, which is also frredudUem 

97. This proposition depends upon the following ; En>enf 
prime number P, which rvUl divide the product A B ^ two num- 
bers A and B, will necessarily divide one of these numbers. 

Let us suppose, that it will not divide M, and tiiat B is the 
greater ; if we designate the entire part of the quotient by q, and 
the remainder by Jff, we have 

B^qP+ff, 
multiidying by .A, we obtain 

^B=qAP+Aff, 
and dividing the two members of this equation by P, we have 

JiB ^ AB' 

from which it appears, that if ^ jB be divisible by P, the product 
•J Bf will be divisible by the same number. Now Bf, being the 
remainder after the division of B by P, must be less than P; 
therefore Bf cannot be divided by P ; if we divide P by ^ we 
have a quotient q[ and a remainder B' ; if further we divide P 
by B\ we have a quotient (f' and a remainder B!", and so on, 
since P is a prime number. 

We have therefore the following series of equations ; 
P-ifB + B', P:=i(f'B' + B%&Jc. 
multiplying each of these by Ji, we obtain 

APz=:(fAB +J1B', AP=i(f'AB' + AB"kjc. 
dividing by P, we have 

^ ,JIB' A B" . „AB'' A J?" « 
•^=«^-p-+— p-^ •5=g"--^ + --p~, &c. 

Fi^om these results it is evident, that if *fl JB' be divisible by P, 
tlie products A B', A B", &c. will also be divisible by it But the 
remainders B, B', B", &c. are becoming less and less continually;. 





each other ; and consequently the square -^ of the fraction ~, be- 



tin fliey finally terminate in unity, for the operation exhibited 
above may be continued in the same manner, while the remain- 
der is greater than 1, since P is a prime number* Now when 
the remainder becomes unity, we have the product j9 x I9 which 
mint be divisible by P ; therefore d also must be divisible by P. 

Hence, if the prime number P, which we have supposed not 
t» divide B, will not divide A, it will not divide the product of 
fliese numbers* 

fTlds d&mcnstralion is taken principally from the Theorie des 
nombres of M. Legendre.) 

9B. Now when the fraction — is irreducible, there is no prime 

number, which will divide, at the same time, 6 and a ; but from 
file preceding demonstration, it is evident, that every prime 
number, wliich will not divide a, will not divide a x a* or a*, every 
prime number, which will not divide A, will not divide bxbfOr 
b* ; the numbers a^ and b^ are therefore, in this case, prime to 

— of the fraction- 
al a 

ing irreducible, as well as the fhiction itself, cannot become an 

entire number <°)* 

99. From this last proposition it follows, that entire numbers, 
except only stuJif as are perfect squares, admit of no assignable root, 
eiOier among whole numbers or jracOofng* Tet it is evident, that 
there must be a quantity, which, multiplied by itself, will produce 
any number whatever, ^£76, for instance, and that, in the present 
case, this quantity lies between 47 and 48 5 for 47 X 47 gives a 
product less than this number, and 48 x 48 gives one greater. 
Dividing then the difference between 47 and 48 by means of 
fractions, we may obtain numbers that, multiplied by themselves^ 
will give products greater than the square of 47, but less than 
that of 48, and which will approach nearer and nearer to the 
number ^^7Q* 

The extraction of the square root, therefore applied to num- 
bers, which are not perfect squares, makes us acquainted with a 
new species of numbers, in the same manner, as division gives 
rise to fractions ; but there is this difference between fractions 
and the roots of numbers, which are not perfect squares ; that 
the former, which are always composed of a certain number of 
parts of unity, have with unity a common measure, or a rela- 
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tion which may be exprassed by whole nHmberSf which flie Isttor : 
have not. 

If we conceire anity to be divided into five parts, for eiamph^ 
we expi'ess the quotient arising from the division <rf 9 by 5^ or 
|, by nine of these parts ; ^ then, being contained five timea w 
unity, and nine times in |f is the common measure of unity and ttie 
fi*actiun |, and the relation these quantities have to each other 
is that of the entire numbers 5 and 9. 

Since whole numbers, as well as fractions, have a common 
measure with unity, we say that these quantities are eommeiuu* 
rable with unity, or simply that they are commmswrMe ; and 
since their relations or ratioSf with respect to unity, are express- 
ed by entire numbers, we designate both whole numbers and 
fractions, by the common name of rational numbers. 

On the contrary, the square root of a number, which is not • 
perfect square, is incommensurable or irraUonalf because, as it 
cannot be represented by any fraction, into whatever namber 
of parts we suppose unity to be divided, no one of these parii . 
will be suffir^iently small to measure exactly, at the same time^ 
both this root and unity. 

I-: order to denote, in general, that a root is to be extracted^ 
whether it can be exactly obtained or not, we ejnploy the char- 
acter x/~f which IS called a radical sign ; 

V^ie is equiifdent to 4, 
\/2' is incommensurable or irrational. 

100. Although we cannot obtain, either among whole numbers 
or fractions, the exact expression for v^s", yet we may approsd- 
mate it, to any degree we please, by converting this number into 
%^fraction, the denominator of which is a perfect square. The 
root of the^^esitest square contained in the numerator will then 
be that of the proposed nufflber expressed in parts, the value ^ 
which will be denoted by the root of the denominator. 

If^we convert, for example, the number 2 into twenty-fifths, 
wc have |f . As the root of 50 is 7, so far as it can be express- 
ed in whole numbers, and the root of 25 exactly 5, we obtain Jt 
or 1| for the root of 2, to within one fifth. 

101. This process, founded upon what was laid down in article 
96, that the square of a fraction is expressed by the square of the 
numerator divided by the square of the denominator, may evidentr 
ly be applied to any kind of fraction whatever, and more readily 



to ^kciinnls fhan to ofhen. It is manifiBst, indeed, firom flie na- 
ture of multiplicationf that the square of a number expressed by 
iatiOm will be hundredths, and that the square of a number ex- 
pressed by hundredths will be ten thousandths, and so on ; and 
conseqiieiitly, that the mmber rf decimal figures in the square is 
ohpoys double that cfthe decimal figures in the root. The truth of 
lliis remaii: is further evident from the rule observed in the mul- 
tipKcation of decimal numbers, which requires that a product 
should contain as many decimal figure^i, as there are in both tlie 
fiiGtors. In any assumed case thei'efore, the proposed number, 
considered as the product of its root multiplied by itself, must have 
twice as many decimal figures as its root. 

From what has been said it is clear, that in order to obtain 
the square root of 22?, for example, to within one hundredth, it 
is necessary to reduce this number to ten thousandths, that is, to 
annex to it four cyphers, which gives 2270000 ten thousandths. 
The root of this may be extracted in the same manner, as that 
of an equal number of units ; but to show that the result is 
hitfidredths, we separate the*two last figures on the right by a 
comma. We thus find that the root of 227 is 15,06, accurate to 
hundredths. The operation may be seen below ; 



2,27,00»00 



1506 



12.7 25 

2 00 00 3006 
19 64 

If there are decimals already in the proposed number, they 
should be made even. To extract, for example, the root of 51,7 we 
place one cipher after this number, which makes it hundredths ; 
w© then extract the root of 51,70. If we proposed to have on© 
decimal more, we should place two additional cyphers after this 
number, which % would give 51,7000 ; we should then obtain 7,19 
for the root. 

V If it were required to find the square root of the numbers £ 
and 3 to seven places of decimals, we should annex fourteen 
cyphers to these numbers ; the result would be 

V2" = 1,4142136, x/T = 1,7320508. 

1^ 102. When we have found more than half the number of figures, 
of which we wish the root to consist, we may obtain the rest sim- 
ply by division. Let us take, for example, 32976 ; the square root 
of this number is 181, and the remainder 215. If we divide this 
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remainder S15 by 36£^ double of I8I9 and extend the quotient li 
two decimal places, we obtain 0,599 which must be added to 181 ; 
the result will be 181,59 for the root of 32976, which is accurate 
to within one hundredth. 

In order to prove that this method is correct, let us designate 
the proposed number by JV*, the root of the greatest square con- 
tained in this number by a, and that which it is necessary to add 
to this root to make it the exact root of the proposed number by 
i; we have then 

JV=a*+2o6 + 6S 
from which we obt^n 

JV— a«=2aft+6»; 

dividing this by 2 a, we find 

From this result it is evident, that the first member may be 
taken for the value of h, so long as the quantity ~ is less than 

a unit of the lowest place found in &• But as the square of a 
number cannot contain more. than twice as many figures ac^ the 
number itself, it foUows, that if the number of figures in a 

exceeds double those in 6, the quantity -- will then be a fraction. 

In the preceding example, a = 181 units, or 18100 hundredths, 

and consequently contains one figure more than the square of 

52 
59 hundredths; the fraction then — becomes, in this case, 

-^ — I — = , and is less than a unit of the second part 59« 

2X18100 30200' ^ 

or than a hundredth of a unit of the first. 

103. This leads to a method of approximating the square root 

of a number by means of vulgar fractions. It is founded on the 

circumstance that a, being the root of the greatest square con« 

52 
tained in JV^, 6 is necessarily a fraction, and ~ being much 

smaller than h may be neglected. 

If it were required, for example, to extract the square root 
of 2 ; as the greatest square contained in this number is 1, if 
we subtract this, we have a remainder 1. Dividing this re» 
mainder by double of the root we obtain ^ ; taking this, quotient 
for the value of the quantity &, we have, for the first approxima- 
tion to the i*oot, 1 + 1^ or |. Raising this root to its square, we 
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Ind ^f wbkhf subtracted from S or |, gives for a remainder — ^ 
btbis case the formula 

2a ■"* aa 

becomes 

Substituting -— -^^ for 65 we have for the second approximation 
I — tV = tI 5 taking the square of ^, we find 4|J> a quantity, 
which still exceeds 2 or 4||. Substituting 4^ for a^ we' obtain 



12X34 "^ 3a 

which gives 

^_ 1 1_. 

12 X 34 408 ^ 

die third approximation will then be 

17 1 _ 17x34— 1 ^577 

12 12XS4~ 408 ^408* 

This operation may be easily continued to any extent we 
please. I shall give, in the Stippkment to this treatise, other for- 
mulas more convenient for extracting roots in general. 

104. In order to approximate the square root of a fraction, the 
method, which first presents itself Ls, to extract, by approximation 
the square root of the numerator and that of the denominator; 
but with a little attention it will be seen, that we may avoid one of 
these operations by making the denominator a perfect square. 
This is done by multiplying the two terms of the proposed frac- 
tion by the denominator. If it were required, for example, to 
extract the square root of |-, we might change this fraction iuto 

3 X 7 _2l 
7 X 7 ""49^ 

by multiplying its two terms by the denominator 7. Taking the 
root of the greatest square contained in the numerator of this 
fraction, we have 4 for the root of ^, accurate to within 4-. 

If a greater degree of exactness were required, the fraction | 
must be changed by approximation or otherwise into another, the 
denominator of which is the square of a greater number than 7. 
W^ shall have, for example, the root sought within ^\^ if we con- 
Tert ^ into 2£5ths, since 225 is the square of 1 5 ; thus the frac- 
tion becomes •^^ of one 225th, or /Z^, within j^j} the root 
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of ^^^ &lls between -^ and 4I9 but approaches nearer to tbe seconi < 
fraction than to the first, because 96 approaches nearer to a hniH 
dred than to 81 1 we have then -J^ or 4 for the root of 4 within^^^^. 

By employing decimals in approximating the root of the nu- 
merator of tbe fraction ^^9 we obtain 4,583 for the approximate « 
root of the numerator 21 , which is to be divided by the root of the 
new denominator. The quotient thence arising carried to three 
places of decimals becomes 0,655. 

105. We are now p**epared to resolve all equations involving' i 
only the second power of the unknown quai itity .connected with * 
known quantities. 

We have only to cdlect inte one member aU the terms eoniaiimg :■ 
this power, to free it from the ^^ntitieSf by which it is mfuttiplied } 
(11) ; we then obtain the value of the v/nknown quantity by ex- 
tracting the square root of each member. 

Let there be, for example, the equation 
\ ^a;* — 8=4— |a;«. 

Making the divisors to disappear, we find first 

15a;« — 168 = 84 — 14a:«. 
Transposing to the first member the teim 14 x^, and to the sec* 
ond the term 1G8, we have 

15 a;* + 14 a* =84 + 168, 
lor 29 x^ = 252 

and x^ = y/, 

X =v'W 
It should be carefully observed, that to denote the root of the firac- 
seption W*, the sign v"" is made to descend below the line, which 
separates the numerator from the denominator. If it were written 



thus ^.f£l, the expression would designate [^the quotient arising 



^252 
29 

from the square root of the number 252 divided by 29 ^ a result 
difierent from \/"W> which denotes, that the di\1sion is to be 
performed before the root is extracted. 
Let there be the literal equation 

ax^ +b^ =:cx^ +d^ ; 
proceeding as with the above, we obtain successively 

ax^ — cx^=d^ — 6« 

« d« — &3 

x^ = 

a — c 



0C=: J . 



r 



a- 



ItfiaiUmB ^ the Seetmdlkgree with mieufikmn^ lift 

I would remark here, that in order to desi^ate the square 
not of a c<Hnpound quantity, the upper line must be extended 
o?er the whole radical quantity. 

The root of the quantity 4 a^ b — 26^ +c' is written thnsj 

jBrraliier 

by substituting, for the line extended oter the radical quantity, a 

parenthesis including all the parts of the quantity, the root of 

which is required. This last expression may often appear pre« 

ferable to the other (S5). 

In general, every equation of the second degree of the kind 

we are here considering, may, by a transposition of its termsi 

be reduced to the form 

par* _ 
— _ a, 

^ designating the coefficient, whatever it may be, of x*. We 
then obtain 

P 



-J"/ 



106. With respect to numbers taken independently, this solution ^ 
is complete, since it is reduced to an operation upon the number 

either entire or fractional, which the quantity ^ represents, an 

arithmetical operation leading always to an exact result, or to 
one, which approaches the truth very nearly. But in regard to 
the signs, with which the quantities may be affected, there re^ 
mains, after the square root is extracted, an ambiguity, in 
consequence of which every equation of the second degree admits 
of two solutions, wliile those of the first degree admit of only 
one. 

Thus in the general equation x^ = 25, the value of a:, being the 
quantity, which, raised to its square, will produce 25, may, if we 
consider the quantities algebraically, be affected either with the 
■ign + or — ; for whether we take + 5, or — 5 for this value, 
we have for the square 

+ 5x + 5 = +25, or — .5X — 5 = +25; 
15 



■ 1 
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ire may therefore take 

XT = -f. 5, 
or 07 = — 5. 

For the same reason, from the general equation ] 

a?* = — , 
P 
we have 



or 



N P 



Both these expressions are comprehended in the following ; 



«=*J?. 



in which the double sign ± shows, that the numerical value of 



SP 



aq 

P 
may be affected with the sign + or — . 

From what has been said, we deduce the general rule, fhat the 
double sign ± is to be considered as affecting the square root of 
eroery quantity whatever. 

It may be here asked, why x, as it is the square root of »•, is 
not also affected with the double sign ± ? We may answer first, 
that the letter or, having been taken without a sign, that is, with 
the sign +, as the representative of the unknown quantity, it is its 
value when in this state, which is the subject of inquiiy ; and 
that when we seek a number x, the square of which is 6, for ex- 
ample, there can be only two possible solutions ; x = + ^o, 
x = — ^J7 Again, if in resolving the equation x^ = i, we 
write ± x= ± \/b^SiTn\ arrange these expressions in all the dif- 
ferent ways, of which they are capable, namely ; 

+ a? = + vr — 0? = — vJT 

+ x=z—s/b, — a;=+vi7 
we come to no new result, since by transposing all the terms of 
the equations — x = — \/d^ — x = + \/bl or, which is the same 
thing, by changing all the signs {^7^9 these equations become 
identical with the first. 

107. It follows from the nature of the signs, that if the second 
member of the general equation 



BquafUna of the Second Degree ti^itik cm wikMrwn Quantity* 115 

were a negative number, the equation would be absurd^ since tiie 
tqoare of a quantity affected either with the sign +, or — > hav- 
ing always the sign +9 no quantity, the square of which is nega- 
tive, can be found either among positive or negative quantities. 

This is what is to be understood, when we say, that the root of 
a negative qtiantity is imaginary. 

If we were to meet with the equation 

ar« + 25 = 9, 
we might deduce from it 

a:»=9 — 25 
or a* = — 16 ; 

but there is no number, wliich, multiplied by itself, will produce 
•—16. It is true, that — 4 multiplied by + 4, gives — 16 ; but as 
tliese two quantities have different signs, they cannot be con- 
sidered as equal, and consequently their product is not a square. 
This spec^ies of contradiction, which will be more fully considered 
hereafter, must be carefully distinguished from that, mentioned 
in art. 58, which disappears by simply changing the sign of the 
unknown quantity ; here it is the sign of the squai**e a-^, which 
is to be changed. 

108. To be complete, an equation of the second degree, with 
only one unknown quantity, must have three kinds of terms, name- 
ly, those involving the square of the unknown quantity, others 
containing the unknown quantity of the Brst degree, lastly, such 
as comprehend only known quantities. The following equations 
are of this kind ; 

a* — 4 a = 12, 4 a — 4 a* = 4 — 2 a. 

The first is, in some respects, more simple than the second, 
because it contains only three terms, and the square of a is posi- 
tive, and has otdy unity for a coefficient. It Is to tliis last form, 
that we are always to reduce equations of the second degree before 
resolving them ; they may then be represented by this formula, 

a3-j-pa = g, 
in which p and q denote known quantities, either positive or 
negative. 

It is evident, that we may reduce all equations of the second 
degree to this state, 1. by collecting into one member all the 
terms involving a (10), 2. by changing the sign of each term 
of the equation, in order to render that of a* positive, if it was 
before negative (57)^ S. bS dividing all the terms of the equation 
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remainder S15 by 36£, double of I8I9 and extend the quotient te 
two decimal places, we obtain 0,59, which must be added to 181 f 
the result will be 181,59 for the root of 32976, which is accurate 
to within one hundredth. 

In order to prove that this methocl is correct, let us designate 
file proposed number by jv; the root of the greatest square con- 
tained in this number by a, and that which it is necessary to add 
to this root to make it the exact root of the proposed number by 

ft ; we have then 

JV=o*+2a6 + 6S 
firom which we obtain 

JV— a«=2aft+6»; 

dividing this by 2 a, we find 

From this result it is evident, that the first member may be 

taken for the value of h, so long as the quantity ~ is less than 

a unit of the lowest place found in b. But as the square of a 
number cannot contain more. than twice as many figures aa the 
number itself, it foUows, that if the number of figures in a 

exceeds double those in b, the quantity -- will then be a fraction. 

In the preceding example, a= 181 units, or 18100 hundredths^ 
and consequently contains one figure more than the square of 



59 hundredths; the fi*action then — becomes, in ibis case, 
— ^^ — I — = , and is less than a unit of the second part 59, 

2 X 18100 30200' ^ 

or than a hundredth of a unit of the first. 

103. This leads to a method of approximating the square root 
of a number by means of vulgar fractions. It is founded on the 

circumstance that a, being the root of the greatest square con« 

52 
tained in JV^, 6 is necessarily a fraction, and — - being much 

smaller than b may be neglected. 

If it were required, for example, to extract the square root 
of 2 ; as the greatest square contained in this number is 1, if 
we subtract this, we have a remainder 1. Dividing this re- 
mainder by double of the root we obtain \ ; taking this, quotient 
for the value of the quantity 6, we have, for the first approxima- 
tion to the i*oot, 1 + ^9 or |. Raising this root to its square, we 
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mg part of the square of a binomial ; namely, x* which is the 
square of the first term x, and p x, or double the first multiplied 
by the second, which second is consequently only half of p, or 
I p. To complete the square of the binomial x + ^pf there must 
be also flie square of the second term ^ p ; but this square may 
be formed, since p and | p are known quantities, and it may be 
added to the first member, if, to preserve the equality of the two 
members, it be added at the same time to the second ; and thia 
last member will still be a known quantity. 

As the square of 4 p is ^ p', if we add it to the two members 
of the proposed equation, 

x^ +px = q, 
we shall have 

x^+px + ^p^=q + ^p*. 
The first member of this result is the square of a; -f- 1 p ; taking 
then the root of the two members, we have 

by transposition this becomes 

0? = — iP ± VT+iPS 
or which is the same thing 

a?==— Ip + vT+Tp^ 
and 



>2 



oc=—lP—Vq + iF 

I have prefixed the sign + to the second term | p, of the root of 
the first member of the above equation, because the second term 
of this member is positive ; the sign — is to be prefixed in the 
contrary case, because the square x^ — 2 a a: + a* answers to 
the binomial x-^€u 

Any equation whatever of the second degree may be resolved, 

by referring it to the general formula 

X* +px=zq; 
or more expeditiously, by performing immediately upon the equa- 
tion the operations represented under this formula, which, ex- 
pressed in general terms, are as follows ; 

To make the Jirst member of the proposed eqmtum a perfect 
squarCf by adding to it, and also to the second, the square ofhaljtht 
given quantity, by which the Jirst power of the unknown qtumtity is 
mtdtiplied ; then to extract the square root of each member, observ-^ 
mg9 thai the root of the first member is composed of the unknown 



•\ 
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r^nainder £15 by SGS, double of 181, and extend the quotient ti 

two decimal places, we obtain 0,59, which mugt be added to 181 ^ 

the result will be 181,59 for the root of 32976, which is accurate 

to within one hundredth. 

In order to prove that this methoU is correct, let us designate ,| 

the proposed number by JV*, the root of the greatest square cob- - 

tained in this number by a, and that which it is necessary to add - 

to this root to make it the exact root of the proposed number by 

k ; we have then 

JV=a^+2a5 + 6S 
from which we obtain 

diyiding this by £ a, we find 

From this result it is evident, that the first member may be 
taken for the value of ft, so long as the quantity —• is less than 

a unit of the lowest place found in h. But as the square of a 
number cannot contain more, than twice as many figures as the 
number itself, it foUows, that if the number of figures in a 

exceeds double those in ft, the quantity -- will then be a fraction. 

jit Q> 

In the preceding example, a = 181 units, or 18100 hundredthsy 

and consequently contains one figure more than the square of 

53 
59 hundredths; the fraction then — becomes, in this case^ 

-^ — I — = ~- • and is less than a unit of the second part 59. 

2X18100 36200' ^ 

or than a hundredth of a unit of the first. 

103. This leads to a method of approximating the square root 
of a number by means of vulgar fractions. It is founded on the 
circumstance tliat a, being the root of the grcate^st square con- 



tained in JV^, ft is necessarily a fraction, and -- being much 

smaller than ft may be neglected. 

If it were required, for example, to extract the square root 
of 2 ; as the greatest square contained in this number is 1, if 
we subtract this, we have a remainder 1. Dividing this re* 
mainder by double of the root we obtain ^ ; taking this, quotient 
for the value of the quantity ft, we have, for the first approxima- 
tion to the i-ootf 1 + ^9 or |. Raising this root to its square, we 
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Ind If wbich, subtracted from S or |, gives for a remainder -^ ^ 
h tiiis case the formula 

=0+ 

2a !2a 

kecomea 

Substituting— -^V^^^ ^' we have for the second apj^ximation 
I — T7 = T7 9 taking the square of ^^, we find 4I79 a quantityt 
which still exceeds 2 or 4||« Substituting \i for a^ we* obtain 

= ^ + ^^15 



12 X34 ' 3a 

which gives 

;:_ 1 1_. 

13 X 34 408 ^ 

the third approximation will then be 

17 1 _ 17x34— 1 _577 

12 12X34"" 408 ^408* 

This operation may be easily continued to any extent we 
please. I shall give^ in the Supplement to this treatise^ other for- 
mulas more convenient for extracting roots in general. 

104. In order to approximate the square i*oot of afraction, the 
method, which first presents itself Ls, to extract, by approximation 
flie square root of the numerator and that of the denominator; 
but with a little attention it will be seen, that we may avoid one of 
these operations by making the denominator a perfect square. 
This is done by multiplying the two terms of the proposed frac- 
tion by the denominator. If it were required, for example, to 
ixtract the square root of ^9 we might change this fraction iuto 

3 X 7 _2l 
7 X7""49' 
by multiplying its two terms by the denominator 7. Taking the 
root of the greatest square contained in the numerator of this 
fraction, we have ^ for the root of ^, accurate to within |. 

If a greater degree of exactness were required, the fraction | 
must be changed by approximation or otherwise into anotlier, the 
denominator of which is the square of a greater number than 7. 
W^ shall have, for example, the root sought within j^^ if we con- 
vert f into 225ths, since 225 is the square of 1 5 ; thus tlie frac- 
tioii becomes *^' of one 225tb^ or //j, within j^^ji the root 
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r^nainder £15 by 562^ double of 181, and extend the qnotient to 
two decimal places, we obtain 0,59, which must be added to 181 f 
the result will be 181,59 for the root of 32976, which is accurate 
to within one hundredth. 

In order to prove that this methoU is correct, let us desigmito 
flie proposed number by JV*, the root of the greatest square con- 
tained in this number by a, and that which it is necessary to add 
to this root to make it the exact root of the proposed number by 

k ; we have then 

JV=a^+2a5 + 6*, 
from which we obtain 

diyiding this by 2 a, we find 

2fl "" "'' 2a 
From this result it is evident, that the first member may be 

taken for the value of h, so long as the quantity -- is less than 

a unit of the lowest place found in 6. But as the square of a 
number cannot contain more, than twice as many figures as the 
number itself, it follows, that if the number of figures in a 

exceeds double those in 6, the quantity ^ will then be a fraction. 

In the preceding example, a = 181 units, or 18100 hundredths, 

and consequently contains one figure more than the square of 

53 
59 hundredths; the fraction then — becomes, in this case^ 

•^ — 1 — = ~- , and is less than a unit of the second part 59. 

2X18100 36200' ^ 

or than a hundredth of a unit of the first. 

103. This leads to a method of approximating the square root 
of a number by means of vulgar fractions. It is founded on the 
circumstance that a, being the root of the greatest square con- 



tained in JV^, b is necessainly a fraction, and -- being much 

smaller than b may be neglected. 

If it were required, for example, to extract the square root 
of 2 ; as the greatest square contained in this number is 1, if 
we subtract this, we have a remainder 1. Dividing this re- 
mainder by double of the root we obtain ^ ; taking this, quotient . 
for the value of the quantity b, we have^ for the first approxima-^ 
tion to the i-oot^ 1 + ^^ or |. Raising tliis root to its square, we 
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find If which, subtracted from S or f , gives for a remainder -^ ^ 
In this case the formula 

2a "^ aa 

becomes 

Substituting— -fV^^i^ ^' we have for the second approximation 
I — t\ = 4^1 ; taking the square of ^^, we find 4I79 a quantity, 
which still exceeds £ or 4||« Substituting ^^ for a^ we' obtain 

1 .^ ft» 

12x34 ^3a* 

which gives 

^_. 1 1_. 

12 X 34 408 ^ 

tfie third approximation wiU then be 

17 1 _ 17 X34—1 _ 577 

12 12X34"" 408 ~408' 

This operation may be easily continued to any extent we 
please. I shall give, in the Supplement to this treatise, other for- 
mulas more convenient for extracting roots in genei*al. 

104. In order to approximate the square i*oot of a fraction, the 
method, which first presents itself Ls, to extract, by approximation 
the square root of the numerator and that of the denominator ; 
but with a little attention it will be seen, that we may avoid one of 
these operations by making the denominator a perfect square* 
This is done by multiplying the two terms of the proposed frac- 
tion by the denominator. If it were required, for example, to 
ixtract the square root of ^-f we might change this fraction into 

3 X7_2l 
7x7 49' 
bjr multiplying its two terms by the denominator 7. Taking the 
root of the greatest square contained in the numerator of this 
fraction, we have 7 for the root of ^, accurate to within 4-. 
If a greater degree of exactness were required, the fraction | 
i\ rniutbecbangtdd by approximation or otherwise into anotlier, the 
if I denominator of which is the square of a gi*eater number than 7. 
Wf shall have, for example, the root sought within -j^^* if we con- 
itl TVt ^ into 8!25ths, since 225 is the square of 1 5 ; thus the frac- 
kft-l %m become^ ^^' of one 225th, or Z^^^, within -g^j; the root 
^1 
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•econd degree, where 9 is negatiire in the second member^ tiie oii« 
ly equatioiiSjt which produce imaginary roots, since the term ^9 

placed under the radical sign, preserves always the sign +9 what* 
ever may be that of p. Indeed it is evident that the equation 

ap» -l-pa? = — q, or a:» +px + q=:0, 
iKill admit of no positive solution, since the first member contains 
only affirmative terms ; and to ascertain whether the unknown 
quantity x can be negative, we have only to change x into — y. 
llie unknown quantity y would then have positive values^ which 
would be furnished by the equation 

y*—py + q-0, or y*_py = — g, 
which is precisel;^^ the same as that in the preceding article ; but 
as the values of x can be real, only when those of y would be 90, 
they become therefore imaginary in the case under consideration^ 

when 9 exceeds^. 

It will be perceived then from what has been said, how, add 
for what reason, when the known term of an equation of the second 
degree is negative in the second member^ and greater than (hesquare 
of half the coefficient of the first power of the unknown quantity f UdB- 
equation can have only imaginary roots, 

115. The expressions 

\/ — 6, a + \/ — bf 
and in general those, which involve the square root of a negative 
quantity, are called imaginary quantities.* They are mere sym- 
bols of absurdity, that take the place of the value, which w# 
should have obtained, if the question had been possible. 

They are not however to be neglected in the calculation, be- 
cause it sometimes happens, that when they are combined accord- 
ing to certain laws, the absurdity disappears, and the result be- 
comes real. Examples of this kind will be found in the Suppk- 
ment to this treatise. 

1 16. As it is important, that learners should have just ideas res- 
pecting all those analytical Jacts^ which appear to be derived 
from familiar notions, I have thought it proper to add some obser- 
vations to what has been said (106), on the necessity of admitting 
two solutions in equations of the second degree. 

* It would be more correct to say, imaginary expressions or symbols^ 
SB they arc not quantities. 
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I shall show thatf tf there exists a quantUi^ ftf icMchf substthOed 

m the place qfx, verges the equation of the second degree x* +jfx 

ss q, and is conseguenil/g the value qfxf this wiknatvn quantity will 

sHU have another value. Now, if we substitute a for x, the result 

will bea*-|-pas=9; and siiice» by supposition, a represents the 

value of X, q will be necessarily equal to the quantity a* +p a ; 

ire may then write this quantity in the ^ace of 9, in the pnq^osed 

equation, which thus becomes 

X* +px^a* +po^ 

Transposing all the terms of the second member^ we have 

X* +px — o* — paz=o, 

which may be written, 

a?a — a» +p(a?-— a)=:0; 
and because 

x*—a^z=i(x + a) (x — a)f (?4), 

it is obvious, at once, that the first member is divisible by :r — c, 

and will give an exact quotient, namely, a? -1-0+ p; we have 

ilien» 

«* +jiar— .g = a:* -—a* +p(x — a) = (a: — a) (a:+a + p). 

Now it is evident, that a product is equal to zero, when any one 

of its jEactors whatever becomes nothing ; we shall have then 

mot only when x — a = 0, which gives 

but also when x + a +p = 0, fi:*om which is deduced 

a? = — a— p. 

Therefore if a is one of the values of Xf-^a — p will neces- 
sary be the other. 

This result agrees with the two values comprehended in the 
formula 

x=:—ip± Vq + ip9 

fbr if we takefor a the first value, — iP+V<i + %p*9 we obtain 
for the other 



wUch is in fact the second value. 

These remarks contain the germ of 4he general theory of equa- 
tions of whatever degree; as will appear hereafter, when the sub- 
ject will be resumed. 

il7. The dfficulty of putting a problem into an equation, is 
fhe same in questions involving the second and higher powers^ as 
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in those iiiTolving rrily the firstf and consists always in diaenp. 
tangling and expi-essing distinctly in algebraic characters all tha 
conditions comprehended in the enunciation. The preceding, 
questions present no difllculty of this sort ; and ahhoogh the . 
learner is supposed to be well exercised in those of the first * 
degree^ I shall proceed to resolve a few questions, which wfll 
furnish occasion for some instructive remarks. 

Ji person employed two labourers f alUnving them different wages ; 
thejirst received^ at the end of a certain number of days, 96 francSf 
and the secondf having worked six days less, recmedanhf S4 
francs; if this last had worked the whole number ef days, amd the 
other had lost six days, they would both have received the mme 
sum ; it is required to find how many days each workedp and what 
sum each received for a day^s work. 

This problem^ which at first view appears to contain several 
unknown quantities, may be easily solved by means of one^ 
because the others may be readily expressed by this. 

If X represent the number of days* work of the first labourer^ 
x-^S will be the number of days' work of the second, 

^ will be the daily wages of the first, 

X 

the daily wages of the second ; 



X — 6 

if this last had worked x days, he would have earned 

_ , 54 54^ 

X X T or 



^-.6 a?— 6' 
and the first, working x — 6 days, would have received only 

(a? — 6)-, or / ■ . J. 

X X 

The equation of the problem then will be 

54^ _ 9f^(v — fi) 
X — 6~ X 

The first step is to make the denominators to disappear ; the 
equation then becomes 

54 x* = 96 (a? — 6) (a? — 6). 
As the numbers 54 and 96 are both divisible by 6, the result may 
be simplified by division, we shall then have 

9 x^ = 16 {x— 6) (a? — 6). 
This last equation may be prepared for solution according to the 
rule given art 108, but as the object of this rule is to enable ua 
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vnOk more facility to extract the root of each member of the 
equation proposed^ it is here unnecessary, because the two mem- 
bers are already presented under the form of squares ; for it is 
eTident, that 9 x* is the square of 3 x, and \G (x — 6) (a? — 6) 
the square of 4 (x — 6).>* We have then 

Sa:= ± 4(0? — 6), 
firom which may be deduced 

3 a; = 4 or — 24, a? = 24 
Sa? = — 4 a? + 24, 0:=^. 

By the first sdution^ the first labourer worked 24 days, and 
consequently earned {| or 4 francs per day, while the second 
worked only 18 days, and received 4t ^^ ^ francs per day. 

The second solution answers to another numerical question, 
connected with the equation under consideration, in a manner 
an^ogous to what was noticed in art 111. 

118. Ji banker receives two notes agaifhst the same person; the 
frst of SSOfrancSf payable in seven months, the second of 7^0 francs, 
payMe in four months, and gives for both the sum of 1200 francs ; 
it is required to find, wliat is tlis annual rate of interest, according 
to which these notes are discounted. 

In order to avoid fractions in expressing the interest for seven 

months and four months, we shall represent by 12 op the sum, 

- which will amount in one year to 100 francs ; the interest of one 

month will then be x. Tlie pi*esent value of the first note will 

accordingly be found by the proportion, 

/sen/)/) 

100 + 7x : 100 : : 550 : ^ ^^ . ^ (Mih. 120) ; 
and the present value of the second note by the proportion, 

ioo +4 a: : 100 : : 790 : «!!H!!21L.. 
^ 100 + 4 X 

By uniting these values, we obtain for the equation of the problem* 

55r 00 , 72000 ,^^^ 
= 1200. 

100 + 70? ^100 + 4 jp 
Dividing each of the members by 200, we have 

275 360 



100 + 7 o? ' lU0 + 4.a: 

making the denominators to disappear, we find successively, 
275 (100 +4 x) + 360 (100 + 7 x) = 6 (100 + 7 x) (100 +4 x), 
27500 + 1X00 o: + 36000 + 2520 x r=. 60000 + 6600 a: + 168 o?», 
which may be reduced to 
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168 X* + 2980 X = 3500 ; 
diyiding by ft, we obtain 

84 »» + 1490 X = irSO, 

wbichgivefi A r* 

. . 1|90 17*3 

Comparing ibis equation with the formula^ 

we have 

1490 _ir50 

^ = "84"' '-"sT' 

and the expression 

becon^es , 

745 1745.745 . 1750 

84 S 84.84 ^84 

Reducing the fractions^ we have, 

745 . 745 + 1750. 84 _ 702025 , 

84.84 "^84.84 ' 

» 

then since the denominator of this fraction is a perfect squarOf 
we have only to extract the square root of its numerator. If we 
stop at thousandths^ we find 83798699 for the root of 702025 ; 
this, taken with the denominator 84, gives for the values of x 

745 837,869 92,869 
Xz= — -^7- + 



0? = 



84 ' 84 b4 

745 837,869 1582,869 



84 84 84 

The fir^t of these values is the only one^ which solves the ques- 
tion in the sense, in which it was enunciated. Dividing the de- 
nominator of this fraction by 12, we have (ArWu 54.) 

92.869 ^ ^ ^^^ 
12 or = — :— - = 13,267 ; 

7 

that is, the annual interest is at the rate of 13,27 nearly. 

119. The following question deserves attention on account of 
the character, which the expression for the unknown quantity 
presents. 

To divide a number into two parts, the squares of which shall 
keina given ratio. 
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Let a be the given number, 

m the ratio of the squares of its two parts, 
X one of these parts ; 
the other will be a — x. 
Yfe shall then have^ according to the enunciation. 



or* 



= m. 



(a — jc) (a — 0?) 
This may be resohed in two ways ; we may either reduce it 
to the form a;' +px=:q9 and then resolve it by the common 
method ; or since the fraction 

(a — a) (a — or) 

IS a square, the numerator and denominator being each a square, 
we thence conclude at once 

X _ 

a — X ^ * 

x=:± (a— ar) v^ 
By resolving separately tlie two equations of the first degree 
comprehended in this formula, namely, 

x= + (a — x) x/m 
« = — (a — x') \^m, 
we have 



a: = 



Xzs 



l+v«» 



1 — \/m 

By the first solution, the second pai't of the number proposed is 

1 + \/m 1 + V"» 1 + V»» 

and the two parts 



1 + V" l+V^n 

are both, as the enunciation requii'es, less than the number pror- 
posed* 

By the second solution we have 

g \/m g — a\/fn, + 0's/m fl 

and the two parts are 

— 7—^:^ — =1- and ; =.. 



% 
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Their signs being opposite^ the number a is strictly no longer 
their sum, but their difference. 

If we make m = 1, that is, if we suppose that the squares of 
the two parts sought are equal, we have 

\/« = i; 
and the first solution will give two equal parts^ 

a a 

a conclusion, that is self-evident, while the second solution gives 
for the results two infinite quantities (68), namely^ 

or — --, and or — . 



1 — 1 0/ 1—1 

This is necessary, for it is only by considering two quantities 
infinitely great, with respect to their difference a, that we can 
suppose the ratio of their squares equal to unity. 

Now, let there be the two quantities x and x — a, the ratio 
of their squares will be 

dividing the two terms of this fraction by x^, we obtain 

1 

2a a* ' 

1 +-1 

a? a?' 

but it is evident, that the greater the number x, the less will be 
the fractions — , -r, and the more nearly will the above ratio 

approach to rry or 1. 

120. Now in order to compare the general method with that/ 
which we have just employed, we develop the equation 



a« 



= ni; 



(a — ^^{P' — x) 
and we have successively 

a:* =711 (a^^x) (a — x 
x^ =a^ m — 2amx + mx^ 
a* — mx^+2amx = a^m 
(1 — m) x^ +2amx=ia^ m 

1 — m 1 •— m 
1 . _ 2 a ill a* m 

making p = j_, g=:__. 
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(be general formula gives j 



m 
m 



These values o( x appear very different from those, which were 
found above ; yet they may be reduced to the same ; and in this 
consists the utility of the example, on which I am employed* It 
will serve to show the injportance of those transformationSf 
which different algebraic operations produce in the expression of 
quantities. 

We must first reduce the two fractions comprehended under the 
radical sign to a common denominator. This may be done by 
multiplying the two terms of the second by 1 — m, we have then 

(1 _m).(l — iii)"'"l— .m"" (1 — m)(l — m) ^ 

(1— .m)(l — m) (1 — m)(l — w)' 

The denominator being a square, it is only necessary to extract 
the root of the numerator, we then have 

(l — m)(l— m)^l— TO 1— TO 
but the expression VflTm may be further simplified. 

It is evident that the square of a product is composed of the 
product of the squares of each of its factors, for example^ 

hcdxhcdszb* c^ d*, 
and consequentiy the root of 6* c* d* is simply the product of the 
roots h, c and d, of the factors b', c' and d** Applying this 
principle to the j^duct a* to, we see that its root is the product 
•f a, the root of a*, by v^* which denotes the root of to, or that 

It follows fi*om these different transformations, that 

o to fl v5» 

X — ■ I ■' ■ ■'■ at — — — — . 
1 — m 1 — TO 

a TO — * a \/m 



\ 



or a?= — 



1 — TO 

a TO -f- A V« 



1' — TO 

These expressions, however simple, are still not the same as 
fhose given in the preceding article ; if, moreover, we seek to 
Yerify them for the casej in which to = 1, they become 

\7 






T 

i1 1^ 




nr P'^'TTeto the case stated in art. 70 ; whether there is not 
^"^ "^'Itor common to the numerator and denominator which 
^^^•-.« nfm = 1 renders equal to zero. 



^^ ^ftc sjmhd, of infinity, as in the pi*oceding 

U'c fln^' ^^^'^^resenia this indeterminate form, J, of which 

^./|., fttf' ^ laeen eia^P'^ '*' articles 69 and TO ; and before 

^ii,^«/'«*'v^ .^ ralue, it is proper to examine, whether it 

-ctorco 
^^^ !!!«fiition of » = 1 renders equal 
the supP^° -am^f^^ 

The expw«'^" 1— m 

be rosolrcd into ^ 

1-^m "^ 1 — m 
li is here evident,, that the numerator does not become except 
by means of the factor v^^ — m; we must therefore examine, 
f^bether this last has not some factor in common with the denomi- 
nator 1 i— m. In order to avoid the inconvenience, arising from 
the use of the radical sign, let us make \/m = n, then taking th« 
squares, we have m = n' ; the quantities therefore 

\/m — w and 1 — m 
become n — w* and 1 1— • n*, 

but-n — n* = n(l— n), and 1— w» = (1 — n) (1 +n) (34) j 
restoring to the place of n its value \/m, we have 

V/ot — W = (1 — VwT) \/fn 

1 — W = (1 — Vw") (1 + V« )> 

and consequently 

a (\/m" — m) a(l — \/^ y/w _ fl\/m 

1 — m "^ (1 — ^m) (1 +^;^) "" 1 +v'^' 
a result the same, as that found in aii;. 1 19. 

In the same mannei* we may reduce the second value of sc, 
observing that 

*— ' CL \/m — fltn _ — g Cl 4- \/m^ 4/ot _ ""* fl S/m 
1 — W ""(1 — V«)Cl+Vw) "~ 1 — V'in 

as in art. 119.* 

* The example, which I have given at some length, corresponds 
Avith a problem resolved by Clairaut, in his Algebra, the enunciation of 
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It will be seen wifhont difficultj, that we might have aToid- 
ed radical expressions in the preceding calculations^ by taking 
m* to represent the ratio, which the squares of the two parts 
of the proposed number have to each other; m would then 
liave been the square root, which may always be considered as 
known, when the square is known ; but we could not bare per- 
ceived from the beginning the object of such a change in a given 
term, of which algebraists often avail themselves, in order to 
render calculations more simple. It is recommended to the 
learner therefore, to go over the solution again, putting m* in 
the place of m« 

Of the extraction (f the square root of algebraic quantities. 

121. Wb have sufficiently illustrated, by the preceding exam* 
pie, the manner of conducting the solution of literal questions* 
We have given also an instance of a transformation, namely^ 
ttat of v^r^ into a Vm , which is worthy of particular attention ; 
since by means of it, we have been able to reduce the factors, 
contained under a radical sign, to the smallest number possible, 
ud thus to simplify very much the extraction of the remaining 
' part of the root. 

This transformation consists in taking the roots of aU the factors 
which are squares^ and writing them without the radical sign, as 
Mooters of the radical quantityf and retaining under the radical 
Mgn all ihosefactorSf which are not squares. 

This rule supposes, that ttie student is already able to deter- 
mine, wliether an algebraic quantity is a square, and is ac- 
minted with the method of extracting the root of such a 
quantity. Id order to this, it is necessary to distinguish simple^ 
qiantitic«i from polynomials. 

12S. It is evident, from the rule given for the exponents in 

which is as follows ; To find on the line, which joins any two luminous 
hoUeSj the point where these two bodies shine tcith eqwd light. I have 
divested this problem of the physical circumstances, which are foreign 
to the object of this work, and which only divert the attention from 
tte character of the algebraic expressions. These exprestions are 
Twy remarkable in tiiemselves, and for this reason I have developed 
AuD mors folly » than they were done ia Ae work referred to. 



\ 
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iiiiiltiplic«tio)Y» that the 9ec(ind power cf any qmntUff hM an ea^ 
juiwi douUe that of this quantity. 

We have, for example, 

fl^xa^=::a*, a^ xa^ =^a^9 o* x a* = «•,&»• 

It follows then, that evpryfadoTf which is asqvuire^ rmuit June* 
an exponent which is an even q^kontUyf and that the root qf this 
factor is found by writing its letter with an exponent efu/ol to half 
the original exponent 

Thus we have 

V'«*=tt*orfl, v'fl*=^*f \/a^=ia*f &c. 
With respect to numerical factors, their roots are extracted^ 
when they admit of any, by the rules already given. 
Whence the factors a^, b^f c>, in the expression 

are squares, and the number 64 is the square of 8 ; therefon 
as the expression proposed is the product of factors, which are 
squareSf it will have for a root the product of the roots of these 
$everal factors (121) 5 and consequently 

\/64o« 6*c» = 8 a» 6» c. 

123. In other cases diflTerent from the above, we must endofo* 
our to resolve the proposed qivantity^ considered as a productf into two 
ether products9 one of which shali contain only such factors as are 
squareSf and the other those factors, which are not squares. Tq 
effect this, we must consider each of the quantities separatdy* 

Let there be, for example, . 

S/Wa^Wc^ 
We see that among the divisors of 72, the following are perfisct 
squares, namely, 4, 9 and 3?> ; if we take the greatest, we han 

72 = 36 X 2. 
As the factor a^ is a square, we separate it from the otfaen; 
passing then to the factor 6^, which is not a square, since 3 is an 
odd number, we observe that this factor may be resolved ints 
two others, b* and 6, the first of which is a square; we havethiBD 

it is obvious also that 

c* =c*.c 
By proceeding in the same manner with every letter, whose eXr 
ponent is an odd number, the quantity is resolved thu8> 

72o*6« c*=: 36,2a* i« .be^.c} 
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by collectuig the fiftctarst which are equares, it becomes 

Lastly, taking the root of the first product and indicating that 
of the secondf weM^e 

VTjJ o* 6» c« SB 6 a» 6 c» Vilc* 

Bee some examples of this kind of reduction with the stqpSf by 
which they are performed ; 

6.5 J3i_S0i l3o. 
ln*m» . a» m_ | a* m* + a* wn _ 



^/:-;c- 






It will be seen by the first of these examples, that the denom- 
inator of an algebraic fraction may be taken from under the 
nidical sign by being made a complete square, in the same man- 
ner as we reduce the root of a numerical fraction (104.) 

Id4. We now proceed to the extraction of the square root of 
polynomials. It must here be recollected, that no binomial ia 
a perfect square, because every 8impl|^ quantity raised to a 
square produces only a simple quantity, and the square of a 
binomial always contains three parts (34.) 

It would be a great mistake to suppose the binomial a + i to be 
the square root of a' + ft', although taken separately, a is the root 
of a', and 6 that of 5* ; for the square of a + 6, ora' -|.2a5+5', 
contains flie term + 2 a ft, which is not found in the expression 

Let there be the trinomial 

24a«ft»c + 16a*c3+96«. 
In order to obtain from this expression the three parts, whicfti 
compose the square of a binomial, we must arrange it with 
reference to one of its letters, the letter a, .for example ; it then 
becomes 

• 16a*c» +24a*6*c + 9 6*. 
Now, whatever be the square root sought^ if we suppose it ar- 
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ranged witih reference to the same letter o^ the square of its Unk 
term must necessarily form the first term, 16 a^ c>, of tiie pro- 
posed quantity ; double the product of the first term of the root by 
the second must give the second term» 24 a' 6* c, of the proposed 
quantity; and the square of the last term of the^root must give 
exactly the last term, 9 6*» of the proposed quantity. The ope- 
ration may be exhibited, as follows ; 

16a*c* +24a»6«c + 96« r4a«c4.s6» root 



{ 



+ 24 a* 6»c + 9*« 
— 24a« 6»c — 9ft» 



.*«». 





We begin by finding the square root of the first term, 16 a^ c*^ 
and the result 4 a* c (122) is the first term of the root, which is 
to be written on the right, upon the same line with the quantity^ 
whose root is to be extracted. 

We subtract from the proposed quantity, the square, 16 a* c * 
of the first terra, 4 a* c, of the root; there remain then only tho- 
two terms 24 a* 6* c + 9 6'. 

As the term 24 a* 6^ c is double the product of the first term 
of the root, 4 a' c, by the second, we obtain this last, by dividing 
24 a* 6* r by 8 a* c, double of 4 a* c, ^hich is written below the 
root ; the quotient 3 6^ is the second term of the root. 

The root is now determined \ and, if it be exact, the square of 
tlie second term will be^fc* , or rather, double of the first term of 
the root 8 a* c together with the second 3 6*, multiplied by the 
second, will reproduce the two last terms of the square (91); 
therefore we write +3 6* by the side of 8a*c, and multiply 
8 a' c + 3 6* by 3 6* ; after the product is subtracted from the 
two last terms of the quantity proposed, nothing remains ; and 
we conclude, that this quantity is the square of 4 a* c + 3 6*. 

It is evident that the same reasoning and the same process 
may be applied to all quantities composed of three terms. 

♦125. When the quantity, whose root is to be extracted, has 
more than three terms, it is no longer the square of a binomial ; 
but if we suppose it the square of a trinomial, m + n+y, and 
i-eprcsent by I the sum w + n, this trinomial becoming now { +y, 
its square will be 

P+2ip+p', 



iSqudre Root rf Algebraic ifuantiHa. 16S 

in which the square I' of the hinomial m +nf produces^ when de^ 
veloped) the terras m* + 2mn + n^. Now^ after we have ar- 
ranged the proposed quantity, the first term will evidently b« 
the square of the first terra of the root, and the second witl con- 
tain double the product of the first term of the root by the second 
oflthis root; we shall tlien obtain this last by dividing the second 
term of the proposed quantity by double the root of the first* 
Knowing. then the two first terms of the root sought, we com- 
plete the square of these two terms, represented here by I> ; 
subtracting tbic square from the propg^ed quantity, we have for 
a remainder 

a quantity, which contains double the product of {, or of the first 
binomial m -f n, by the remainder of the root, plus the square of 
this remainder. It is evident therefore that we must proceed 
with this binomial as we have done with the first term m of the 
root 
Let there be, for example, the quantity 

64 a* 6 c + 25 o* 6* — 40 o» 6 + 16 o* +64 t» c» — 80 a 6* c; 
we arrange it with reference to the letter n, and make the same 
disposition of the several parts of the operation as in the above 
example. 

16a* — 40o^6+25a*6*— 80aJ«c + 646*c» r4a« — Sab^sbc 

+64a«6c 8a^— Sab 

n!5?! <^ 8a«— 10o*+8i« 

Istrem. — 40a^b+2ba^b^ — 80a6«c+646«c« 

+64a«6c 

-f 40a»6 — 25fl^ 6» 

dd.rem +64a*6c — SOah^ c + 64b^ c^ 

^^4a^hc+ 80a6*c— 646»c» 
.0 

We extract the square root of tlie first term 16 a*, and obtain 
4 a* for the first term of the root sought, the square of which is to 
be subtracted from the proposed quantity. 

We double the first term of the root, and write the result 8 o* 
under the root ; dividing by this the term — 40 a* &, which be- 
gins the first remainder, we have — 5 a 6 for the second term of 
tte root 5 this is to be placed by the side of 8 a*, we then multi- 
•ply the whole by this second term, and subtract the result from 
Hie remainder, upon which we are employed. 
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Thns WB hare subtracted from the proposed quantity the squars 
of the binomial 4 a* — sah; the second remainder can contain 
only double the product of this binomial, by the third term of 
the root, together with the square of tUs term i we take then 
double the quantity 4 a* — 5 a 6, or 

8 o* — 10 a 6, 
which is written under 8a* — Sah^ and constitutes the divisor 
to be used with the second remainder ; the first term of the quo« 
tient, which is 8 6 c, is the third of the root. 

This term we write by the side of 8 a* — 10 a h and multiply 
the whde expression by it ; the product being subtracted from 
the remainder under consideration, nottiing is left j the quantity 
proposed therefore is the square of 

4a* — 5a6 + 8ic 

The above operation, which is perfectly analogous to thalf 
which has been already applied to numbers^ may be extended ta 
any length we please* 

(^ the formation (f powers and the extraction of their roots* 

126. The arithmetical operation, upon which the resdution of 
equations of the second degree depends, and by which we ascead 
from the square of a quantity to the quantity, from which it is 
derived, or to the square root, is only a particular case of a 
more general problem, namely, to find a nurnber, any power oj 
which is known. The investigation of this problem leads to a 
result, that is still termed a root, the different kinds being called 
degrees, but the process is to be understood only by a careful 
examination of the steps by which a power is obtained, one ope- 
ration being the reverse of the other, as we observe with respect 
to division and multiplication, with which it will soon be perceir- 
ed that this subject has other relations* 

It is by multiplication, that we arrive at the powers of entire 
numbers (^)9 and it is evident, that those of fractions also- are 
formed by raising the numerator and denominator to the power 
proposed (96). 

So also the root of a fraction, of whatever degree, is obtained 
by taking the corresponding n^t of the numerator and that of 
the denominator* 

As algebraic symbols are of great use in expressing every 
thing, which relates to the composition and decomposition of 
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^antittes* I Bhall first conetder how the powera of Algebraic 
•tpressioiui are formed, thoee of numbers being easilj' found bj 
the methods that have already been given (24.) 
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729 
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15625 


46656 


117649 


262144 


531441 


2187 


78125 


27993t 


823343 


9097152 


4782969 



This table is intended particularlj to ahow with what rapiditj* 
the higher powers of numbers increane, a circumstancfl that will 
be found to be of great importance bereader ; wc see, for instance, 
tliat the seventh power of 2 is US, and that of 9 amounts to 
4782969. 

It will hence be readily perceived, that the powers of fradJonA, 
properly so called, decrease very rapidily, since the powers of 
tte denominator become greater and greater in comparison with, 
tboee of the numerator. The seventh power of |t for exam]}k* 
' is -j^t and that of ^ is only 



127. It is evident from what bai been said, tliat in a prwlnct 
each letter has for an exponent the sum of the exponents of its 
several factors (26), that the power if a simple quimiity is (Stained 
tif midHplying the exponefd of each faetor iy the exponent of tlut 
power, 

■ The third power of a' b* e, for example, is found by multiply. 
big the exponents 2, 3, and 1, of the letters a, b and c, by 3, the 
exponent of the power required ; we have then o» 6* c' ; tha 
spendioB may be thus represented, 

a' h' c X a' b* c X a' 6' c=a*'*6'-* c*'». 

If the proposed quantity have a numerical coefficiertt, this co- 
efBcient must also be raised to the smob power ; thus the fourth 
powerof 3al>»c*,i8 

81a* 6»c»», 
18 
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128. With respect to the signs^ with which simple quantitiei 
may be affectedy it must be obsenred, that every power, the expo- 
ent of which is an even number, has ilie sign +, and every power 
the exponent of which is an' odd nuntberf has the same sign as the 
quantity from which it is formed. 

In fact, powers of an eveti degree arise from the multiplication 
of an even number of factors ; and the signs — , combined two and 
two in the multiplication, always give the sign -f in the product 
(31). On the contrary , if the number of factors is uneven^ the 
product will have the sign —9 when the factors have this sign^ 
since this product will arise from that of an eyen number of 
factoi*S9 multiplied by a negative factor. 

129. In order to ascend from the power of a quantity, to the^ 
root from which it is derived, we have only to reverse the rules 
given above, that is, to divide the exponent of each letter by that, 
which marks the degree of the root required* 

Thus we find the cube root, or the root of the third degree, of 

the expression a* (^ c^, by dividing the exponents 6, 9 and 3 hj 

3, which gives 

fl« 6« c. 

When the proposed expression has a numerical coefficient, its 
root must be taken for the coefficient of the literal quantity, ob- 
tained by the preceding rule. 

If it were required, for example, to find the fourth root of 
81a* 6* c*®, we see by referring to table art 126, that 81 is 
the fourth power of 3 ; then dividing the exponent of each of 
the letters by 4, we obtain for the result 

Sab^c'. 

When the root of the numerical coefficient cannot be found by 
the table inserted above, it must be extracted by the methods to 
be given hereafter. 

130. It is evident, that the roots of the literal part of simple 
quantities can be extracted, only when each of the exponents is 
divisible by that of the root 5 in the contrary case, we can only 
indicate the arithmetical operation, which is to be performed, 
whenever numbers are substituted in the place of the letters. 

We use for this purpose the sigii y"~ ; but to designate the 
degree of the root, we place the exponent as in the following 

expressions, 

3 5 __ 
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flie first of which represents the cube root, or the h>ot of the 
ttiird degree, of Oj and the second the fifth root of a*. 

We may often simplify radical expressions of any degree 
WlmteVery by observing, according to art 127, that any power 
tf a product is made up of the product of the samepower of each cf 
ihefoftarSf and that consequently, any root of a prodvct is made up 
tf the product of the roots of the same degree of the severalfactors* 
It follows from this last principle, that, if the quantity placed 
wnder the radical sign havefactorSf which are exact powers of the 
degree denoted &y this sign^ the roots of these factors may be taken 
separatdyf and their product multiplied by the root of the other 
fujctoTS indicated by the sign. 

Let there be^ for example, 



It may be seen that, 

96 = 32X3 = 2» .3, 
that a^ is the fifth power of a^ 

that 6' =ft« .6S 

that cii = ci«.cj 

we hare then 

As the first factor £' a^ b' c^ ® , has for its fifth root the quaib- 
tity 2abc^9 the expression becomes 

\/9o a* 6^ ci 1 = 2 a 6 c« \/3 6* c. 
131. As every even power has the sign + (128), a quantity^ 
affected with the sign — , cannot be a power of a degree denoted 
by an even number, and it can have no root of this degree* It 
follows from this, that every radical expression of a degree which 
is denoted by an even number, and which involves a negative quan^ 
iityf is imaginary 9 thus 



^..a, ^— fl4, b + \^»^ab''y 
are imaginary expressions. 

We cannot therefore, either exactly or by approximation, as- 
sign for a degree, the exponent of which is an even number, any 
roots but those of positive quantities, and these roots may be affect' 
ed imdifferentiy with the sign + or — , because in either case^ they 
will equally reproduce the proposed quantity with the sign -f , 
and we do not know to which class they belong. 

The same cannot be said of decrees expressed by an odd num*- 
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ber, for faeve the powers have thaBame sig& as flmr ro^ts (ItQ; 
and we must give to the rwts of these degrees the rign, vnth wikk.^ 
ihe power is affected ; and no imaginary expressions occur. 

132. It is proper to observe^ that the application of liie . mla 
given in art. 129f for the extraction of the roots of simple qiia»>. 
titieSf by means of the eiqionent of their factors, leads td a mor^. 
convenient method of indicating roots, ivhich cannot be obtaineii 
algebraically, than by the sign \/. 

If it were required, for example, to find the third root (tf a^, it 
is necessary, according to the rule given above, to divide the ex« 
ponetit 5 by 3 ; but as we cannot perform the division, we have 
foi the quotient the fractional number -| ; and this form of the ex- 
ponent indicates, that the extraction of the root is not pofsiUe 
in the actual state of the quantity proposed. We may therefcn^ 
consider the two expressions 

3 5 

y/o* and o^ 

as equivalent. 

The second however has this advantage oyer the first, fliat 
it leads directly to a more simple form, which the quantity 

Va' is capable of assuming ; for if we take the whole number 
contained in the fraction |, we have 1 +| as an equivsdent ex<^ 
ponent; consequently, 

from which it is evident, that the quantity (fi is composed of two 

&ctors, the first of which is rational, and the other becomes 
3 __ 

The same result indeed may be obtained from the quantity un- 

3 

der the form \/aSf by the rule given in art 130, but the fraction- 
al exponent suggests it immediately. We shall have occasion to 
notice in other operations the advantages of fractional exponents. 
We will merely observe for the present, that as the division 
of exponents, when it can be performed, answers to the extrac- 
tion of roots, the indication of this division under the form of a 
frac^on is to be regarded as the symbol of the same operation ; 
whei^y 

\/a^ and A » 
are equivalent expressions. 
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ITe haye roles then, wldch result from the assumed manner of 
o^ressing powers, which lead to particular symbols^ as in art 
S7» we airived at the exjaression a^ = 1. 

ISS. It may be obsenred here, that as we divide one power by 
taither by subtracting tlie exponent of the latter from that of 
I te former (36), fractions of a paiticular description may rea^ 
iiy be reduced to new forms. 

By applying the rule above referred to we have 

but if tike exponent n of the denominator exceed the exponent 
m of the numerator, the exponent of the letter a in the second 
meaiber will be negative. 
If, for example, m = £, n= 3, we have 



a* 



a« 



hit by another method of simplifying the fraction — , ve find 
it equal to •— the expressions 

— and ar» 
a 

are therefore equivalent. 

In general, we obtain by the rule for the exponenta 

Mid by another method 

a^ 1 

it fdlowB from this, that the expressions 

— and a"* 

a" 

are equivdent 

' In fact, the sign — ^ which precedes the exponent n, being- 
taken in the sense defined in art 6£, shows that the exponent 
in qnesticm arises from a fraction, the denominator of which con- 
tains flie factor a, n times more than the numerator, which frac* 

tion is indeed — ; we may therefore, in any case which occun^ 

•obstitiite one of these expressions for the other. 

a* b^ 

The quantity -y^, for example, being considered as equtva^ 
kntto 
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«'^'>^r.^j.' 



may be reduced to the following forniy '; 

that is^ we may transfer to tlie numerator aU the Jo/dtKurn ef Hui: 
denominator^ by giving to their exponents the sign — * 

Reciprocdlly, wJien a quantity contains f actors f which have nega- 
tive exponents, we may convert them into a denominatOTf dbservinf 
merely to give to their exponents the sign + ^ thus the quantity 

becomes 

Of the formation of the powers of compound quantities. 

134. We shall begin this section by observing, that the powers 
of compound quantities are denoted by including these quantities 
in a parenthesis, to which is annexed the exponent of the power. 
The expression 

(4a»— 2a6 + 56«)», 
for example, denotes the tliird power of the quantity^ 

4 a* — 2 06 + 56*. 
This power may also be expressed thus 

4aa_2a6 + 56*'. 

135. Binomials next to simple quantities are the least com^- 
cated, yet if we undertake to form powers of these by successire 
multiplications, we in this way arrive only at particular results^ 
as in art 34, we obtained the second and third powers thus 

(x + ay =x* +2ax +a* 

(x + ay=zx^ +Sax* +Sa* X +a^ 

(x + ay=zx^+4ax^ + 6a*x^+4a^x + a^ 

&c. 
It is not easy from this table to fix upon the law^^ whick 
determines the value of the numerical coefficients. But by 
considering how the terms are multiplied into each other, we 
percei\ e, that the coefficients have their origin in reductions 
depending on the equality of the fectors, which form a power. 
This is rendered very evident by an arrangement, which prevents 
these reductions taking place. 
It is sufficient for this purpose to give to the several binomials 
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to be muItipUed diflferent second terms. If we take^ for example, 

x+a, x + b, x+c, x + df&jc. 
by performing the multiplications indicated bdow, and placing 
in the same column the terms» which involve the same power of x^ 
veshaU inunedjfUely find, that 

(pe + d) (x +V) = x^ +ax + ab 

+ bx 
(x + d) (x + b) (a? + c)s=a:* +ax^ +abx + abe 

+ bx* + OCX 
+ ex* + bcx 
{a:+a)(a: + 6) (x + c) (x + d) = x^ +ax* +abx* +abcx + abcd 

+ bx* + acx* + (Mx 

+ GT* + adx* + acdx 

+ (to* +bcx* +bcdx 

+ bdx^ 

+ cdx* 

Without carrying these products any further, we may discover 

the law according to which they are formed. 

By supposing all the terms involving the same power of Xf 
and placed in the same column, to form only one, as, for exam- 
ple, ' 

ax^ +bx^ +CX* +dx^ = (a+ft + c + d)a:*, 
&c. 

1. We find in each product one term more than there are units in 
One wmber rff odors. 

2. The exponent (fxin the first term is the same as the number of 
JttctarSf and goes on decreasing by unity in each of the following 
termsw 

3. The greatest power of x has unity for its coeffidenf ; thefot- 
Unringf or that^ whose exponent is one less^ is mvltiplied by the sum 
rf the second terms of the Mnomiats ; that, whose exponent is two 
ksSf is muMiplied by the sum of the different products of the second 
Urns of the binomials taken two and two; that wliose exponent is 
Ane lesSf is multipiied by the sum of the different products of the 
mond term of the binomialSf taken three and three, and so on ; in 
tte last term, the exponent of x, being considered as %ero (37), 
is eyiMtl to that of the first, diminished by as many units as there are 
fiaitars employed, and this term contains the product of ail the second 
krms of the binomials. 
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It in manifest, that the form of these preducts must be siibjaet 
to the same laws, whatt^ver be the number of factors ; as may be 
shown by other^eTidence beside that from analogy. 

1S6. It will be seen immediatdy, that the products, ai wUcb we 
are speakiniiCy must contain the successive powers of x, from ttiaif 
whose exponent in equal to tlie number of factors employed, to 
that whose exponent is zero. To present this proposition under 
a general form, we shall express the number of bctors by the fet- 
ter m ; the successive powers of x will then be denoted by 

n»m /vifit^l /*♦>»— 2 Ar/* 

We shall employ the letters A, JI, C, « • F^ 

to express the quantities, by which these powers, beginniiig wiA 
sC^^f are to be multiplied; but as the number of terms, which de- 
pends on the particular value given to the exponent, will remain 
indeterminate, so long as this exponent has no particular value, 
we can write only the first and last terms of the expression^ deug- 
iDating the intermediate terms by a series of points. 

The formula then 

af^+Jaf^^ + Baf^+Cad'"^ + F, 

represents the product of any number m of factors^ 

a? -f a, a: -f 6, x + c^x + d, fiuc. 

If we multiply this by a new factor x + l^ it becomes 

X^^ + Aaf'+ Bx^^+ Car»»-*.... 1 

+ laf^+ldx'^^+lBx'*"^....+lF y 

It is evident, 1. that if wS is the sum of the m second terms 
a, b, c, d, &c. A + I w^l be that of the m + 1 second terms 
a, bfCf df &c. If and that consequently ttie expression employed to 
denote the coefficient will be true for the product of the degree 
m + 1, if it is time for that of the degree m* 

2. If B is the sum of the products of the m quantities a, b, e, d, 
&c« taken two and two, B + IA^ will express that of the products 
of the m + 1 quantities a, 6, c, d , &c. ^ taken also two and two ; 
for Ji being the sum of the first, I A will be that of their products 
by the new quantity introduced I ; therefore the expression emi- 
ployed will be true for the degree m + 1, if it is for the degree m. 

If C is the sum of the products of the m quantities Ofb^c^df 
&c. taken three and three, C + IB will be that of the products of 
the m + 1- quantities a, 6, c, d, &c. 2, taken also three and three, 
since I B9 from what has been said, will express the sum of the pro- 
ducts of the first taken two and two, multiplied by the new quanti^ 
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tntrodaced I ; therefore fhe expression employed w31 be true for 
tihe degree m + 1^ if it is true for the degree nu 

It will be seen^ that this mode of reasoning may be extended 
to alf the terms, and that the last I F wiH be the product of m -|. 1 
' second terms. 

The propositions laid down in art. 135, being true for expr^** 
ttions of the fourth degree, for example, will be iio, according to 
what has just been proved, for those of the fifth, for those of the 
rixth ; and being extended thus, from otie degree to another, they 
may be shown to be true generally. 

It follows from thiS) that the product of any number whaterer 
mof binomial factors a; + a,a?-f &,a:-fc, a;-f-d, &c. being re* 
presented by 

af*^ + Jix^^ + Bar^ + Cocr^+ &c. 
«C win always be the sum of the m letters a, ft, c, &c. B that of the 
products of these quantities, taken two and two, C that of the 
products of these quantities, taken three and tliree, and so on. 

To comprehend the law of this expression in a single term, I 
take one, whose place is indeterminate, and wliich may be rep- 
resented by JV* a*»^. 

This term will be the second, if we make ti = 1, the thirds 
if we make n = 2, tlie eleventh, if We fnake tt = 10, jcc. In the 
first case, the letter JV* will be the sum of the m letters a, ft, c, 
kc. in the second, that of their products, when taken two and two } 
in the third, that of their products, when taken ten and ten ; and 
in general, that of their products, taken n and n. 

137. To change the products 

(x + a) (x + 6), (jr + d)(x + V) (x + c), 

Qjc + a)lx + b) (x + c) (a: + d), &c. 

into powers of a: + a, namely, into 

(x + ay, {x + ay, 

(x + ayf &c. 

it is only necessary to make, in the development of these pro« 

ducts, 

a^=bf a:=ib:=zCf 

a ^=1 b :=z e =:i d, &c. 

All the quantities, by which the same power of a; is multipli^, 

become in this case equal ; thus the coefficient of the second 

turm, which in the product 

(x + a)(x+b) (x + c)(x + d) is a + b + c+d, 

19 
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18 changed into 4a; that of flie third term in the aame product^ 
which is, 

ab +ac + ad+be + bd + cdf 
becomes 6 a*. Hence it is easy to see, that the coeflkients of th» 
different powers of x, will be changed into a single power of a, re-^ 
peated as many times as there are terms, and distinguished by tii* 
number of factors contained in each of these terms. Thus, the ct)- 
efficient JV*, by which the power af^^ is multiplied^ will, in the gen* 
eral development, be that power of a denoted by n, or a*» repeat- 
ed as many times, as we can form different products by taking in 
every possible way a number n of letters from among a number «i ; 
to find the coefficient of the term containing af*~^ then is reduced 
to finding the number of these proflucts. 

138. In order to perform the problem just mentioned, it is neces- 
sary to distinguish arrangements or permutations from products 
or eombinatiom. Two letters, a and 6, give only one productf 
but admit of two arrangements, a b and ba; three letters^ a be, 
which give only one product, admit of six arrangements (8B), 
and so on. 

To take a particular case, I will suppose the whole number of 
Inters to be nine, namely, 

a, 6, c, df Cfjf gf A, i, 
and that it is required to arrange them in sets of seven* It is evi- 
dent, that if we take any arrangement we please, of six of these 
letters, abcdef, for example, we may join successively to it each 
of the three remaining letters, g, h and t ; we shall then have 
three arrangements of seven letters, namely^ 

abed efg9 abed efh, abed efu 

What has been said of a paiiicular arrangement of six letters, 
is equally true of all ; we conclude therefore, that each arrange- 
ment of six letters will give three of seven, that is, as many as 
there remain letters, which are not employed. If therefore the 
number of arrangements of six letters be represented by P, we 
shall obtain the number consisting of seven letters by multiplying 
P by 3 or 9 — 6. . Representing the numbers 9 and 7 by m and 
72, and regarding P as expressing the number of arrangements, 
v^ich can be furnished by m letters, taken n — 1 at a time, the 
same reasoning may be emplo^^ed ; we shall thus have for the 
number of arrangements of n letters, 

p(ni — (n^l))f or F (m — w + l). 
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' This formula comprehends all the particular cases, fliat can 
occur in any question. To find, for example, the number of 
arrangements, that can be formed out of m letters taken two and 
twoy or two at a time, we make n = 2, which gives 

11—1 = 1; 
we have ttien 

P = in5 
for P will in this case be equal to the number of lottos takett 
sue at a time ; there results then from this 

m(m — 2 + 1) or m(m — 1), 
for the number of arrangements taken two and two. 
Again, taking 

P^ztn^m-^i) and n=S, 
we find for the number of arrangements, which m letters admit 
9S9 taken three and three. 

iii(iii-^l)(iii — s + l)=:nt(m— -l)(m*— 2.) 
Making 

P=:m (m—-l)(iii — 2) and n = 4, 
we obtain 

i»(in— l)(m — 2)(m— 3) 
for ttie number of arrangements, taken four and four. We may 
flius determine the number of arrangements, which may be form- 
ed firom any number whatever of letters.* 

■ " W ■ I. II ..... ■ ■ , .. . ■ » ■ !■ . Ill .Ml 

* In these arrangements it is supposed by the nature of the inquiry, 
that there are no repetitions of the same letter; but the theory of 
permutations and combinations^ which is the foundation of the doc- 
trine of chances, embraces questions in which they occur. The effect 
nay be seen in the example we have selected, by obserring, that we 
may write indifierently each of the 9 letters a, ft, e, d^ e,/, g, h^ i, after 
llie product of 6 letters mbed «/• Designating therefore the number 
of arrangements, taken 6 at a time, by P, we shall have P x 9 for the 
number of arrangements, taken 7 at a time. For the same reason, if 
P denote the number of arrangements of m letters, taken n •— 1 at a 
time, that of their arrangements, when taken n at a time, will be Pm. 

This being admitted, as the number of arrangements of m letters, 
taken one at a time, is evidently m, the number of arrangements, when 
taken 2 and 2, will be m x m, or m*, when taken S and S, the number 
will be m X m X nt, or m^ ; and lastly, m** will express the number of 
arrangements, when they are taken n and n. 
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1 59. Pamng now (roin the number of arrangements of ii letter^ 
to that of their different products, we must find the number of ar- 
rangements, which tibe same product admits of. In order to this^ it 
may be observed, that if in any of these arrangements, we fOt 
one of the letters in the first place, we may form of all the others 
as many permutations, as the product of n — 1 letters admits o& 
Let us take, for example, the product* a bed efgf composed of sev- 
en letters ; we may, by putting a in the first placei write 'ttiispr^^ 
duct in as many ways, as there are arrangements in the product 
of six letters bed efg ; but each letter of the proposed product 
may be placed first. Designating then the number of arrange- 
ments, of ^liich a product of six letters is susceptible by ^, we 
shall have ^ x 7 for that of the arrangements of a product of seven 
letters. It follows from this that if ^ designate the number of 
arrangements, which may be formed from a product (tf n— ^1 
letters, ^ n will express the number of arrangements of a pro- 
duct of 91 letters. 

Any particular case is readily reduced to this formula ; for 
making n = 2, and observing, that when there is only one Ieb> 
ter, ^ = 1, we have 1 x 2 = S for the number of arrangements of 
a product of two letters. Again, taking ^=1x2 and n = d, we 
have 1 X 2 X 3 = 6 for the number of arrangements of a product 
of three letters ; furtiier, making Q = 1 x S X 3, and n = 4, there 
result 1x^x3x4, or 24 possible arrangements in a product 
of four letters, and so on^^). 

140. What we have now said being well understood, it wiH 
be perceived, that by dividing the whole number of arrange- 
ments obtained from m letters, taken natsL time, by the number 
of arrangements of which the same product is suscqitible, we 
have for a quotient the number of the different products, which 
are formed by taking in all possible ways n factors among these 
m letters. This number will therefore be expressed by 

^ "^ • 5* which being considered in connexion with 

^ m> . — -w ■■■■ I .., ,, -. , 

• It may be observed, that if we make successively 

no«2, ns=3, na:;4,&c. 

the formula ■«■■ ■ ^, — ' becomes 

m(m— 1) mim — l)(tii — 2) m (fit--.l) (m — 2Um*— 3) , 
1*2 ' 1.2.3 * 1.51,3,4 ' ^ 
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lAat WM laid down in art. 137, will give ^^"^ ^ a^af^^ 

for the term containing af^^^ in the development of (x + a)"*. 

It is evident, that the term which precedes this, will be express- 

p 
ed by -- a*"^ a;"*""*^^ ; for in going back towards the first term, 

H 
tte exponent of a; is increased bj unity^ and that of a dimin- 
ished by unity ; moreover P and Q are the quantities, which be- 
long to the number n — 1. 

141. If we make -^ = JIG the two successive terms indicated 

above, become 

jif fli-i af*^^^ and M ("*"-^+0 an^f^. 

n 

These results sliow how each term, in the development of (x +a)% 

is formed fh)m the preceding. 

Setting out from the first term, which is o:^, we arrive at the 

second, by making n = 1 ; we have Jf = 1, since x^ has only 

unity for its coefficient ; the result then is a xf^^, or 

•^ a af^K In order to pass to the tliird term, we make •¥=: -> 

and « = 8, and we obtain ^^^""7 <** X'^K The fourth is 

1 .^ 

found by supposing M = ^ y "" ' , and n = 3, which givea 

\ l^ ~ ^ a* ar***^, and so on : whence we have the for- 
1 . 2 • 3 

mula 

+ — i i-^ ia*af"^-f&c 

lidch may be converted into this rule. 

n pass from one term to the following^ we mnttiply the nwrneri-^ 
cot coeffunent by the exponent qfxin the firsts divide by the rmmberf 
fohkh marks the place of this ternif increase by wnity the exponent 
f a, and diminish by umty the exponent of x. 

Although we cannot determine the number of terms of this, 
formula without assigning a particular value to m ; yet, if we 

AQmbere, which express respectively, how many combinations may be 
Bade of any number m of things, taken two and two, three and three^ 
foor and four, &c« 



J 
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observe the dependence of the terms upon each othePy tre tarn 
have no doubt respecting the law of their formationf to whatever 
extent the series may be carried. It will be seen tliat 
m(w--. 1) (m— g) .... (m--n + l ) ^n j«it 

1 . ^ • d ... • n ' ' 

expresses the tenUf which has n terms before it. 
This last formula is called the general term of the seriesr 

^ i 1 . ^ ^ 

because if we make successively 

it gives all the terms of this series. 

142. Now, if (a: -fa)' be developed, according to the ndi 

given in the preceding article ; the first term being 

X' or a^x' (37), 
the second will be 



the third 



ilie fourth 



the fifth 



the sixth 



--a*x* or Sax^f 



— — a'a:^ or 10a*a?', 
— 2L-a«a7* or 10a*a:*, 



10x2 . ^ . 

-— — a^x or 5a*x, 



— - — a^x^ or a*. 

5 



Here the process terminates, because in passing to the follow- 
ing terra it would be necesssary to multiply by the exponent of x 
in the sixth, which is zero. 

This may be shown by the formula ; for the seventh toBf 
having for a numerical coefficient, 

m{m — \){m — 2) (m — 3) (m — 4) (m — 5) 

1.2.3.4. 5 7^ 

contains the factor m — 5, which becomes 5 — 5 = 0; and tkis 

same factor entering into each of the subsequent terms, reducef 

it to nothing. 

Uniting the terms obtained above, we have 

(x + ay =zx' +5c£c* + 10a*x« + 10a»a« +5a^x+a'. 



Power$ €f Compauiiid ifuMiUie^. IH 

. 14dk Any power whatever of any binomial may be developed 
liy flie formula given in art 141. If it were required for exam- 
{b to form the sixth power of 2 oc* -— 5 a*, we have only to sub- 
tftate in the formula the powers of 2 x^ and — 5 a' respectively 
far those of x and a ; since, if we make 

Sa;* = a:' and — 5a^=:a!, 
vehave 

(2a:' — 5 a«) • =(a/ + aO • = 
a/« + 6 a' a/' + 15 a'' a/* + SOa^'o:'' 

+ 15 a'* a/« +6a'« or' +a'« (141), 

ud it is only necessary to substitute for a/ and a' the quantities^ 

wlkich these letters designate. We have then 

(2x^y+ 6(— 5a») (2a?«)« + i5(— 5a*)«(2ar»)* 

+ 20(— 5 a*)' (2 a:»)»+ 15 (—5 a»)* (2 a:*)* 

+ 6(— 5 a')' (2 a') + (—5 a»)«, 

OP 

64 0:18 — 960 a' a:*' +6000a'a:»» 
— 20000 a' a:' + 37500 a» » a;« 
~ 37500a»'at' + 15625 a» «• 
The tei-ms produced by this development are alternately pos- 
itive and negative ; and it is manifest, that they will always be 
so, when the second term of the proposed binomial has the sign 
^■*« 

144. The formula given in art. 141, may be so expressed as to 
ficilitate the application of it in cases analogous to the preceding 
Since 

nefn *pll> «¥'*** 

0:*^^ = — , a:«»-' = — -, a:«»^=— -,&c* 

Ae formula may be written 

wia ^ wfm— l)cr' 

1 J? ^ I . 2 x^ 
wlich may be reduced to 

*^t^ + Tx+ 1,2 ^+ 1.2.3 ^ + ^'r 
by insolating the common factor x^. In applying this formula, 
te several steps are^ to farm the series ofmimhers, 

m m— 1 m — 3 m — 3 « 

— § •^— — • , ■■ « occ* 

1* 2 » 3 ' 4 

6 fltulf^jf (Ae Jirst by the fraction ~, f/^^ this product by tlie second. 
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and also by thefradion ^, then again Oils last resuU hy the third 

and by the Jraction — » and so on;' to uniie all these tervM^ and oil 

unity to the sum ; and lastly^ to muUiply the whole hy the factor x\ 
In the example (2a:' — 5a*)«, we must write (2x ')• in the 

5 o,^ a 

placeofa'"'5and-— ^;— jinthatof — • I shall leave the i^plici* 

tion of the formula as an exercise for the learner.* 

145. ^Ve may easily reduce the development of the power of 
any polynomial whatever, to that of the powers of a'binomialitt 
may be shown with respect to the trinomial a + h + Cpibid tUnl 
power for instance being required. 

First we make ft -f c = m^ we then obtain^ 

(a + b + cy=z(a + my=a^ + 3a« m + Sam* +m*j 
substituting for m the binomial b + c, which it representBy we 
have 

(a + b + cy = u^ + Sa^ (b+c) + Sa (b + cy +(b + cy. 
It only remains for us to develop the powers of the binomial b+Cf 
and to perform the midtiplications^ which are indicated ; weiliaye 
then 

a» + 3a*6 + 3a6« +b^ 
+ Sa* c + 6abc + Sb^c 
+ 3 a c* + 3 fc c* 

Of Hie extraction of the roots of compound quantities. 

146. Having explained the formation of the powers of com* 
pound quantities, I now pass to the extraction of their roots» be- 
ginning ^ith the cube root of numbers. 

In order to extract tlie cube root of nmnberSf we must first be- 
come acquainted with the cubes of numbers, consisting of only 
one figure ; these are given in the second line of the following 
table; 



* The formula for the development of {x + ay answers for tU 
values of the exponent m, and it equally applicable to cases in winch 
tlie exponent is fractional or negative. This property^ which ii vefj 
important) is demonstrated in the Supplement to this treatise* 
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12345 6789 
1 8 Sr 64 125 216 343 512 729 

msA fhe cube of 10 being lOOO, no number consisting of tliree fig- 
ures can contain the cube of a number consisting of more than one. 
The cube of a number consisting of two figures is formed in a 
Banner analogous to that, by which we arrive at the square ; ttnr 
if we resdye this number into tens and units, designating the 
first by Of and the second by b, we have 

(o + 6)»=a»+3a« 6 + 3a6«+6». 

Hence it is evident, that the cube, or third power of a number com^ 
fmd fftma and units, contains four parts, namdy ; the cube of the 
tens, three times the square of the tens multiplied by the units, three 
Umes the tens muUiplied by the square of the units, and the cube of 
the wiUs. 

If it were required to find the third power of 47, by making 
= 4 tens or 40, b = T units, we have 

a» = 64000 
3 a' i = 33600 
Sab*=: 5880 

(*= 343 



Total 103823 = 4r X 4r X 47. 

Now to go back from the cube 103823 to its root 47, we begin 
by observing that 64000, the cube of the 4 tens, contains no signifi- 
cant figure inferior to tlioasands ; in seeking the cube of the tens 
therefore^ we may neglect the hundreds, the tens and the units of 
flie number 103823. Pursuing, therefore, a method similar to that 
employed in extracting the square root, we separate by a comma^ 
the first three figures on the right ; the greatest cube contained 
in 103 win be the cube of the tens. It is e\i- 103,823 
dent from the table, that this cube is 64, the 64 



47 



48 



root of which is 4 ; we therefore put 4 in the 39 8,23 
place assigned for the root. We then subtract 64 from 103 ; 
and by the side of tlie remainder 39, bring down the three last 
figures. The whole i*emainder, 39823, contains still three parts 
of the cube, namely, three times the square of tlie tens multiplied 
by the units, or 3 a^ b, three times the tens multiplied by the 
square of the units, or 3 a b', and the cube of the units, or b^. If 
the value of the product Sa^b were known, we might obi 

20 
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units 69 by di riding this product by 3 a', whicb is a known quu- 
tity^ the tens being now found ; but on the supposition^ that the 
product 3 a* A is unknown^ we readily pcrGeive, that it can have 
no figure inferior to hundreds^ since it contains the finctor a'l 
which represents the square of the tens i it must therefore be found 
in the part 398, which remains on tlie left of the number S988d| 
after the tens and units have been separated, and which containSf 
besides this product, the hundreds arising from the product^ 3 a ft'^ 
of the tens by the square of tlie units, and from the cubc^ (*^of 
the units. 

If we divide 398 by 48, which is triple the square of the tens, 
3 a* or 3 X 16, we obtain 8 for the quotient ^ but from what pre- 
cedes, it appears that we ought not to adopt this figure for the 
units of the root sought, until we have made trial of it by em- 
ploying it in forming the three last parts of the cube, which nrast 
be contained in the remainder 39823» Making i = 8, we find 

3 a' b = 38400 

3 a 6*= 7680 

6«= 512 

Totol 46592. 

As this result exceeds 39823, it is evident that the number 8 is 
too great for the units of the root. If we make a similar trial 
with 7, we find that it answers to the above conditions ; 4T thete- 
fore is the root sought. 

Instead of verifying the last figure of the root in the manner, 
above described, we may raise the whole number expressed by 
the two figures, immediately to a cube ; and this last method is 
generally preferred to the other. Taking the number 48 and 
proceeding thus, we find 

48X48X48 = 110592. 
As the result is greater than the proposed number, it is evident, 
that the figure 8 is too large. 
1^ 147. What we have laid down in the above example may be 
applied to all cases, where the proposed number consists of more 
than three figures and less than seven. Having separated the 
fii-st three figures on the right, we seek tlie greatest cube in the 
part, which remains on the left, and write its root in the usual 
place ; we subtract this cube from the number to which it relates, 
and to the remainder bring down the three last figures j sepa- 
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rating now the tens and tlie units^ we proceed to divide what 
ranains on the left^ by three times the square of the tens found ; 
bnt before writing down the quotient as a part of the root^ we 
verify it by raising to the cube the number consisting of the tens 
known^ together with this figure under trial. If the result of 
fliis operation is too great, the figure for the units is to be dimin- 
ished; we then proceed in the same manner with a less figure^ 
and so on^ until a root is found, the cube of which is equal to the 
proposed number, or is the greatest contained in this number, if it 
does not admit of an exact root* As we have often remainders, 
that are very considerable, I will here add to what has been said, 
t method, by which it may be soon discovered, whether or not the 
vnit figure of the root be too small* 

The cube of a -f 6, when 6 = 1, becomes that of a + 1# 
or a»+sa«+Sa+l, 

a quantity, which exceeds a*, tlie cube of a, by 

3a* +Sa + 1. 
Hence it follows, that whenever the remainder, after the cube root 
has been extractedf is less tluni three times the square oj the root, 
plus tliree times the root, plus unity, this root is not too smaUm 

148, In order to extract Die root of 1058238ir, it may be ob- 
served, tliat whatever be the number of figures in this root, if we 
resolve it into units and tens, the cube of the tens cannot enter into 
the three last figures on tiie right, and must consequently be found 
in 105823, But the greatest cube contained in 105823 must have 
more than one figure for its root ; this root then may be resolved 
into units and tens, and as the cube of the tens has no figure infe- 
rior to thousands, it cannot enter into the three last figures 823. 
I^ after these are separated, there remain more than three figures 
on the left, we may repeat the reasoning just employed, and 
thus, dividing the number proposed into portions of three figures 
each, proceeding from right to left, and observing that the last 
portion may contain less than three figures, we come at length 
to the place occupied by the cube of the units of the highest order 
in the root sought. 

Having thus taken the preparatory steps, we seek, by the rule 
given in the preceding articlei the cube root of the two first por- 
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tions on die left, and find tor the result 47 } 105,8g3,8iy 
we subtract the cube of this number from the 64 



two first portion^, and to the remainder 2000 4 1 8,23 
bring down the following portion 817. Tlie 103 883 



4r3 



43 

66sr 



number 2000817 will then contain the three 2 0008,17 
last parts of the cube of a number, the tens of 105^23817 
which are 47, and tlie units remain to be found. ^^^ ^^ ^^ 
These units are therefore obtained, as in the example gireB 
in the preceding article, by separating the two last figures on the 
right of tlie remainder, and dividing the part on the left by 6627, 
triple the square of 47. Then making trial with the quotient 3, 
arising from this division, by raising 473 to a cube, we obtain 
for the result the proposed number, since this number is a perfect 
cube. 

The explanation, we have given, of the above example, may 
take the place of a general rule. If the number proposed had 
contained another portion, we should have continued the opera- 
tion, as we have done for the third ; and it is to be recollected 
always, that a cipher must be placed in the root, if tiie number 
to be divided on the left of the remainder happen not to contain 
the number used as a divisor ; wc should then bring down the 
, following portion, and proceed with it, as with the preceding. 

149. Since the cube of a fraction is found by multiplying Hdsfrac* 
tion by its square, or which amounts to the same thingf by takkig the 
eiibe of the numerator and that of the denominator ; reversing M$ 
process, we arrive at tlie root, by extracting the root of the new 
numerator and that of the new denominator. The cube of |, for ex- 
ample, is llf ; taking the cube root of 125 and of 216, we find f . 

We always proceed in this way, when the numerator and de- 
nominator are perfect cubes ; but when this is not the case, we 
may avoid the necessity of extracting the root of the denomina- 
tor, by multiplying the two terms of the proposed fraction by the 
square of this denominator. Tlie denominator thence aiising, 
will be the cube of the original denominator, and it will be only 
necessary tlicn to find the root of the numerator. If we have, for 
example, 4> by multiplying the two terms of this fraction by 25, 

the square of the denominator, we obtain 

75 

5X5X5' 

The root of the denominator is 5 : while that of 75 lies between 



f 
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4 ind 5. Adopting 4, we have 4 for the cube root of f to within 
one fifth* If a greater degree of accuracy be required^ we must 
tike the approximate root of 75, by the method I shall soon pro- 
ceed to explain. 

If the denominator be already a perfect square, it will only be 
necessary to multiply the two terms of tlie fraction by the square 
root of tliis denominator. Thus in onler to find the cube root 
of 4 9 we multiply the two terms by 3, the squai*c root of 9 ; we 
flius obtain 

12 

3X3X3* 

Taking the root of the greatest cube 8 contained in 12, w« 
have I for the root sought, within one third. 

150. It follows from what has been demonstrated in art 97, tliat 
flie cube root of a number, which is not a i>ci*rect cube, cannot 
be expressed exactly by any fraction, however great may be the 
denominator ; it is therefore an irrational quantity, though not of 
the same kind with the square root ; for it is very seldom tliat 
one of them can be expressed by means of the other. 

151. We may obtain the approximate cube root by means of 
ydgar fractions. The mode of proceeding is analogous to that 
given for finding the square root (103) ; but, as it may be readi- 
ly conceived, and is besides not the most eligible, I shall not stop 
to explain it. 

. A better method of employing vulgar fractions for this pur- 
pose consists in extracting the root in fractions of a given kind. 
Thus, if it were required to find, for example, the cube root of 
92, within a fifth paii: of unity, observing tliat the cube of | is j|-j, 
ire reduce 22 to Ytt > *^®" taking the root of 2750, so far as it 
can be expressed in whole numbers, we have y , or 2 j^ for the 
approximate root of 22. 

152. It is the practice of mast persons however in extracting 
the cube root of a number, by approximation, to convert this 
number into a decimal fraction, but it is to be observed, that this 
fraction must be cither thousandtlis or millionths, or of some higli- 
er denomination ; because when raised to the third power, tenths 
become thousandths, and thousandths millionths, and in gener- 
ll, the number of decimal Jigiiresf mind in the cubCf is triple tlie num- 
ber contained in ilie root. From this it is evident, that we must 
place after the proposed number three times as many ciphers^ as 
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there are decimal places required in the root. The root is then 
to be extracted according to the rules already given, and the re- 
quisite number of decimal figures to be distinguished in the resolti 
If we would find, for example, the cube root of S27> nvithin a 
hundredth part of unity, we must write six ciphers alter this 
number, and extract the root of 327000000 according to the.nsu- 
al method. This is done in the following manner; 



327,000,000 


688 


216 


108 


1110,00 
3144 32 


13872 



125 680,00 
325 660 672 

1 339 328 

Separating two figures on the right of the result for decimahf 
wo have 6,88 1 but 6,89 would be more exact, because the cube 
of this last number, although greater than 327, approaches it 
more nearly than that of 6,88. 

If the pro^iosed number contam decimals already, before we 
proceed to extract the root, we must place on the right as many 
ciphers, as will be necessary to render the number of .decimal 
figures a multiple of 3. Let there be, for example, 6,07, we 
must write 0,070, or 70 thousandths, which gives for a root 0,4. 
In order to arrive at a root exact to hundredths, we must annex 
three additional ciphers, which gives 0,070000. The root of 
the greatest cube contained in 70000 being 41, that of 0^07 be- 
.v/ comes 0,41, to within a hundredth. 

153. Hitherto I have employed the formula for binomial qnan- 
^. titles only in the extraction of tlie square and cube roots of num- 
bers ; this formula leads to an analogous process for obtaining 
the root of any degree whatever. ' I shall proceed to explain 
this process, after offering some remarks upon the extraction of 
roots, the exponent of which is a divisible number. 

We may find the fourth root by extracting the square root 
twice successively ; for by taking fii'st the square root of a fourth 
power, a^f for example, we obtain the square, or a', the square 
root of which is a, or the quantity sought. 

It is obvious also, that the eighth root may be obtained by 
extracting the square root three times successively, since the 
square root of a^ is a^, and that of a^ is a^, and lastly, that of 
a* is a» 
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In the same manner it may be shown, that all roots of a de- 
gree'f designated by any of tlie numbers Q, 4, 8, 16, 32, &c* that 
by by any power of 2, are obtained by successively extracting the 
sqoare root. 

Roots, the exponents of which are not prime numbers, may be 
reduced to others of a degree less elevated ; the sixth root, for 
example, may be found by extracting the square and afterwards 
the cobe root. Thus, if we take a* and go through this process 
with it, we find by the first step a', and by the second a ; we 
may also take first the cube root, which gives a*, and after- 
wards the square root, whence we have a, as before. 

154. I now proceed to treat of the general method, wliich I 
shall apply to roots of the fifth degree. The illustration will be 
rendered more easy, if we take aparticula^ example ; and by com- 
paring the different steps with the methods given, for the extrac- 
tion of the square and the cube root, we sliall readily perceive, in 
what manner we are to proceed in finding roots of any degree 
whatever. 

Let it be required then to extract the fifth root of 2dl55400r. 
Now the least number, it may be observed, consisting of 2 figures, 
that is 10, has in its fifth power, which is 100000, six figures; we 
therefore conclude, that the fifth root of the number proposed 
contains at least two figures ; this root may then be repi*escntcd 
hj a + bf a denoting the tens, and b the units. The expression 
for the proposed number will then be 

(a + by =a' +5a^b + l0a^b* +&c. 
I have not developed all the terms of this power, because it is 
sufficient, as will be seen immediately, that the composition of the 
two first be known. 

Now it 18 evident, that as a', or the fifth power of the tons of 
this root, can hare no figure, that falls below hundreds of thou- 
sands, it does not enter into the five last figures on the riglit of 
the proposed number 5 we therefore separate these five figures. 
If there remained more than five figures on the left, we should 
nspeat the same reasoning, and thus separate the proposed num- 
ber into portions of five figures each, proceeding from the right 
to the left;. Tlie last of these portions on the left, will contain 
the fifth power of the units of the highest order found in the root 



160 Mements ^ AgtSbta. 

9 

We find, by forming the fifth powers of g315,5400r 47 
numbers consisting of only one figure, that 10d4 



S3 15 lies between the fifth power of 4, or 1291 5,4007 1280 
1024, and that of five, or 3125. We take therefore, 4 for the 
tens of the root sought; then subtracting the fifth power of tUi 
number, or 1024, from the first portion of the proposed number, 
we have for a remainder 1291* This remainder, together witk 
the following portion, which is to be brought down, must cpntain 
5 a^ 6 -f 10 a* 6' -f &c. which is left, after a' has been subtract- 
ed from (a4-()' ; but among these terms, that of the highest 
degree is 5 a'* ft, or five times the fourth power of the tens multi- 
plied by the units, because it has no figure, which falls bdow tens 
of thousands. In order to consider this term by itself, we sepa- 
rate the four last figures on the right, which make no part of it, 
and the number 12915, renuuning on the left, will contain this 
term, together with the tens of thousands arising from, the suc- 
ceeding terms. It is obvious therefore, that by dividing 12915 
by 5 a^f or five times the fourth power of the four tens already 
found, we shall only approximate the units. The fourth power 
of4is256; five times this gives 1280; if we divide 12915 by 
1280, we find 10 for the quotient, but we cannot put more than 
9 in the place of the root, and it is even necessary, before we 
adopt tills, to try whether the whole root 49, which we thus 
obtain, will not give a fifth power greater than the proposed 
number. We find indeed by pursuing this course, that the num- 
ber 49 must be diminished by two units, and that the actual root 
is 47 with a remainder 2209000 ; for the fifth power of 47 is 
229345007 ; that is, the exact root of the proposed number foils 
between 47 and 48. 

If there wei-e another portion still, we should bring it down and 
annex it to the remainder, i*esulting from the subtraction of the 
fifth power found as above, from the two first portions, and pro* 
ceed ^ith this whole remainder, as we did with the preceding, 
and so on. 

After what has been said, it will be easy to apply the rules, 
which have been gii^en, as. well in extracting the square and cube 
root of fractions, as in approximating the roots of imiierfect 
powers of these degrees. 

155. We may by processes, founded on the same principles, 
extract the roots of literal quantities. The following example 



jte»^ — Sa^ 



192x1' 
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wiH be ffiiflkient to illustrate the method^ which is to be employedy 
whatever be the degree of the root required, 
• We lommA im art* 143, the sixth power of 2 a:' —^ 5 a' ; we 
ihall dMW extract the root of this power. The process is as fol* 
Ism; , 
4S4 «*•-* 960a* a?* ' + 6000 a«a?i« — «0000a*a:« 

+ 156250*8 
— g4a?*» 

reiti. — 960a» x^ * + &c. 

The quantity proposed being arranged with reference to the 
letter a?, its first term must be the sixth power of the first term 
of the root arranged with reference to the same letter ; taking 
ften the sixth root of 64 a;* *, according to the rule given in art. 
1299 we have 2 x* for the first term of the root required. 

If we raise this result to the sixth power, and subtract it from 
ilie proposed quantity, the remainder must necessarily commence 
with the second term, produced by the development of the sixth 
power of the two first terms of the root. But, in the expression 

(a+hy =a«+6a»6+&c. 
fliis second term is the product of six times the fifth power of the 
irstterm of the root by the second ; and if we divide it by 6 a', 
flie quotient will be the second term ft. 

We must therefore take six times the fifth power of the first 
term 2 x* of the root, which gives 

6x32x1' or 192a:»S 
and divide, by tlos quantity, the term — 960 a» a?*', which is 
tte AMt term of the remainder, after the preceding operation ; 
ihe quotient — 5 a* is the second term of the root. In order to 
verify it, we raise the binomial 2 a:* — 5 a' to the sixth power, 
which we find is the proposed quantity itself. 

If the quantity were such as to require another term in the 
root, we should proceed to find, after the manner above given, 
a second remainder, which would begin with six times the pro- 
duct of the fifth power of the two first terms of the root by the 
third, and which consequently being divided by 6 (2 of* — 5 o')', 
thie qsotient would be this tiiird term of the root | we should then 
wrSfy it by taking the sixth power of the three terms. The same 
course mightbe pursued, whatever number of terms might remain 
to be found. 

21 



16% MUmenU cfJSigdn^ 

(ff equations with two terms. 

156. Evert equation, involying only one power of Ibe an- 
. known quantity, combined with known quantities, may always 
be reduced to two terms, one of which is made up of all those^ 
which contain the unknown quantity, united in one axpresnon, 
and the other comprehends all the known quantities collected ts- 
gether. This has been already shown with respect to equations 
of the second degree, art. 105, and may he easily proved con- 
cerning those of any degree whatever. 

If we have, for example, the equation 

by bringing all the terms involving x into one member, we ob^ 

tain 

a* x' — ac a?* = 6* c* + a' 6' 

or (fl* — ac)x' = b^c^ +a''b^. 

Now if we represent the quantities 

c' — ac by p, 6* c* + a' 6* by g, 
the preceding equation becomes 

px' =iq; 
freeing x' from the quantity, by which it is multiplied, we havt 

x^^l. 
P 
whence we conclude 



J- 



In general, every equation with two terms being reduced to the 
form 

px**^ =g, 
gives 

P' 

taking the root then of the degree m of each member, we have 

m 



>S* 



157* It must be observed, that if the exponent m is an odd num- 
ber, the radical expression will have only one sign, which will be 
that of the original quantity (131). 

When the exponent m is even, the radical expression will have 
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the double sign ± ; it will in this case be imaginary, if the quan- 
tity -^ is negative, and the question will be absurd like those, of 

which we have seen examples in equations of the second de- 
gree (131). 
See some examines* 

The equation 

O?^ = — . 1024 
gives 

a?=v^— 1024 = — 4, 

flie exponent 5 being an odd number. 
The equation 

or* = 625 
gives 4 

a:= ± v^^^= ± 5, 
as the exponent 4 is even. 
Lastly the equation 

which gives 4 

a?= ± ^ITie^ 
leads only to imaginary values, because while the exponent 4 is 
even, the quantity under the radical sign is negative. 

158. I shall here notice an analytical fact, which deserves 
attention on account of its utility, as well in the remaining part 
of the present treatise, as in the Supplement, and which is suffi- 
ciently remarkable in itself; it is this, that all the expressions 
X — a, X* — a*, x^ — a', and in general x^ — a"* (m being 
any positive whole number), are exactly divisible by n? — a. 
This is obvious^ with respect to the first We know that the 
second 

X* '^a* = (x + a) (x — a) (34), 
and the others may be easily decomposed by division. If we 
divide a:"* — a*" by a? — a, we obtain for a quotient 

ar*»-i + a x"^^ + a* af"^ + &c. 
the exponent of or, in each term, being less by unity than in the 
preceding, and that of a increasing in the same ratio. But in- 
stead of pursuing the operation through its several steps, I shall 
present immediately to the view the equation 

'^ = x^^ + ax^-^ + a^ a?"»-3 .... +a^^a?+a^S 
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WkiebiAay be verified hy nuttipljuf; the stcwd ttenterbjr 
a; -— a. It then becomes 

af^ + aaf*^^ + a* af^ ,,. + ar^x* +a'^x 

-^aoc*^*— a^ OP**-*— c'^a?*"^ ^,— itf^^-iar— «»flF*f 

all the terms in the upper line, after the first, bein^ iht saaM^ 
. with the excqilion of flie signs, as those preceding Hkt last i» the 
lower line, there only remains after reduction, a:~«^tf% that i% 
the dividend proposed. 

It must be observed, that the term a* of*-^, in the upper finii 
is necessarily followed by lire term a* QCT^f which is destroyed 
by the corresponding term in the lower line ; and tbat» in the 
same manner we find, in the lower line, before the teniii^^^4ip, a 
term -^a***^ 07*, which destroys the corresponding one in Uie 
upper line* These terms are not repressed, but are su^Kise^ to 
be comprehended in the interval* denoted by the points. 

159. This leads to very important consequeucesy vdative t^ 

the equation with two terais af^:=i^. 

If we designate by a the number, which is obtained b^ direc% 
extracting the root accorfing to tlie rules given in art. 154> we 
have 

JE =s 11** or xf^ =z(^ i 
f 
transpowg the second member we obtain 

a:*" — a** =?: 0» 

The quantity x^^-^a"^ is divisible by op-^a, and webave bjFtiH 

preceding article 

This last result, which vanishes when a? ss a^ is alaa reduced to 
nothing, if we have 

off^^ + a a;"*-*. . ^ ^ . + 0^^0:4. a"»^i = O. (116) } 
and consequently if there exists a value of x^ which satisfiies tins 
last equation^ it will satisfy also the equation proposed.. 

These values have with unity very simple relations, which 
may he discovered by making o^s^ayf then tba equation 
;if»» ..--. fl»» i;5 becomes 

tt«»ym,^^m--Q or y'**'"— 1=»Q, 
and we obtain the values of a; by multiplying those of y by the 
number a* 

The equation y^ — - 1 st gives in the first place 
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m 



than by dividing y^— 1 by jf — 1, we have 

if^^ + if^^ + y^ +y«+y + l. 

Taidmg this quotient for one of the members, and zero for the 
other^ we form the equation on which the other values of y de- 
pend ; and these values wUi, in the same manner^ satisfy the 
eq[uation 

y* — 1=0 or f~ = l, 
&at iSf their power of the degree m will be unity. 

Hence we infer the bci, singular at first view, that unity nMjy 
have many rooU besides itseUl These roots^ though imaginary, 
are ^till of frequent use in analysis. I ean however exhibit here 
only those of the four first degrees^ as it is only for these degrees, 
that we can resolve, by preceding observations, the equation 

ym-l^ym-2 + 1=0, 

firom which they are derived. 
1. Let m = 2, we have 

y»~l = 0, 
whence we obtain 

y = + l, y= — 1. 
£. By making m = 3, we have 

y« — 1=0, 
whence we deduce 

then 

iThis last equation bjeing resolved, gives 

y= — § — , y= g — , 

thus we have for this degree the three roots 

!f=l, »=»= f- 9 y = g . 

The two last are imaginary ; but if we take the cube, forming 
that of the numerator, by the rule given in art. 34, and observing 
that the square of x/IIJ being — 3, its cube is — 3 s/^^ we 
stffl find 9* = 1, in the same manner as when yfe employ the 

root y=l. 
3. Taking m = 4, we have 

y*-.l=0. 
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from whicti we deduce 

then y* +j;* +y + l =0. 

We are not^ at present, furnished with the means of resolriiig 

this equation ; but observing that 

y*_l = (y»+l)(y» — 1), 
W6 have successively 

whence 

y=:4.l. y = — 1, y=: + vZ:i; y = — ^ZTT 
Two of these values only are real ; and the other two imaginarjr. 

This multiplicity of roots of unity is agreeable to a general 
law of equations, according to which any unknown quantity ad- 
mits of as many values, as there. are units in the exponent demit- 
ing the degree of the equation, by which this unknown quanlitjf 
is determined ; and when the question does not admit of so many 
real solutions, the number is completed by purely algebraic sym- 
bols, which being subjected to the operations, that are indicated, 
verify the equation. 

Hence it follows, that there are two kinds of expressions or 
yalues for the roots of numbers ; the first, which we shall term 
the arithmetical determination, is the number which is found by 
the methods explained in art. 154, and which answers to each 
particular case ; the second comprehends negative values and 
imaginary expressions, which we shall designate by the term 
algebraic determinations, because they consist merely in the com* 
bination of algebraic signs. 

Of equations, which may be resolved in the same manner as those oj 

the sec(md degree. 

160. These are equations, which contain only two different 
powers of the unknown quantity, the exponent of one of which is 
double that of the other. Their general formula is 

p and q being known quantities. 

Now if we take x^ for the unknown quantity, and makf 
af* = w, we have 

whence 
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» =— ip±V? + il?« (109); 
ifstoring os^ in the place of Hy we have 

of =— ill* Vg + il»S 
la equtiim consisting of two terms^ since the expression 

— ip± S/q + i pS 

as it implies only known operations^ to be performed on given 
qaantitiesy must be regarded as representing known quantities. 
Designating the two values of this expression by a and a!, we 
have 

a;« = o and ac'* = a', 
from which we obtain 



m m 



x = \/T and x^\/7. 
If the exponent m be even, instead of the two values given 
above^ we shall have four^ since each radical expression may take 
tine sign ;f: ; then 

m m 

m m 

a?= — \/a f a? = — V?"* 
and these four values will be real, if the quantities a and a' are 
positire. 

AH the Talues of x may be comprehended under one formula, 
vby indicating directly the root of the two members of the equa- 
tkm 



which gives 



m 



X=zsl—ip±Vq + ip^. 

The following question produces an equation of this kind. 
161. To resolve the nrnnber 6 into two such factors, that the sum 
of their cubes shall be 35, 

Let OP be one of these factors, the other will be — ; then taking 

X 

216 
the sum of their cubes x^ and — j-f we have the equation. , 

x^ 4 — r- = S5, 

which may be reduced to 

05* +216 = S5ar*, 
or 

a:« — 35a;»= — 216. 



16S MmmU^MgArtu 

If we consider x^ as the anknown qiuuMafy^ wt obtaiiiy by ft^ 
rule given for equations of Die second deg^reoy 

x^ = V * v^(V)*---«tB. 
By goiBg tbroagh the numerical calculationi^ wkdkA «itiMlk 
Gated, we find 

and conaeqaenfly 

a:» = v + y = v=2r, 

whence 

t ^ 

The first value gives for the second factor | or d, while ttn 
second value presents f or 3 ^ we have therefore in the one 
case 3 and 2 for the factors sought, and in the other 2 and 3, 
These two solutions differ only in the order of the factors of flie 
given number 6. 

162. The equations, we have been considering, are also com- 
prehended under the general law given in art 159; for the 

m m 

values of \/a, s/t^ are to be multipKed by the roots of unity be^ 
longing to the degree denoted by the exponent m. 
Applying what has been said to the equation^ 

x« — 35a?»= — 216, 
we find the six following roots ; 

a?=lx3, a;=lX2, 



o 



— l + V — 3 — l + \/— « ^ 

a: = ^ — ix3, 0? = X2, 



— 1 — \/— 3 ^ — 1 — \/ — 3 ^ 

a:= -zr- X3, a? = x 2, 

2 2 

of whicli the two first only are real. 

Calculus of radical expressions* 

163. The great number of cases, in which no exact root caa 
be found, ^ai the length of the operation necessary far obtain* 
ing it by approximation, have led algebraists to ^deavour to 
perform, immediately upon the quantities subjected to the ra.ik' ^ 
ral sij^y the fundamental operations, intended to be performed 
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upon their roots. In this way \re simplify the expression as 
much as possible, and leare the extracting of the roots which is a 
more complicated process^ to beperformed last, when the quanti- 
ties are reduced to the most simple state, which the nature of the 
question will allow. 

The addition and subtraction of dissimilar radical quantities 
can take place only by means of the signs -|- and «-% For exam* 
pie, the sums 

3 f ^ 4_ S 

\^a +\/a 9 S/a + y/ht 

and the diflTerences 

can be expressed only under their present form. 
The same cannot be said of the expression 

3 8 5lj 3 

4 a \/2ii + V16«» 6 — ^ \/2 «• 6, 

because the radical quantitiea, of which it is composed, become 
similar, when they are reduced to their more simple forms, ac- 
cording to the method explained in art. 1 30. First we hare 

3 3 _ 3 

Vl6a«6 =:\/8a3.2& or 2aV^6 

3 3 3 

-v/So^T =v«*«2* or a^ s/%b\ 
the quantity therefore bec<mies 

3 3 ^ €^ C ' I 

which gives, when reduced, 

^a^^b J"^^^ «*" (6d— 5c)-j\/2*. 

164. With respect to other operations the calculus of radical 
quantities depends upon the principle already refeired to, name* 
I7; ihaX a product, consisting of several factors, is raised to any 
fewer by raising each of the f odors to this power. 80 also, by 
loppredsing the radical sign, prefixed to a quantity, we raise 

fliis quantity to the power denoted by the exponent of this sign. 

7 

For example, \/a raised to the seventh power, is a simply, since 

ttis (^eration, being the reverse of that, which is indicated by the 

toga y , iq^rely restores the quantity a to its original state. 

.According to the principles here laid down^ if, for example, in 
the expression 

£2 
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7 7 ^ 

we suppress the radical signs^ the result a h will be flie seventii 
power of the above product ; and taking tlie seventh rooty we 
find 

7__ 7_ 7 ^ 

This reasoning, which may be applied to all similar cases, showB, 
that in order to muUiply two radical expressions of the same degree 
togetheTf we must take the product of the quaaMies under the radi- 
eal sign^ observing to place it v/nder a sign of the same degree. 
We have by this rule 

S\/2ab*' xrVSa^bc = 91 VlO a-* *-* c = 

21 a* 6* vioT; 

4v'a* — fr* X Vo» + 6« = 4 \/(a*—h») (a* + b*) = 



S a^ — b^ ^S 3* 






a^ 6> c» 2 a* — 6» 



Since 



a* ~ J* = («• + 5*) (a« — 6»). 

7 

165. As the seventh power of the expression -^ — , for example 

is -r, it will be seen, by taking the seventh root of this last re- 
sult, that 

Hence to divide a radical quantity by another of tlie same degreef 
we must take the quotient arising from the division of the quanliiks 
under the radical sign^ recollecting to place it under a sign of the 
same degree. 
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We find by this role, that 

\^6ab \6ab 




Sa 



a + b V a + b 






166. It foUowa from the rule, given in art. 164, for the malti- 
jdication of radical quantities of flie same degree, that to raise a 
radieal quantUi/ to any power whatever, we have only to raise to 
this power the quantity under the radical sign, observing that the 

8 

result must take the same sign ; thus to raise \^abt for example, to 
the third power, is to take the product 

B B B 

\/ab X \/ab X VO'bf 
and as the radical signs are all of the same degree, the quantities 
to which they belong, are to be multiplied together, and the rad- 
ical sign to be prefixed to the product, which gives 



f 



V5* b^^ 

7 

In the same manner \/a* b^ raised to the fourth power, gives 

7 

\/a^ b^^f which may be reduced to 

7 

ab^ab^f 
by resolving a« 6*« into a'' b'' xab', and taking the root of the 
factor a^ 6^ (130). 

It may be observed, that when the exponent belonging to the 
radical sign is divisible by that of the power, to which the proposed 
quantity is to be raised, the operation is performed by dividing the 
Jirst exponent by the second. For example, 

\yaj =Va, 
because | = 3. 

6 

Indeed y^a denotes a quantity, which is six times a factor in a, 

and the quantity y^a* which is obtained by dividing 6 by S, being 
only three times a factor in a, is consequently equivalent to the 
product of two of the first factors, and is therefore the second 

power of one of these factors, or of \/a» 
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The same reasoning may be applied to all sindlaT CMes^ as io 
tlie following example ; 



f\t_ 



=v 



167. If we reTsrse the methods given in the preceding articlei 
we shall be furnished with rules for extracting the roots of radical 

quantities. 

We perceive^ by attending to the rule first stated^ that ^ikt 
expanmU of the quanttHts under the radical sign are dmsMe If 
that of the root required^ the operaikm may be petformedf 0$ ^ ttert 
ivere no radical sign, only it is to be observed, tiuU the resuU must k^ 
placed under the original sign. 

We find, fi>r example, that 

s » 

V Va« =>' Vila's via , 

V Vo^Ts = \ VS^ = Va¥. 

From the second rule given in the preceding article^ it is evi- 
dent, that the general method for Jinding the root (f radical qufmH* 
ties, is to multiply the exponent bdongitig to the radical sign hf that 
of the root, which is to be extracted. 

By this last rule, we find, that 

8 

In fact, Va* is a quantity, which is five times a factor in ir* (24, 

129) ; but the cube root of Va^, being also three times a factor in 
this last quantity, is found 5x3 times or 1 5 times a factor in die 

first a* ; therefore ^ Va^* = Va*. In the same manner it migfat 

f 

be shown, that ^ Va^ = Va*. 

168. Since by multiplying tlie exponent of a quantity under a 
radical sign, by any number (166), we raise the root, which is 
indicated, to the power denoted by this number, and by iTJulti- 
plying also the exponent belonging to the radical si^, by the 
same number (167), we obtain for the result a root of a degree 
equal to that <^ tlie power, which was before formed, it is evi- 
dent, that this second operation reduces the propased quantity 
back to its original state. 
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Tbe expressioii y^o^^ for example, may be changed into \/^, 
by multiplying the exponents 5 and 3 by 7 ; for multiplying the 
exponent of a* Iby 7, we have, making use of the radical sign^ 

y/^iTy the seventh power of the proposed radical quantity, and 
multiplying by 7 the exponent 5 belonging to the radical sign in 

the expression V^^ we obtain the seventh root of the former 
result ; this last process therefore restores (he expression to its 
original value. 

169« By this double operation, we reduce to the same degree any 
number of radical quantities of different degrees f by fnuUiplyingf at 
the same Hmef the exponent belonging to each radical sign, and those 
of the quantities under this stgn, by the product of the exponents 
belonging to aUthe other radical signs. That the new exponents, 
which are thus found for the radical signs, are the same, is obvi- 
ous at once, since they arise from the product of all the expo- 
nents belonging to the original radical signs ; and after what 
has been said above, it is evident that the value of each radical 
quantity is the same as before. 

By this rule we transform 

Va* 6« and Vc^ rf% 

S8 35 . 



IBO \/a^ib^^ and Vc^^d^'^. 

In tlie same manner the three quantities 

3 B ____ 7 

\/a¥, \/a«c3, V6*cS 
become respectively 



105 105 105 



If we meet with numbers, under the radical signs, we shall be 
led, in applying this rule, to raise them to the power denoted by 
the product of tiie exponents bdonging to the other radical signs. 

170. In the same way, we may place under a radical sign a 

fador, which is without one, by raising it to the power denoted by 

the exponent, which acoompames this sign. 

We may change, for example 

5 s , 3 

a^ into \/aio» and 2a\/b into vsa^d. 

171. After having, by the transformation explained above, 
reduced any radical quantities whatever, to the same degree, w& 
may ajqply to them the rules, given in articles 164 and 165, for 
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!k^^^ki^=^-Jr 






f^lfcf >y6'»»'(^ 



JKefimrfcs oyi some peculiar cases, which occur in the calculus of 

radical quantities. 

17S. Th£ rules, to which we have reduced the calculiui of 
radical quantities, may be applied without difficulty^ when flie 
quantities employed are real. But they might lead the learner 
into error with regard to imaginary quantities, if they are not 
accompanied with some remarks upon the properties of equations 
with two terms. 

For example, the rule laid down in art. 164, gives directly 

V — a. X V — a = V — ax — « = Vfl' 5 
and if we take + a for -v/a«, we evidently come to an erroneoos 
result, for the product \/'Iir^ x y/^^a^ being the square of \/iri 
must be obtained by suppressing the radical sign, and is there- 
fore equal to — a, 

Bezout has obvisited this difficulty, by observing, that when 
we do not know by what method the square a' has been formed, 
we must assign for its root both -f a and — a; but wlien, by 
means of steps already taken, we know which of these two quan- 
tities multiplied by itself produced a', we are not allowed, io 
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the multiplication and division of radical quantities of the same 

degree. 
Let there be the general expressions 

\ o^ bt X \ 6^C ; 
we change (169) 

m n _ 

.m n *"'V— — 

*^*^ /^a*^ b"9, ^b^if", 

then by the rule given in art. 164, we have 

mn w»n **** 

>y a»»i> 6"f X yb^ ^ = V^ 6*?+^ (f^, 
for the product of the proposed radical quantities. 
We have also by the rule, art. 165. 
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gmg Iraek to the root, to take the other quantity. This is evi- 
dotttly the case with respect to the expression x/"^^ x x/"^^ ; 
here we iuiowy that the quantity a', contained under the radi- 
cal sign in tiie expression y^^, arises from — a multiplied by 
— a; the ambiguity therefore is prevented, and it will be readily 
seen, that in taking the root, we are limited to — a. 

The difficulty above mentioned would present itself in regard 
to the product \/ir X s/a^ if we were not led, by the circum- 
stance, of there being no negative sign in the expression, to take 

immediately the positive value of \/a^. In this case, since a^ 
arises from -f- a multiplied by 4- a, its root must necessarily be + a. 

There can be no doubt with respect to examples of the kind we 
have been considering | but there are cases, which can be clearly 
explained only by attending to the properties of equations with 
two terms. 

173. If, for example, it were required to find the product 

i^'^y/ZZ\ ; reducing the second of these radical expressions to 
the same degree with the first (169), we have 



Va X V(— 1)* = Va X V-h 1 = Va, 
a result^ which is real, although it appears evident, that the 

quantity Va multiplied by the imaginary quantity V— 1, ought 
to give an imaginary product. It must not be supposed howev- 

ePy that the expression \/a is in all respects false, but only that 
it is to be taken in a very peculiar sense. 

In fact, \/^ considered algebraically, being the expression for 
the unknown quantity x, in the equation with two terms, 

x^ — a = 0, 
admits of four different values (159) ; for if we make a = «*, by 

taking « to represent the numerical value of y'^ considered 
ind^^ndently of its sign, or the arithmetical determination of 
this quantity, we have the four values 

*X + U «X — 1, aX+\/'^^9 »X — ^"1=1? 

the third of which is precisely the product proposed. 

By a little attention, it will be readily perceived, whence the 
ambiguity, of which we have been speaking arises. The second 
power 4- 1 of the quantity -^ 1 under the radical sign, as it may 
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arise^ as well from + 1 x +!# as jEh>m — 1 X •— 1^ caos^g ttil 
qaantity x/i to have two valaesy which are not found in \/3Y. 

m n 

In general^ the process by which the product x/a X V* is 
formed, is Ireduced to that of raising this product to the pamet 
mn; for if we represent it by %, that is, if we make 

m n 

by raising the two members of this equation, first to tiie power ii^ 
we have 

again, raising it to the power it, we obtain 

Qfi Jm -2 ^t>"*^ 

This product therefore, being determined only by means of 
its power of the degree m n, or by an equation of this degree 
with two terms, must have m n values (159). This will be per- 

m n 

ceived at once, if we reflect that the expressions Va <^ V ^ 
being nothing but the values of the unknown quantities » andjf^ 
in the equations with two terms 

a?"* — a = 0, y^ — 6 = 0, 
and consequently admitting of m and of n determinations, ws 
have, by uniting the several m determinations of x, with the 
several n determinations of y, m n determinations of the product 
required. 

When we are employed upon real quantities, there is no diffi- 
culty in finding the values, because the number of those, that are 
i*eal, is never more than two (157), which difler only in the sign. 

174. If we ase the transformation explained in art 159, the 
difficulty will be confined to the roots of + 1 and — 1 ; for if we 
make x = *t and y^fiu, a and jS denoting the numerical values 

m n 

of Va» \/b considered without regard to the sign, the equations 

X^ qp a=:0, y*^ qp b=iOf 

become 
whence 



P q: 1 = 0, w« q: 1 = O5 




for_ its TOO* ; " 

m n 

in ^ich «/8 represents the product of the numbers vSJ" -\/i7 or the 
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arithiMtical det^minatioii of fhe root of the d^ree m n (tf the 
miinber a" 6*". 
If we would give a determinate value to the product of the rad- 

kal quantities v/± a, \/± 6,by fixing the degree of the radi- 
cal signs^ we must obtain from the equations 

t~ T 1 = 0, M» T 1 = 0, 

Ae several expressions for \/ ± 1^ \/ ± U suid combine 
tbem in a suitable manner. 

To conclude, these operations are not often required, except 
in some very simple cases, of which the following are the princi- 
pal; . _ _^ 

I suppress the radical sign in the expression V --T' and obtain 

4 4 4_ 4 

I do not here multiply — l by — 1, because this would lead to 
the ambiguity mentioned in art. 173; but observing, that the 
square of the fourth root is simply the square root, we have 



6 6 6 6 6 S 

3. v^— aXV — *=\/a*^(V— l)*=Vo*Xv'— 1 

6 6 

= \/aAX— '1= — \/ab. 

The results will be thus found to be alternately real and imag- 
inary. 

Calculus ofjrodional exponents. 

175. If we substitute, in tixt place of the radical signs, their cor- 
responding fractional exponents (132), and ap]^y immediately .the 
rules for the exponents, we shall obtain the same results, as those 
jhmished by the methods employed in the calculus of radical 
quantities. 

If we transform, for example, 

5 5 



into 



we have 



Va^b^j X^a^c^ 



S S 3 S 

o^ 6^, aJ 6^9 



23 
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Va* 6* X VflSc* = a"' f^"' X a^ c' =s 

then since | = 1 +|, and consequenflj 

• 1-1-1 1 

aJ=:a^^'^ = axdJ (25), 

1 » • 5 

and aJ V^ 6^ is equivalent to \/ab^c^f we have 



a result which is not only exact, but is reduced to its noiost siniT 
pie form. 

m n 

Let there be the general example Va/*6^ x Vlf<f 5 the radical 
expressions here employed may be transformed into 

we then have, according to the rules for the exponents, (25)^ 

P_ J_ Li. P. ?_+L L 

a"* 6^ X 6" c" = a*" 6"* « c^. 

Now in order to add the fractions •^, — , we must reduce th^n 

m n 

to the same denominator ; and to give uniformity to the results, 

we must do the same with respect to the fractions — , — ; we ob- 

m n 

tain, by this means, 

Qmn If mn Qmn* 

and placing this result under the radical sign, we have 

m n run 



Va^¥ X Vb^if = \/a^b^^'^"*^cf^. 

.. 176. The manner of performing division is equally simple, wc 
have for example 

• ^ 3 2 2 

VaFb^_ aJ b^ ^ b^ 



which may be reduced to 



s 
67 



r 1 ' 
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this jdaced under the radical sign becomes 

« Sac 

We have in general. 



reducing the fractional exponents to the same denominator, in 
order to perform the subtraction, which is i^equired, we find 

» np nq'-mr mn 

It is obvious, that the reduction of fractional exponents to the 
same denominator, answers here to the reduction of radical ex- 
pressions to the same degree, and leads to precisely the same 
results (in). 

177. It is also very evident, by the rule given in art. 127, that 

\y/cf ) = U"* / = a*" = Va«^, 
and by the rule laid down in art. 129, that 

n n 



Im (a. ^ »»«__ 



The calculus of fractional exponents affords one of the most 
remarkable examples of the utility of signs, when well chosen. 
The analogy, which prevails among exponents both fractional 
and entire, renders the rules, that are to be followed with res- 
pect to the latter, applicable also to the former ; but a par- 
ticular investigation is necessary in each case, when we use the 
sign \/~"> because it has no connexion with the operation that 
is indicated. The further we advance in algebra the more fully 
shall we be convinced of the numerous advantages, which arise 
from the notation by exponents, introduced by Descartes. 

General theory of equations. 

178. Ec^uATioxs of the first and second degree are, properly 
speaking, the only ones, which admit of a complete solution ; but 
tiiere are general properties of equations of whatever degree, by 
which we are able to solve them^ when they are numerical, and 
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which lead to many condasions of use in the higher parts of 
algebra. These properties relate to the particular forniy which 
every equation is capable of assuming. 

An equation in its most general form must contain all the 
powers of the unknown quantity, from that of the degree of the 
equation to the first degree, multiplied each by some known 
quantity, together with one term wholly known* 

A general equation of the fifth degree, for example, contains 
all the powers of the unknown quantity, from the first to the fifth ; 
and if there are several terms involving the same power of the 
unknown quantity, we must suppose them to be united in one, 
according to the method given for equations of the second de- 
gree, art. 108. All the terms of the equation are then to be 
brought into one member, as in the article above referred to ; 
the other member will necessarily be zero ; and when the first 
term is negative, it is rendered positive by changing the signs <rf 
all the terms of the equation* 

In this way we obtain an expre^on similar to the following ; 

in which it is to be observed, that the letters n, p, 9, r, s, U may 
represent negative as well as positive numbers ; then dividing 
the whole by n, in order that the first term may have only unity 
for its coefficient, and making 

£^p l^n L^n I 
n 

we have 

x' +Px^ + (lx^ +Rx^ +Sx+Tz=0. , 

In future I shall suppose, that equations have always been pre- 
pared as above, and shall represent the general equation of any 
degree whatever by 

X'' + P a?**-^ -f- Q O;"-* + TX+ ir=:0. 

The interval denoted by the points may be filled up, when the 
exponent n takes a determinate value* 

Every quantity or expression, whether real or imaginary, 
which, put in the place of the unknown quantity x in an equation 
pivpared as above, renders the first member equal to zero, and 
whicii consequently satisfies the question, is called the root of the 
proposed equation ; but as the inquiry does not at present relate 
to powers, this acceptation of the term root is more general, than 
that, in which it has hitherto been used (90, 129). 



il = P, ± = q, L = R, 1 = 8, _=T, 

n n ^ n n u 
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l!r9. Take a proposition analogous to those given in articles 

116 and 159) and one which may be regarded as fundamentaL 

DffAe root of any equatidn whatever 

x»+Px"-* + Qx»-* + Tx + U=:0, 

he represented by a, the first member oj this equation way be exacUy 

Hmdedbyx — a. 

Indeed, since a is one value of Xf we have necessarily 

a» + Pay^ + ^a«-* + Ta + r= 0, 

and consequently 

U=i — a*^P a"-* — q a^ — T a, 

so that the equation proposed is precisely the same as 

or" +Fx'^^ + qaf^^ +Tx\_^ 

~a»— Ptf»-i-^^a— * — Taj ' 

which may be reduced to 

+ T{x^a))-'^' 

As the quantities 

a* — a% af-^ — fl?-S af^ — «»*-«, x — a, 

are each divisible by a; — a (158), it is evident, that the first 

member of the proposed equation is made up of terms, all of 

which are divisible by this quantity, and may consequently be 

divided by a? — a, as the enunciation of the proposition requires.* 

* B'Alembert has proved the same proposition in the following 
manner. 

If we conceive the first member of the proposed equation to be 
divided by or — - a, and the operation continued until all the terms 
involving 07 are exhausted, the remainder, if there be any, cannot con- 
tain X. If we represent this remainder by jR, and the quotient to 
which we arrive by ^, we have necessarily ^ 

ar» + Pa?»-i + &c. = ^ (a? — a) + JR. 

Now if we substitute a in the place of or, the first member is reduced 
to nothing, since a is the value of a? ; the term (J (a? — a) is also 
nothing, because the factor x — a becomes zero ; we must therefore 
have jR = 0, and it is so, independently of the substitution of a ; for 
as this remainder does not contain Xj the substitution cannot take 
place, and it still preserves the value it had before. 

Hence it follows, that in every case, jR a 0, and that consequently 

od*^ + Paf^^ + q a:«"2, &c, 
is exactly divisible by or— - a. 
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180. To form the quotient we have only to substitute for the 
quantities 

a;« — a», ad^^ — a^\ cxf^ — «*-*, x — a, 

the quotients, which are obtained by dividing these quantities by 
X — a, and which are respectively 

af^^ + aaf-^ +a» a?«"^ ..... + a*"*, 

X^^ + a x"^ + a»^, 

^" ' + a""^, 

+ 1. 
Airanging the result with reference to the powers of x, we have 

ar"-^ + a oj"-* + a* X^-^ + a""* 

+ Par"- +PaX'^ + Pa»-*" 

+ qx^-^ + qa'"^ 

+ T. 

181. It is evident from the rules of division simply, that if the 
first member of tbe equation 

oc^ +Pa:"-i + qx^''^ + &c. = 0, 

he divided by x — a, the quotient obtained will be exhibited 
under the following form 

P'f q[^ &c. i-epresenting known quantities different from P, Q, &c. 
wc have then 

a;'* + P rc"-i + &c. =(0::— a) (a?"-^ + F a;"-^ ^ &c.) 5 
and according to what was observed in art. 116, the proposed 
equation may be verified in two ways, namely, by making 
X — a = or a?**-^ + P' ar»-2 + &c, = 0, 
Now if the equation 

has a root 6, its first member will be div isible by a: — 6 5 we 
have then 

^n-l ^ p/ ^n-2 ^ &c. = (.Cr; — 6) (a;"-2 + p'' ^n-^ ^ &(,^)^ 

and consequently , 

a?» + Pa;"-i + &c. = (a[r — a) (a; — 6) (a?»-2 ^ P" a,*"-^ + &cO ; 
the equation proposed may thei'eforc be verified in three ways, 
namely, by making 

X — a = 0, or or — 6 = 0, or a:""^ + P" ar»»-^ + &c. = 0, 
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If the last of these equations has a root e, its first member 
may still be decomposed into two factors 

X — c, af^ + F" a?"-^ + &c. = ; 
we then have 

= (x—a) (a? — 6) (x — c) (a:»-^ + P'"a:»-^ + &c.) ; 
from which it is obvious, that the proposed equation may be veri- 
fied in four ways, namely, by making 

X — a=0, X — 6 = 0, X — crzO, o:"-^ + P"' a:"-^ + &c. = 0. 
Pursuing the same reasoning, we obtain successively factors 
of the degrees 

n — 4, 71—5, n — 6, &c« ; 

and if each of these factoi's being put equal to zcro^ is susceptible 
of a root, the first member of the proposed equation is reduced 
to the form 

(x — a)(x — b)(x — c)(x — d) (a? — Q, 

that is, it is decomposed into as many factors of the first degree, 
as there are units in the exponent n, which denotes the degree of 
the equation. 
The equation 

a:» +Pa?«-i + &c. =0, 

may be verified in n ways, namely, by making 
X — a = 0, or X — 6 = 0, or x — c = 0, or x — d = 0^ 
or lastly, a? — Z = 0. 

It is necessary to observe, that these equations are to be re- 
garded as true only when taken one after the other, and there 
arise manifc^st contradictions from the supposition, that they are 
true at the .same time. In fact, from the equation otr — a = 0, 
we obtain or = a, while x — 6 = gives a: = 6, results, which are 
inconsistent, when a and 6 arc unequal quantities. 
182. If the first member of the proposed equation, 

oc^ +P x""-^ + &c. = 0, 
be decomposed into n factors of the first degree 

X — a, or — 6, x — c, x — d,.....a? — I, 
it cannot be divided by any other expression of this degree. In- 
deed, if it were possible to divide it by a binomial x — «, dlfier- 
ent fipom the former ones, we should have 

a:" + P o:"-^ + &c. = (a? — «) ( a;"-^ + jp a^*^-^ + &c.) 
and consequently 
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(a?— .a) {x — ft) (a? — c) (x — d) (a? — V) 

= (atr — •) (a:*-* +p a:»-» + &c.) ; 
now by changing x into «, this becomes 

(•_a) (•_6)(it_c)(« — d) (• — 0. 

= («_ I,) (»»-i + p «»-» + &c.) 

The second member ranishes by means of the factor «*— ««^ 
which is nothing ; this is not the case with respect to the first, 
which is the product of factors, all of which are different from 
zero, so long as « differs from the several roots a, ft, c, d • • • (. 
The supposition we have made then is not true ; therefore on 
equation of any degree whatever does not admit of more binomial 
divisors of the first degree^ than there are units in the exponent 
denoting its degree, and consequenily cannot have a greater fiwrnfter 
cf rootSm* 

183. An equation regarded as the product of a number of 
factors 

X — a, a:— 6, x — c, x — d, &c« 
equal to the exponent of its degree, may take the form of the 
product exhibited in art. 135, with this modification, tiiat the 
terms will be alternately positive and negative. 

If we take four factors, for example, we have 

X* — ax^ +abx* — aftca7-faftcd = 0« 

— bx^+acx^-^abdx 

— c x^ +adx^ — acdx 

— dx^ +bcx* — b cdx 

+ bdx* 
+ cdx^ 

The second terms of the binomials x — a, x — 6, a? — c, &c. 
being the roots of the equation, taken with the contrary ^sign, 
the properties enumerated in art. 135, and proved generally in 
art. 136, will, in the present case, be as follows. 

The coefficient of the second term, taken with the contrary sign, 
will be tlie sum of the roots ; 

The coefficient of the third term will be the sum of the products of 
the rootSf taken two and two; 

The coefficient of the fourth term, taken with the contrary sign, 
will be the sum of tJie products of the roots, multiplied three and 

* This demonstration is taken from the Annates de J^ath^maHqueSf 
published by M. Gergonne. See vol. iv. pp. 209, 210, note. 
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Aree, and so on^ the signs of the co^Bcients of the even terms 
being changed ; 

The last term, subject also to this law^ wM be the product of all 
the roots. 

Making, for example, the product of the three factors 

X — 5, ^4-4, ar + 3, 
equal to zero, we form the equation 

x^ +2x* — 22a?— -60 = 0, 
the roots of which are 

+ 5, — 4, — S; 
we have for their sum 

5— 4 — S= — 2j 
for the sum of their products, taken two and two, 

+ 5X— 4 + 5X — 3 — 4X — 3 = — 20 — 15 + 12 = — 23, 
and for the product of the three roots 

+ SX — 4X — 3 = 60, 
In this way we form the coefficients 2, — 23, — 60, changing' 
the signs of those for the second and fourth terms« 
If wo make the product of the factors 

X — 2, a; — 3 and x + Sj^ 
equal to zero, the equation thence arising 

or* — 19 a? 4- 30 = 0, 
as it has no term involying a:*, the power immediately inferior 
to that of the first term, wants the second term; and the reason 
is, that the sum of the roots, which, taken with the contrary 
sign, forms the coefficient of this term, is here 

2+3 — 5, 
or zero, or in other words, the sum of the positive roots is equal 
to that of the negative.'*^' 

184. We have proved (182), that an equation, considered as 
arising from the product of several simple factors, or factors of 
the first degree, can contain only as many of these factors, as there 
are units in the exponent n denoting the degree of this equation ; 
but if we combine these factors two and two, we form quantities 
of the second degree, which will also be factors of the proposed 
equation, the number of which will be expressed by 

n{n — 1) 



2 



(140). 



* See note at the end of this treatise. 
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. For example^ the flnrt memb^ of the equation 

x^'^ax^ +ahx^ '^abcx + abcdsz^ 
,^bx* +acx^ "^abdx 
— c a:* +od atr* — acdx 
^^dx^ + bex^'^bcdx 
+ bdx^ ' 
.'^'Cdx^ 
being the product of 

(oj — a)x(a?— &) X (a: — c)x(a?— A 
may be decomposed into flu^tors of the second degree^ in the six 
following ways ; 

(a?— a) {x — 6) X (a?—* c) (x — d) 
Qc^^a) (X — c) X (x — b) (a?— (Q 
(ap— a) (X — d) X (a:— 6) (ar — c) 
(x — 6) (a? — c) X (« — a) (x^^d) 
(a? — 6) (ar — d) x (a?—- a) (a?^— c) 
(x-^^c) (x — d) X (x — a) (x — J) J 
whence it appears; that an equation of the fourtibi degree may 
have six divisors of the second* 

By combining the simple factors three and three, we form 
quantities of the third degree for divisors of the proposed equa- 
tion ; for an equation of the degree n the number will be 

w(n^-l)(n — 2) 
t . 2 . 3 ^ 
and soon. 

O^ dimination among equations exceeding the first degree. 

185. The rule given in art. 78, or the method pointed oat in 
art. 84, is sufficient, in all cases, for eliminating in two equa- 
tions an unknown quantity, which does not exceed the first 
degree, whatever may be the degree of the others ; and the rule 
of art. 78 is applicable, even when the unknown quantity is of 
the first degree in only one of the proposed equations. 

If we have, for example, the equations 

ca:^ +6 ajy + cy* =m* 
ar* +a?y = «*, 
taking, in the second, the value of y, which will be 

n* -—a?* 

^ — ^' 



Sqiwtums exceeding the Fint Degree* iB7 

and substituting fliis value and its square^ in the |dace of y and 
y' in file first equittioiij we obtain a result involving only x. 

186. If both of the proposed equations involved the second pow- 
er of each of flie two unknown quantities, the above method could 
be a^^ied in resolving onl j one of the equations, either with 
respect to a? or y. 

Let there be, for example, the equations 

aa:» +fta?y + cy* =m*, 
x^ + y«=ii«; 
file second gives 

y= ± v^n*^— ar» 5 

Substituting this value of y and its square in the first, we obtain 

ax* ± bx\/n* — or* +e(n* — a?') = m*. 

Our purpose appears to be answered, since we have arrived 
at a result, which does not involve the unknown quantity y, but 
we are unable to resolve the equation containing x, without 
reducing it to a rational form, by making the radical sign, under 
which the unknown quantity is found, to disappear. 

It will be readily seen, that if this radical expression stood 
alone in one member, we might make the radical sign to disap- 
pear by raising this member to a square. Collecting togetlier 
all the rational terms then in one member, by transposing the 

terms ± bx%/n* — a?* andm*, we have 

taking the square of each member, we form ihe equation 

+2acx*(n*—x*y—2(m^x*—Qem\n*'-x*y J''^ a? (^w -^ ;, 
which contains no radical expression^ 

The method, we have just employed for making the radical 

sign to disappear, deserves attention, on account of tlie frequent 

mx^asion we have to apply it ; it consists in imclaUng the qtumtUy 

found under the radical sign, and then raising the two members of 

thejfroposed equation to the power denoted by the degree of this sign. 

187. The complicated nature of this process, which increases 
in proportion to the number of radical expressions, added to the 
difiiculty of resolving one of the proposed equations with refer- 
ence to one of the unknown quantities, a difficulty, which is often 
insurmountable in the present state of algebra, has led those, who 
have cultivated this science, to seek a metho4 of effecting the 



\ 



IBS Bttments cf Mgdfra. 

elimination without this ; so that the resolution of the equations 
shall be the last of the operations required for the solution of the 
problem. 

In order to render the operation more simple, we . reduce 
equations with two unknown quantities to the form of eqantions 
with only one, by presenting only that, which we wish to elim- 
inate. If we have, for example, 

X* +axy + bx=icy^ +dy + e, 
we bring all the terms ii^to one member, and arran^ them with 
reference to or ; the equation then becomes 

x^ + (ay + b)x-^cy^ — dy — e = 0; 
abridging this, by making 

ay + b = P, — cy*— dy — e=^, 
we have 

x^+Px+q=:0. 
The general equation of the. degree m with two unknoMm 
quantities must ccmtain all the powers of x and y, which do not 
exceed this degree, as well as those products, in which the sum 
of the exponents of x and y does not exceed m ; this equation 
then may be represented thus ; 

• f**#»*»»* •••••••••• 

+(p+w+^* • • • +^r"'>'+/-M'y-K'»* • • • +^'^^=0. , 

No coefficient is assigned to xf^ in this equation, because we 
may always, by division, free any term of an equation we please, 
from the number, by which it is multiplied. Now if we make' 

«+6y = P, c + dy + ey^:=zq^ f+gy + hy^ +ky^z=xB, 

P+qy +uy^''^z=T, p' + rfy..f.. + v'y'^=s?U, 

the above equation takes the following form 

af^+Pqr^^+qx''^ + Rxi^^ + Tx+UzsO. 

188. It should be observed, that we may immediately elimit 
nate x in the two equations of the second degree, 

x^ +Px+q = 09 ar2+Fa? + Q' = 0, 
l^y subtracting the second from the first. This operation gives 

HP -^ P) ac + q- q[ = 0, 

Q ^^ff 
whence .r = -^ -^ — ^ ; 

substituting this value in one of the two proposed equations^ the 
rtrst fyv example, we find 
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{P-^p^y p^B ■*■'<-"' 

making the denominators to disappear^ we have 

then developing the two last terms^ and making the reduction 

We have then only to substitute for P, Qf P' and ^, the particu- 
lar values, which answer to the case under consideration. 

189* Before proceeding further I shall show, how we may 
determine, whether the value of any one of the unknown quanti- 
ties satisfies, at the same time, the two equations proposed. In 
order to make this more clear, I shall take a particular exam- 
ple ; the reasoning employed will however be of a general nature. 

Let there be tlie equations 

a?«+.3ar«y-|.Sa:y*— 98 = 0.....(1) 

x*+4xy — 2^> —10 = (2) 

whkh we shall suppose ftamished by a question, that gives y = 3. 

In order to verify this supposition, we must substitute 3 in the 
place of y, in the proposed equation ; we have then 

X* +9x*+Q7 X — 98 = (a) 

X* +12 0? — £8 = (b) 

equations, which must present the same value of x, if that, which 
has been assigned to y, be correct. If the value of or be repr^ 
sented by «, the equation (a) and the equation (b) wUl, accord- 
ing to what has been proved in art. 179, both of them he divisible 
by or *— « ; they must therefore have a common divisor, of which 
07*— •« forms a part; and in fact, we find for this common divi- 
sor X ^^2 (48) ; we have therefore « = 2. Thus the value y = 3 
fulfils the conditions of the question, and corresponds to o: = £• 

If there remained any doubt, whether or not the common divi- 
sor of the equations (a) and (b) must give the value of o?, we 
might remove it by observing^ that these equations reduce them- 
selves to 

(07« -f.llx + 49)(o;— 2) = 0, 
(o: + 14)(o: — 2)=0, 
from which it is evident, that they are verified by putting 2 in 
the place of x. 

190. The method I have just explained, for finding the value 
of X, when that of y is known, may be employed immediately in 
t^e elinpnation of Xf 
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Indeed, if we take the equations (1) and (8)9 and go tbrongki 
the process necessary for determining^ whether they have a com- 
mon divisor involving Xf instead of finding one, we arrive at a 
remainder, which contains only the unknown quantity y and 
numbers, that are ^vcn ; and it is evident, that if we put in the 
place of y its value S, this remainder will vanish^ since by the 
same substitution, tlie equations (1) and (2), become tibe equap 
tions (a) and (b), which have a common divisor. Forming an 
equation therefore^ by taking this remainder and zero for the 
two members, we express the condition, which the values of y 
must fulfil, in order that the two ^ven equations may admit, it 
the same time, of the same value for x» 

The adjoining table presents tbe several steps of the opera** 
tion relative to the equations, 

a:« + 3 OP* y + 3 a? y* — 98 = 
x^+Axy — 2y* — 10 = 0, 
on which we have been employ^ in the preceding article. ^T«, 
find for the last divisor, 

(9y» + 10)a:~2y» — lOy — 98; 
and the remainder, being taken equal to zero, gives 

43 y^ + 345 y* — 1960 y ® + 750 y* — 2940 y — 4302 = 0, 
an equation, which admits^ besides the value jr = S given above, 
of all the other values of y, of which the question prc^osed is 
isusceptible. 

The r^nainder above mentioned being destroyed^ that preced- 
ing the last becomes the common divisor of the equations ^*o* 
posed ; and being put into an equation, gives the value of x when 
that of y is introduced^ Knowing, for example, that y = 3, we 
substitute this value in the quantity 

(9 y« + 10) a: — 2 y» — lOy — 98 ; 
then taking the result for one member, and zero for the other, we 
have the equation of the first degree 

91 a:-- 182 = 0, or a? = 2. 

191. The operation, to which the above equations have bc^n 
subjected, furnishes occasion for several important remarks. 
First, it may happen that the value of y reduces the remainder 
preceding the last to nothing ; in this case, the next higher 
^*emainder, or that, which involves the second power of a;, be- 
comes the common divisor of the two proposed equations. In- 
troducing then into this the value of y, and putting it equal to zero. 
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we have an equation of the second degree, involving only x, ih$ 
two values of which will correspond to the known value of y. 
If this value still reduce to nothing the remainder of the second 
degree, we must go bach: to the preceding, or that into which 
tht^ third power of x enters, because this, in the case under con- 
sideration, becomes the common divisor of the two proposed epila- 
tions ; and the value of y will correspond to the three values 6( x. 
In general, we must go back until we arrive at a renuiinder, 
which is not destroyed by substituting the value of y* 

It may sometimes happen, that th»« is no remainder, or fliat 
the remainder contains only known quantities. 

In the first case, the two equations have a common divvMir 

independently of any determination of y ; they assume then flie^ 

following form, 

PxJD=0, qxD:=iOj 

B being the common divisor. It is evident, that we satisfy boft 

the equations at the same time, by making, in the first plac| 

J9 = ; and this equation will enable us to determine *one of tte 

unknown quantities by means of the other, when the fiu^fen* B 

contains both ; but if it contains only given quantities and x^.Hm 

unknown quantity wUl be determinate, and the other will remain 

wholly indeterminate. With respect to the factors, which do 

not contain or, they are found by what is laid down in ar^ 50* 

Next, if we make at the same time 

* P = 0, ^=0, 
we have still two equations, which will iiimish solutions of tlie 
question proposed. 

Let there be, for example, 

(ax + hy'—^c){mx + ny — d)=:0, 
(a!x + b'y — cf) (mx + ny — d)=0; 
by supposing, first, the second factor, common to the two equa- 
tions, to be nothing, we ha^ e with respect to the unknown quan* 
tities X and y only the equation 

mx + ny — d=:0, 
and in this view the ques ion will be indeterminate ; but if we 
suppress this factor, we ai*c furnished with the eqjuations 

ax + by — c = 0, cd x + Vy — c' = 0, 
or ax + hy:=z Cf a' x + b^y =icf ; 

and in this case the question will be determinate^ since we have 
as many equations as unknown quantities. 
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When the remainder contains only given quantities^ the two 
pioposed equations are contradictory ; for the common diirisor^ 
by which it is shown^ that tliey may both be true at the same timet 
CBDiiot exist except by a condition^ which can never be fulfill- 
ed.^) This case corresponds to that mentioned in art. 68^ rela^ 
tiye to equations of the first degree.* 

192. If then we have any two equations 

af' + Par^^ + (laf^ + Rair-^.... + Tx+ 17=0, 

of" +P'af^^+q[x'^+jB!x^.... + rx+:p:=zo, 

where the second unknown quantity y is involved in the coeffi- 
cients F, ^f Slc. Pf ^, &c. in seeking the greatest common 
divisor of their first members, we resolve them into other more 
simple expressions, or come to a remainder ind^endent of x, 
which must be made equal to zero. 
TTiis remainder will form the Jinal equation of the question 

f pn^osed, if it does not contain factors foreign to this question ; 

«tart it very often b^ins with polynomials involving y, by which 
Ae highest power of x in the several quantities, that have 
be^i successively employed as divisors, is multiplied, and we 
arrive at a residt more complicated than that, which is sought, 
should be. In order to avoid being led into error with respect 
to the values of y arising from these factors, the idea, which first 
presents itself, is to substitute immediately in the equations pro- 
posed each of the values furnished by the equation involving y 
only ; for all the values, which give a common divisor to these 
equations, necessarily belong to the question, and the others must 
be excluded. It will be perceived also, that the final equation will 



* It will be readily perceived, by what precedes, that the problem 
for obtaining the final equation from two equations with two unknown 
quantities, is, in general, determinate ; but the same final equation 
answers to an infinite variety of systems of equations with two un- 
known quantities. Reversing the process, by which the greatest com- 
mon divisor of two quantities is obtained, we may form these systems 
it pleasure ; but as this inquiry relates to what would be of little 
use in the elementary parts of mathematics, and would lead me into 
tedious details, I shall not pursue it here. Researches of this nature 
must be left to the lagacity of the intelligent reader, who Avill not 
till, as occasion offers, of arriving at a satisfactory result. 

25 
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become incomplete, if we suppress in the operation any factor 
involving y ; but all these circumstances together occasioB 
some inconvenience in the application of the above method,* 
and lead me to prefer the method given by Euler, which I shdl 
explain in the following article. 
193. Let there be the equations 

x^+P'x^ + q;x^+B!x + 8' = 0; 

representing by or — « « the foctor, which must be conunon to botht 
When y is determinate in a proper sense, we may consider the first 
OS the product of 'a* — « by the factor of the second degree, 
X* +px + qf and the second as the product of oc — « by the 
factor of the third degree x^ +p' x^ + ^x + r^, p and. q, /, t[ 
and r^ being indeterminate coefficients. We have then 

x^ +Px^ + qx + R=:{x — *)(x^ +px + q), 
x^+Fx^ + ((x^+B!x + 8'=:{x—*)lx^+p'x^+^x+f^). 

Exterminating the binomial (x — «), in the same maimer as.aa 
unknown quantity of the first degree (84), we find 

(X^ + Px^ + qX + R){X^ +p'x^ +^X + f^)=: 

{x^ +Fx^ +q!x^ +b;x + 8') {X* +px + q) ^ . 

a result, which must verify itself without any particular value 
being assigned to or ; this cannot take place however, unless the 
first member be composed of the same terms as the second ; we 
must therefore, after performing the multiplications, which are 
indicated, put the coefficients belonging to each power of or in 
one member respectively equal to those belonging to the same 
power in the other. In this way we obtain the following equa- 
tions ; 

F+p'z=P+p Rp' + q(f + Fi^=:S +S!p+q[q 

^ + Pp' + (f=^+P'p + q R(i + qf^8'p + R!q 
R+ qp' + Pq' + r' = R: + q;p +Fq Rr'=z8'q. 

As we have here six equations, and only five indeterminate 
quantities, namely p, g, p', ^ and r', all of which are of the first 



*0n this subject see a memoir of M. Bret, in the 15th nuipber, of 
Journal de PEcole Polytechnique, also one of M. Lef6bure, 3d num- 
ber, vol. iu of the Correspondance of the same school. 
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degree^ these quantities may be extermmated ; we sball thas 
arriYe at an equation, which, involTing only the quantities P, 
^ RfF'f^f Wf and fff will express a condition necessarily im- 
plyed in the conditions of the question, and which consequently 
will be the final equation in y«* 

Should this equation be identical, it follows, that the proposed 
equations have at least one factor of the form x — «, whatever y 
may be; on the contrary, if the final equation contain only 
known quantities, the proposed equations are contradictoiy. 

When tiie final equation takes place, we obtain the factor x — « 
by dividing the first of the proposed equations by the polynomial 
x^ +px + qi we find for the quotient 

x + T^'p, 

and neglect the remainder, because it must necessarily be reduc- 
ed to nothing, when we substitute in the place of y a value 
obtained from the final equation. Putting the above quotient 
equal to zero, we find 

ar=ii— P, 



* The method of Euler, explained here, amounts to multiplying 
each of the proposed equations by a factor, the coefficients of which 
are indeterminate, putting the products equal, and disposing the 
coefficients in such a manner, that the terms containing the unknown 
quantity destroy each other. In this {form it is presented in his 
IvtroducHon to the analysis of infinites. The exponent, which denotes 
the d^ree of the products, being designated by k, that of the factors 
ii fc— 'm for the equation of the degree m, and ^ — n for that of the 
degree n. The first term of each of these factors, having unity for 
t coefficient, the one containsAr-—m indeterminate coefficients, and 
the other I:—- n. The sum of the products contains a number k of 
terms involving x ; but it is necessary to destroy k — 1 terms 
only, because that, which contains the highest power of x, vanishes 
flf itselfl It follows from this, that the whole number 2 Ac i— - m — n 
of indeterminate coefficients must be equal to i(c «- 1, and conse- 
quently Acsacin + n— 1; we must therefore multiply the equation 
of the degree m by a factor of the degree n — 1, that of the degree 
t by a factor of the degree m — 1, and put the products equal, 
term to term, a method similar to that given in the text It may be 
observed, that this former method of Euler contains the germ of that 
developed by B6zout in his Thiorie des Equations JilgSbriqws. 
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and tMs value q[ x will be known, w at least will be 
by means of y, if we substitute for p its value deduced tram the 
equations of the first degree, formed above. 
This expressiw assumes, in general, a fractional from, so 

JIT 

that we have ar=^, or JV*:v— • JVrr 0; and it may be seen in 

this case, that the values ci jf, wiiich would cause JIT and JV*ta 
vanish at the same time, would verify the preceding equation 
independently of x ; this takes place in consequence of the fiM^ 
that by means of these values, flie proposed equations would 
acquire a common factor of a degree above the first It would 
not be difficult to go back to the immediate conditions in which 
this circumstance is implied ; but the limits I have prescribed 
to myself in the present treatise do not permit me to enter into 
details of this kind. 

194. Now let there be the equations 

x^+Px + q=i09 a?«+P'a? + ^ = 05 
the factors, by which x — « is multiped, will be here of tike flnt 
degree, or x +p and x + ff simply ; in this case 

11 = 0, ir = 0, 8'rzO, gmO, f'ssO, r^ssO, 
and we have 

r+f/ =:F+p 1 r p—p^ =p— p^ 

q+Pp'^q+F'ploriFp—Pp'^q^^f 

qpl^qp J lq[p—qp'^o. 

From flie two first equations we obtain 

P-- pZTf ' 

^ ^F-P')F'-(q-q! ) 

V y:^f 

Substituting these values in the third, we have 

or (P-F)(PI?'— «P0 + («-^*=O. 

Now if in the equation 

x-szp — P; 
we put, in the place of ji, its value found above, we have 

195. In order to aid the learner, I shall indicate the operations 
necessary for eliminating x in the two equations 

w»+P«« + £a: + Jl=o, flc^+P'os^ + ^aj+jrasO. 
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iSTmO^ 1^ = (193), 
nd are furnished wifli these live equations ; 

q + FpT+q' =^ +F'p+q, 
R+qj/ + Pilf:=zlt +q[p + P'qs 
Mp^ + qijf^Kp+(fq 

Uch Bugr tike flie fdlowing form 

p-^pf sbP— F, 

We may, hj the rules giren in art 88, obtain immediately 
am any four of these equations, the yaluet of the unknown 
lantities p, pf, q and 9' ; but flie simple form, under which the 
fit and the last of the equations are presented, enables us to 
'rive at the result, by a more cccpeditious method* In order to 
»ridge tlie expressions, we make 

kd proceM to deduce from the first and last of the proposed 
[uations, 

pT^ip — t, i-'^i 

en substituting: these values in the three others, and making 
e denominator R to disappear, we have 

{F — I^Rp + ^R — «)q=:R{(i ^Tt)...{?L\ 

(^q;^(ORp + {RP^PI^q=:R{ef'^qe)...lb), 
(It — R)Rp+lRq['^qRr)q=i—R^e ..(c). 

now we obtain, fix>m the equation9 (a) and (b), the values of jr 
id q (88), and suppress the factor R, which will be common ta 
B numerators and the denominator, we have 

_ {e' —Pe){RP' — PR')-^{R^Rf) je'^-^qe) 
^"■(P— P) (JK P— PjR') — (ir — JR')(^— ^) * 

,_ (p--p)(e^-~»)fi-jg(^-PO(y-(;) . 

tting these values in the equation (c), we obtain a final equa- 
m, divisible by R, and which may be reduced to 
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(«'-.ll)[(e'—Pe)(BP' — PIT) — (« — *)(«" — *^)] ' 

it only remains then to substitute for tbe letters e^ ^ e'' the quan- 
tities they represent 

196. If we haye the three unknown quantities or, jf and %f and 
are furnished with an equal number of equations distinguished by 
(1), (2) and (3) ; in order to determine these unknown quantities^ 
we may combine^ for example, the equation (1) wifli (2) and with 
(3), to eliminate Xf and then extermine y from the two resultsy 
which are obtained. But it must be observed, that by this m^ 
cessive elimination, the three proposed equations do not concur, 
in the same manner, to form the fini^ equation ; the equation (1) 
is employed twice, while (2) and (3) ar« employed only once; 
hence the result, to which we arrive, contains a factor foreign to 
the question (84.) Bezout, in his Thime de$ Equations^ has 
made use of a method, which is not subject to this inconvenience, 
and by which he proves, that the degree of the final equationf re- 
tidtifog from the dimination among anff number whatever of com- 
plete equaUonSt contamhig an equal number of wiknawn gmwiftfto, 
and quantities qfany degrees whatever, is equal to the product of the 
exponents, which denote the degree of these equations. M. Poisson, 
has given a demonstration of the same proposition more direct 
and shorter than that of Bezout ; but the preliminary informa- 
tion, which it requires, will not permit me to explain it here ; it 
will be found in the Supplement. At present I shall observe sim- 
ply, that it is easy to verify tliis proposition in the case of the 
final equations presented in articles 194 and 195. If we suppose 
the proposed equations given in those articles to be complete, the 
unknown quantity y enters of the first degree into P and P', of 
tbe second degree into Q and ^', of the third into R and ff; 
hence it follows, that e will be of the first degree, ef of the second, 
and e" of the third, and that the terms of the highest degree found 
in the products indicated in the final equation given in art. 194, 
will have 4, or 2 . 2, for an exponent, and those of the final equa- 
tion art. 195 will have 9 or 3 • 3. 
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Of commensurable rootS9 and the equal roots (fwmimcalequatums. 

19T» HAvrarG made known the most important properties of 
algebraic equations^ and explained the method of eliminating the 
onknown quantities, when several occur^ I shall proceed to tha 
numerical resolution of equations with only one unknown quan« 
titj9 that is, to the finding of their roots, when their coefficients 
are expressed by numbers.* 

I shall begin by showing, that when the proposed equation has 
mhf whole numbers for its coefficients f and tliat of its first term is 
mU^i its real roots cannot he expressed by fractionSf and conse^ 
pientty can be only whole numberSf or numbers, that are incommen- 
surable. 
' In order to prove this, let there be the equation 

af'+Px^^+qx'^ + Tx+U=zO, 

in which we substitute for x an irreducible fraction -r- ; the 

equation then becomes 

a" II""* a"~* a 

reduduig all the terms to the same denominator, we have 

a" +Po»-i6+ ^a^-^i* ...•. + Ta6«^*+ r6» =o; 
which is equivalent to 

a'' + b(^P(^-^+ qa'^^b + Ta 6""»+ Ub''-^) = 0. 

The first member of this last equation consists of two entire 
parts, one of which is divisible by b, and the other is not (98), 

sinqe it is supposed, that the fraction -r- is reduced to its most 



simple form, or that a and b have no common divisor; one of 
th.ese parts cannot therefore destroy the other. 

198. After what has been said, we shall perceive the utility of 
making the fractions of an equation to disappear, or of render- 
ing its coefficients entire numbers, in such a manner however. 



* There is no general solution for degrees higher than the fourth ; 
properly speaking, it is only that for the second degree, which can 
be regarded as complete. The expressions for the roots of equatious 
of the third and fourth des^ree are very complicated, subject to excep- 
tions, and less convenient in practice than those, which I am about 
to give ; I shall resume the subject in the Supplement 
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ihat tbe lint term may bare only unity for its coefficient. TUa. 
is done by making the unknown quantity proposed equal to a new 
unknown quamtihf dhnded by the product of dUfht denomimatan of 
the equation, then reducing all the terms to flie same denomiiMilarf 
by the method giTen in art 52. 
Let there be^ for example, the equation 

m n p 
we take x = ^ , and introducing this expression for x inta 
the proposed equation, we obtain 

_*!- + J^y!_ + -^ +1=0 • 

m^ n* p^ m^ n* p* mn^ p p * 
as the divisor of the first term contains all the fiictors found in (M 
other divisors, we may multiply by this divisor and flws rednee 
each term to its most simple expression ; we find then 
y*+anpy* +ftiii* np* y + cfn*n» p* = 0. 
If the denominators m, n, p, have common divisors, it la only 
necessary to divide y by the least number, which can be divided 
at the same time by all the denominators. As these methods of 
simplifying expressions will be readily perceived, I shall not 
stop to explain them ; I shall observe only, that if all the de- 
nominators were equal to m, it would be sufficient to make 

m 
The proposed equation, which would be in this case. 





, . ax* bx , e 

«*+ + — +- = 0, 

' tn 'mm 


then becomes 


, 






and we have 





y^ +ay* +ftwy +m*c=0. 
It is evident, that the above operation amounts to multiplying^ 
all the roots of the proposed equations by the number m, since 

0? = ~ gives y=:mx» 

199. Now since, if a be the root of the equation 

x^ +Pa'»-i + ^ar»-*. . .. + Tx+ 17=0, 
we have 

U=: — a'''^Pa''-^—qa'"^ ^Ta (179), ' 
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it ffdlowsy that a is necessarily one of the divisors of the entire 
number U^ and consequently, when this number has but few divi- 
sors, we have only to substitute them successively in the place of 
X, in the proposed equation, in order to determine, whether or not 
this equation has any root among wliole numbers. 
If we have, for example, the equation 

a:3 — 6a;» +27* — 38 = 0, 
as the numbers 

1, 2, 19, 38, 
are the only divisors of the number 38, we make trial of these, 
both in their positive and negative state; and we find, that the 
whole number -f- 2 only satisfies the proposed equation, or that 
opss: £• We then divide the proposed equation by a: — 2 ; put- 
ting the quotient equal to zero, we form the equation 

oc* — 4a:+19 = 0, 
the roots of which are imaginary ; and resolving this we find, 
that the proposed equation has three roots, 

0^=2, x=2+\,'Zris9 a: = 2 — \Ari5. 
200. The method just explained, for finding the entire number, 
which satisfies an equation, becomes impracticable, when the last 
term oS this equation has a great number of divisors ; but the 
equation, 

U=:—a'' — Pa''-^— q^ar^. • . . — Ta^ 
furnishes new conditions, by means of wliich the operation may 
be very much abridged. In order to mal^e the process more 
plain, I shall take, as an example, the equation 

ar* + Pa?» + ^a:« +Bx + 8^0. 
The root being constantly represented by a, we have, 

a^ + Pa^ +qa^ +Ba+8=:09 
8=: — Ba^qa^ —Pa^ — a^, 
from which Sve obtain 

£ = — fi — Oa — Pa«— a». 
a 

S 
It is evident from this last equation, that — must be a whole 

number. 
Bringing B into the first member, we have 



£ + jR = _Oa— Pa»— .a*; 



S6 



i^^MMMi 



1 



a 

abridging the expression by making — -f IZ =5 S^ and diiidtij^ 

the two members of the equation 

jr = — Qa— Pa«— a^ 
by a, we have 



whence we conclude, that — must also be a whole number*^ 

, a 

R' 

Transposing ^ and making — + 4 = ^^ ^^ dividing tht 

two members by a, we obtain 

a 

whence we infery<that^ must be a whole number. 

" a 

Lastly, bringing P into the 6nt member^ making -^ -f Ps= f 
and dividing by ay we have 

a 
Putting together the above mentioned conditions, we shaD pa** 
ceive, that the number a will be the root of the proposed equft- 
tion, if it satisfy the equaticms 

^ + B = i2', 
a 

^+p=r, 

a 

P' • 
a 
in such a manner, as to make Pi 9 9[ s^nd P' whole numbers. 

Hence it follows, that in order to determine, whether one of the 
divisors a of the last term ^can be a root of the proposed equa- 
tion, we must, 

1st* Divide the last term by the divisor a, and add to the quo- 
tient the coefficient of the term involving x ; 

£d. Divide this sum by the divisor a, and add to the quotient the 
coefficient of the term involving x* ; 

Sd. Divide this sum by the divisor a, and add to the quotient the 
coefficient of the term involving x^ ,* 
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4A. DMie VAs sum by the droisar a, and add to the quotiefa 
unity f or the coefficient of the term mocMng x^ ^ the result will 
becomeequalto caerOf ifh Uf in fact, the root. 

The rules given above are ajiplicable, whatever be the degree 
of the eqaation; it must be observed however, that the result 
will not become equal to zero, until we arrive at the first term 
of the proposed equation."* 

dOl. In applying these rules to a numerical example, we may 
•conduct the (qperatlon in such a manner as to introduce the sev- 
•eral trials with all the divisors of the last term, at the same time. 
For the equation 

X* — 9 ar* +23 a?« — 20 « + 15 =0, 
vfhe operation is, as follows ; 

+ 15, + 5, + 3,'+ 1, _ 1, ~ 3, — 5,^15, 

+ 1, + 3, + 5, + 15, — 15, — 5, — 3, — 1, 

~19,— -ir,— 15,— 5, —35, —25, —23, — 2t, 

— 5, — 5, + 35, 
+ 18, + 18, + 58, 
+ 6, + 18, — 58t 

— 3, + 9, — 6r, 

— 1, + 9, + 67, 
0. 

All the divis<»^ of the last term 15 are arranged, in the order 
of magnitude, both with the sign + and — , and placed in the 
same line ; this is the line occupied by the divisors a. 

The second line contains the quotients arising from the num- 
ber 15 divided successively by all its divisors; this is the line 

S 
for the quantities — • 

a 

The third line is formed by adding to the numbers found in the 



* It would net be difficult to prove by means of the formula for the 

quotients given in art, 1 80, that the quantities —,—,—, taken with 

the contrary sign, and with the order inverted, are the coefficients of 
the quotient arising from the polynomial 

^* + Px^ + qx* +RX + S 
divided by a: •»— «, and which is consequently 
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preceding the coefficient — - 20, by wiiich x is mipkiplied ; this is 
the line for the quantities B!= — f- B* 

The fourth line contains the quotients of the several numbers 
in the preceding divided by the corresponding divisors ; this is the 

R' 
line for the quantities -, In forming this line, we neglect all 

I 

the numbers, which are not entire. 

The fifth line results from tlie number^, written in tlie preced- 
ing, added to the number 2S, by which x^ is multiplied ; this line 
contains the quantities ^« 

The sixth line contains the quotients arising from the numbers 
in the preceding divided by the corresponding .divisors 5 it com- 

prebends the quantities -^^ 

The seventh line comprehends the several sums of the num- 
bers in the preceding, added to the coefficient — 9, by which x* 

is multiplied ; in this line are found the quantities ^ -f- P. 

a 

Lastly, the eighth line is formed by dividing the several num- 

bei*s in the preceding by the corresponding divisors ^ it is the 
P 

line for — . As we find — 1 only in the column, at the head of 
a 

which -f- 3 stands^ we conclude, that the proposed equation has 
only one commensurable root, namely + ? j it is therefore divi- 
sible by X — 3.* 

The divisors -f- 1 and — 1 may be omitted in the table, as it 
is easier to make trial of them, by substituting them immediately 
in the proposed equation. 

202. Again, let there be, for example, 

x^ — 7a?* +36 = 0. 

Havin.^ ascertained, that the numbers -f- 1 and — 1 do not 
satisfy this equation, we form the table subjoined, according to 
the preceding rules, observing that, as the term involving x is 
wanting in this equation, x must be regarded as having for a 
coefficient; we must therefore suppress the third line, and de- 
duce the fourth immediately from the second. 



Forming the quotient according to the preceding note^ we find 
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+3(m-M,+ ia, + 9, + fi, + 4,+ 3,+ 8,- 2,- 3, - 4, -fi,- 9, -11, -18,-35 
+ 1,+ «,+ 3, + 4,+ (S + 9,+ ia,+ 18,-18,-ia,-9,-6,-4,- 3,- 2,- 1 

+ 1, +4,+9, + 9, + 4, +1 
~6, — 3, + 2, + 2,— 3, —6 
^1, —1, — 1,+ 1, +1 
0, 0, 0. 

"We iind in this example three numbers, which fulfil all the 
condition9f n^inely, + .6 + 3 and — ?. Thus we obtain, at the 
same time, the three roots, which the proposed equation ad- 
mits of ; we conclude then, that it is the product of thi*ee simple 
fiictors, X — 6, x — 3 and a? + 2. 

203. It maj be observed, that there are literal equations, 
which may be transformed, at once, into numerical ones. 

If we have, for example, 

y* +2py» — 33p*y + 14p» = 0, 
making y = p or, we obtain 

p^ x^ +2p^ x^ — 33 p* a:+14p' = 0, 
a result, which is divisible by p^, and may be reduced to 

a:* + 2 a:* — 33 ac + 14 = 0. 
As the commensurable divisor of this last equation is a? -f- 7, 
which gives a: = — r, we have 

y- — 7p. 
The equation involving y is among those, which ai-e called 
homogeneous eqiuiMonSf because taken independently of the numer- 
ical coefficients, the several terms contain the same number of 
fiictors.* 

204. When we have determined one of the roots of an equa- 
tion, we may take for an unknown quantity the difference 
between this root and any one of the others ; by this means we 
arrive at an equation of a degree inferior to that of the equation 
proposed, and which presents several remarkable properties. 

Let there be tlie general equation 

af» + Par»»-i + qx"^-^ + B x^^ + Tx+ 11= 0, 

and let a, 5, c, cf, &c. be its roots ; substituting a + yin the place 
of Xf and developing the powers, we have 

* For a mor^ full account of the commensurable divisors of equa- 
tions, the reader is referred to the third part of the EUmens d^JilgS- 
hre of dlairaut. This geometer hjs treated of literal as well as 
Bamerical equations. 
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X 



2 - - ••• 






^=0." 



=0- 



The first column of this result, being iiimilar to the praponi 
^equation, vanishes of itself, since a is one of the foots of tliii 
.equation ; we may therefore suppress this coIouhi, and ^ivi^ «11 
the remaining terms by y ; the equation then becomes 

X 

+ (ffl — 2) (^a'"-'^ ("» — gK"'--^) ^a,»-«y^^^^ 

At 

+ (m — 3) gg"^ + (m — 3)(m—4) Ja«-5y ^,. , 

+ T 

This equation has evidently for its m — 1 roots 

y = j — a, y=rc— a, y=d*-— o..... &c. 
I shall represent it by 

•^ + 1 J' + O*' + y'»-^ = (d), 

labridging the expressions, by making 

mflr-* + (w — l)Pa~-* + (m— 2) ^a«-» + T= J 

m (m — 1) a*^» + (m — 1 ) (m — 2) P a"»-^ = B 

&c. 

and I shall designate by Fthe expression 

ct~ + Par»-i + Qa"»^>.,., .... + Ta + r. 
205. If the proposed equation has two equal roots ^ if webaviv 
for example, a = 6, one of the values of y, namely, h — a, becomes 
nothing ; the equation (d) will therefore be verified, by suppos- 
ing y = ; but upon this supposition all the terms vanish, except ^ 
the known term Ji ; this last must therefore be nothing of itself; 
the value of a must therefore satisfy, at the same time^ the tvo 
equations 
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r=0 and w^sO. 
When tlie proposed equation has three roots equal to a, namely^ 
« = 6 = C9 two of the roots <tf the equation (d) become nothings 
at the same time, namdjr ^ — a and c-^a. In this case the 
equation (d) will be diTisibIc twice succeasivdy hyy — 0(179)^ 
or y ; but this can happen^ only when the coefficients wS and B 
are nothing ; the Talue^of a must then satisfy, at the same time^ 
the three equations 

r=o, ^=0, 5=0. 

Pursuing the same reasoning, we shall perceive, that when- 
lie proposed equation has four equal roots, the equation (d) will. 
liiVB three roots equal to zero, or will be divisible three times* 
occessivety by y ; the coefficients «9, B and C must tlien be- 
nothing, at the same time, and consequently the value of a must 
satisfy at once the four equations 

F=o, ^ = 0, ir=o, c=o. 

By means of what has been said, we shall not only bc^afale ta 
Mcertain, whether a given root is found several times among the- 
Boots of the proposed equation, but may deduce a method of de^ 
termining, whether this equatiim has roots repeated, of wliich we- 
ave ignorant 

For this purpose, it may be observed, that when we havo 
J = 0, or 

«ia«^* +(f» — 1) Pol*-* + (m — 2) ^o~-« . . . + T= 0, 
we may consider a as the root of the equation 

ma?^^ + (m—l)Paf^^ + (m — 2) qaf^. . • + T= o, 
i» representing, in this case, any unknown quantity whatever;- 
and since a is also the root of the equation V=: 0, or 

o^ ^ POJ^^ + &c. = 0, 
it follows^ (1 89) that x — a is a factor conmion to the two above 
mentioned equations.^ 

Changing in the same manner a into x in the quantities B, C^- 
kc. the binomial x — a becomes likewise a factor of the two new 
equations B = 0, 0=0, Jcc- if the root a reduces to nothing tlie 
original quantities B, C, &c. 

What has been said with respect to the root a may be applied 
to every other root^ which is several times repeated ; thus by 
seeking, according to the method given for finding the greatest 
ONDunon divisor, the factors common to the equations 
F=0, ^ A = 0, B = 0, C=0,&c. 
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we shall be furnished with the equal roots of the proposed equa- 
tion* in the following order ; 

The factors common to the two first equations only* are twici 
factors in tlie equation proposed ; that is^ if we find for a com- 
mon divisor of F= and .^ = 0, an expression of the form 
(x — «) (^ — €)f for example, the unknown quantity x will 
have two values equal to «, and two equal to C, or the proposed 

equation will have these four factorSf 

(a: — «), (x—*)f (x— C), (ar — C). 

The factors common^ at the same time, to the three first of the 
above mentioned equations form triple factf^rs in the pnqwsed 
equation ; that is, if the former are presented under the form 
{x — •) (x — C)f the latter will take the form, (x — •)* (a— -C)*. 
This reasoning may easily be extended to any length we {dease. 

206. It may be remarked, that the equation .^ = 0, which^ by 
changing a into or, becomes 

^^m-i ^ (ni.-.i) p ac«-8 + (m — 2) qxi"^ . . • + T= 0, 
is deduced immediately from the equation r= 0^ or from the 
{HToposed equation 

x'^ + Px^^ + qaf»^... + Tx+U=zO, 
by multiplying each term of this last by the exponent of the power 
of or, which it contains, and then diminishing this exponent by 
unity. Wc may remark here, that the term U, which is equiva- 
lent to Ux x^fia reduced to nothing in this operation, where 
it is multiplied by 0. The equation B = ih obtained from 
•^=0, in the same manner as .^ = is deduced from F=0; 
O = is obtained from i? = in the same manner as this from 
«d = 0, and so on.* 

207 • To illustrate what has been said^ by an example^ I shall 
take the equation 

X' — 13 0?*+ 67a?* — 171 .T^ +216 x — 108 = ; 
the equation A = becomes, in this case, 

* It is shown, though very imperfectly, in most elementary treatises, 
that the divisor common to the two equations F = and JS ss^Oj 
contains equal factors raised to a power less by unity than that of 
the equation proposed ; this may be readily inferred from what pre- 
cedes ; but for a demonstration of this proposition we refer the reader 
to the Supplement, where it is proved in a manner^ which appears 
to me to be simple and new. 
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fhe diTisor common to fhia and iM proposed equation is 

aj« — 8^7^+2107 — 18. 
As flds diTisor is of the third degree, it mnst itself contain ser- 
end fiu^tors $ we must therefore seek, whether it does not contain 
somey tliat are common to the equation H = o, which is here 

20 ap> — 156 or* + 402 or— 342 = 0. 
We findy in fact, for a result x — 3 ; the proposed equation 
then has tliree roots equal to 3, or admits of (op— 3)^ among the 
number of its fhctonu Dividing the first common divisor by x — 3^ 
ts many times as possible, that is, in this case twice, we obtain 
dP— >2. As tills diTisor is common only to the proposed equa* 
tion^ and to the equation .A = 0, it can enter only twice into the 
^rapoaed equation. It is evident then, that this equation is equiv- 
alent to 

(a? — 3)»(a: — fi)«=0. 

5M)8. As the equation (d) gives the diflTerence between b and 
fhe several other roots, when h is substituted for a, the diflference 
between c and the others, when c is substituted for a, &c« and 
undergoes no change in its form by these several substitutions^ 
retaining the coefficients belonging to the equation proposed, it 
may be converted into a general equation, which shall give all 
the diiBTereuces between the several roots combined two and two. 
For this purpose^ it is only necessary to eliminate a by means of 
flie equation 

rf"+Ptf»-»+Qa"^ + To+I7=0; 

for the result being expressed simply by the coefficients, and ex- 
hibiting the root under consideration in no form whatever^ 
answers alike to all the roots. 

It is evident, that the final equation must be raised to the dq- 
jgreem (m— ^ 1) ; for its roots 

a-— ft, a — c, a — d, &c. 

6— a, b — c, b — d, &c. 

e^'^a, c — 6, c — (J, &c. 

are equal in number to the number of arrangements, which the 

m letters OybfC, &c. admit of when taken two and two. More- 

•rer, since the quantities 

a— 6 and ft — a, a — c and c^^a, ft — c and c — ft, &c. 
diibr only in the sign, the roots of the equation are equal, when 
taken two and two, independently of the signs ; so that if wq have 

27 
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y = «S' we shall have, at the same time, jf = — « «• Hence it foHoirBf 
that this, equatioii must be made up of terms infolving only eYen 
powers of the unknown quantity ; for its first member must be 
the product of a certain number of factors of the second degree 
of the form 

y*— •» = (y~-)(jf+-) (184); 
it will therefore itself be exhibited under the form 

f^+pf^ + if"^ +«y»+tt = 0. 

If we put y ' = %y this becomes 

and as the unknown quantity % is the square of y, its values witt 
be the squares of the differences between the roots of the pro-, 
posed equation. 

It may be observedy that as the differences between the real 
roots of the proposed equation are necessarily real^ their squares, 
will be positive, and consequently the equation in % will have 
only positive roots, if the proposed equation admits of those 
only, which arc real. 

Let there be, for example, the equation 

putting a; = a -f- y, we have 

a» + 3 a* y + 3ay*+y5 
— 7a'^7y 
+ 7 

Suppressing the terms a« — 7 a + 7, which, from their identity 
with the proposed equation, become nothing when united, and 
dividing the remainder by y, we have 

3a*+3ay + y2— 7 = 0; 
eliminating a by means of this equatioi) and the equation 

a«~7a + r = 0, 
we have ^ 

y« — 42 J* +441^2 — 49 = 0; 
putting % = y^f this becomes 

»3 — 42g;2 +441® — 49 = 0. 
209. The substitution of a + y in the pliice of a? in the equation 

x"^ + V x"^-^ + qaf^-^ + tr= (204), 

is sometimes resorted to also in order to make one of the terms 
of this equation to disappear. We then arrange the result with 
reference to the powers of y, which takes the place of the un- 
known quantity a?, and consider a as a second unknown quan- 



}- 
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tity^ which is determined hj putting equal to zero the coefficient 
<if the term we wish to cancel ; in this waj we obtain 

AIM ■ 4M ^^^^ B 1 

2f* + majj^"^ H — ^ — — ^ a* y~"^ + 0"* 

+ Py»^^ + (m — l)Pay~-* + Pa'^^ ! ^ 

+ R, jT^^ + ^ fl'^* 

+ «^ * 

If the term we would suppress be the second, or that which 

inTolres jf^^S we make ma + P = 0, from which we deduce 

p 
a=:.._. Substituting this value iu the result, there remain 

only tiie terms involving 

iT^ ir^9 y"^f &c. 

Hence it follows, that we make the second term of an equation 
to Usappear, by substituting for the tmknonam quantity in this equa- 
tion a new unknown quantity 9 united with the coefficient of the 
second term taken with^Jie sign contrary to that originaUy bdong- 
ing to it, and divided by the eccponent of thejirst term. 

Let there be, for example, the equation 

x^+6x — Sx + 4^0; 

we have by the rule 

a: = y — | = y— 2; 

substituting this value, the equation becomes 

ys_6y* +12y — 8"j 
+ 6y«— 24y + 24 | 

+ 4j 
which may be reduced to 

y3 — 15y + 26 = 0, 

in which the term involving y* does not appear. We may cause 

the third term, or that involving y**^, to disappear by putting 

equal to zero the sum of the quantities, by which it is multiplied, 

that is, by foiming the equation 

Pursuing this method, we shall readily perceive, that the fourth 
term will be made to vanish by means of an equation of the third 
degree^ and so on to the last, which can be made to disappear 
only by means of the equation 

a'^ + P a«-* + ^ a*"-* . . ^ . . + 17 = 0, 
perfectly similar to the equation proposed. 
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It is not difficult to diBcover the reason of this similarity. By- 
making the last term of the equation in jf equal to oeroy we snp- 
jKMe, that one of the values of this unknown quantity is SEero ; 
and if we admit this supposition with respect to the equation 
xszy+Of it follows that (V = a; that is, the quantity Oy In tlus 
case, is necessarily one of the values of x. 

£10. We have sometimes occasion to resolve equations into 
factors of the second and hij^her degrees. I cannot here ecsplate 
in detail the several processeSf which may be emplojed for HUS' ' 
purpose ; one example only will be given. 

Let there be the equation 

x» — 24a;« +1ZX* — llaT + 7 = 09 
in which it is required to determine the factors of the third de- 
gree j 1 shall represent one of these factors by 

the coefficients p^ q and r being indeterminate* lliej nmst be 
such, that the first member of the proposed equation wiU bo «i> 
actly divisible by the factor 

x^ +px* +9^ + ^*9 

ft 

independently of any particular value of or ; but in making an 
actual division^ we meet with a remainder 

— (P« — Zpq — 24p + r — 12) a?* 

— (P*Q — P^ — 9* -^24g+ ll)ar 
— (jp* r — qr — 24r — 7), 

an expression, which must be reduced to nothing independently 
of Xf when we substitute for the letters p, q^ and r, tlie values 
that answer to the conditions of the question. We have then 

j|3 — Qpq — 24p +r— 12=0 

p9 q,~^pr — q^ — 24g + ll = 
p2 r — qr — 24r — 7=0. 

These three equations furnish iis with the means of determin- 
ing the unknown quantities p, q, and r ; and it is to a resolution 
of these that the proposed question is reduced. 

Of the resobiUon cf numerical equations by approximatUnu 

211. Havhto completed the investigation of commensurable dir 
visors, we must have recourse to the methods of finding roots by 
approximation^ which depend on the Mowing principle ; 
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¥Fhen ive arrive at two quanUlies which mbgHhUed in the place (^ 
the unknown qiumtiUf in an equation, lead to two regutts with cen- 
frary agns, we may inferf that one of the roots ofthepropond equa- 
Han lite between these two qnantUies, and is consequentty real. 
' Let there be, for examplOf the equation 

a» — 13 a:* + 7 a? — 1 = 0; 
if we subntitDte successiyely 2 and 20 in the place of x, in the 
fin4 member^ instead of being reduced to zero, this member 
becomeSf in the fiHrmer case, equal to — SI, and in the latter^ to 
4> 2930 ; we may therefore conclude, that this equation has a 
real root between 2 and 20, that is, greater than two and less 
ilian jiO. 

As there will be frequent occasion to express this relation, I 
diall employ the signs >- and ^ which algebraists have adopted 
to denote the inequality of two magnitudes, placing the greater 
of two quantities opposite the opening of the lines, and the less 
against the point of meeting. Thus I shall write 

or >» 2, to denote, that x is greater than 2, 
X <^ 20, to denote, that, or is less tlian 20. 

Now in order to prove what has been laid down above, we 
may reason in the following manner. Bringing together the posi- 
tive terms of the pn^osed equation, and also those, which are 
negative, we have 

aj«+7a:— (13 »»+l), 
a quantity, which will be negative, if we suppose a; = 2, because 
upon this supposition, 

x^ + 7 X <lSx* +1, 

and which becomes positive, when we make x = 20.. bei^ause in 
this case 

x^ +7x ^ 13a;* +1. 

Moreover it is evidentfithat the quantities 

or* +7 a: and 13a:*;+l, 

each increase, as greater and greater values are assigned to 
X, and that, by taking values, which approach each other 
very nearly, we may make the increments of the proposed 
quantities as small as we please. But since the first of the above 
quantities, which was originally less than the second, becomes 
greater, it is evident, that it increases more rapidly than the 
other, inconsequence of which its deficiency is made up, and it 
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comes at length to exceed the other; there must tiierefore be a 
point, at which the two magnitades are equal. 
The ralue of x, whatever it be, which renders 

X* +7X:s:lSX* +1, 

and such a value has been proved to exist, gives 

X^ +7X—{iSX* +1)=:0, 

or X* — 13 a;* +7 a:— 1=0, 

and must necessarily, therefore, be the r6ot of the equation pro- 
posed. 
What has been shown with respect to the particular equation 

a?«— .ISx'+ro?— 1 = 0, - 
may be affirmed of any equation whatever, the positive terms of 
which I shall designate by P, and the negative by JVl Let a 
be the value of x, which leads to a negative result, and 6 flut' 
which leads to a positive one ; these consequences can take place 
only upon the supposition, that by substituting the first valuer 
we have P ^ .V, and by substituting the second, P ^ JV; P 
therefore from being less, having become greater than JV^ we 
conclude as above, that there exists a value of a; between a and 
h, which gives P = J>r.* 

* The above reasoning, though it may be regarded as sufficiently 
evident, when considered in a general view, has been developed by 
M. Encontre in a manner, that will be found to be useful to thosei 
who may wish to see the proofs given more in detail. 

1. It is evident, that the increments of the polynomials P and JV* 
may be made as small as we please. Let 

m being the highest exponent of x^ if we put a + 3^ in the place of jr, 

this polynomial takes the form 

A + By+Cy^ + Ty% 

the coefficients .^, 17, C, . . . . T, being finite in number and having a 

finite value ; the first term A will be the value the polynomial P 

assumes, when or == a ; the remainder 

By+Cy^.... + Ty^^y{B+Cy....Tyn^i) 

will be the quantity, by which the same polynomial is increased when 

we augment by y .the value a* =b a. This being admitted, if S de» 

signate the greatest of the coefficients jB, C, .. •• T, we have 

B + Cy....+ Ty^-^ ^ 'Sf (1 +y .... + y«»-i) 5 
now 



Besohdion of JdSimtrieal Equatiom fty .approximation. 215* 

The statement here given seems to require^ that the values as« 
signed to x shoald be both positive or both negative, for* if they 
have difierent signs, that which is negative produces a change in 
the signs of those terms of the proposed equation, which contain 
odd powers of the unknown quantity, and consequently the expres- 
sions F and ^ are not formed in the same manner, when we 
substitute one value, as when we substitute the other. This diffi- 
culty vanishes, if we makea;=0; in this case, the proposed 
equation reduces itself to its last term, which has necessarily a 
sign contrary to that of the result arising from the substitution 
of oiie or the other of the above mentioned values. Let there be, 
tw example^ the equation 

x^ — arc* — 3 0;^ — 15 a: — 3 = 0, 
tiie first member of which, when we put 

x=: — 1 and a? = 2, 
becomes -f- 1£ and — 45. If we suppose x = 0, this member is 
jrediiced to — S ; substituting therefore 

therefore 

and consequently the quantity, by which the polynomial Pis increased, 

Sy(\ V^') , 

will be less than any given quantity m, if we make ^ less 

y ' 

cause in this case y «= being ^ 1, the quantity " )^ '^^ )^ 

Sy Si/^^ 
equal to - — '-^ — -p — , will necessarily be less than tlie quantity 

m, which is indefinitely small. 

2. If we desif!;nate by h the increment of the polynomial P and by 
ftr, tbat of the polynomial JV*, the change, which will be produced in 
the value of their difference will be ^ — A:, and may be rendered 
smaller than a given quantity by making smaller than this same 
quantity the increment, which is the greater of the two; we may 
therefore in the interval between or = a and or = 6, take values, 
which shall make the difference of the polynomials Pand JV* change 
by quantities as small as we please, and since this difference passes in 
this interval from positive to negative, it may be made to approach 
as near to zero as we choose. See Jlnnales de MathSmatiqties pures et 
appliqii^es^ published by M. Gergonne, vol. iv. p. 210, 



than this last quantity ; this is effected by making - — ^ = m, be- 
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XssO and X s — If 
we arrive at two resulti with contrary signs ; hot putting *^y 
in the {dace of x, the proposed equation is changed to 

y^+2y»— djf» + 15jf — 3 = 0, 
and we have 

P = y* + ay» + 15y, JV=«y«+3, 
wlience 

P "^ JV*5 when y s= Of 
P >. JV; when y = !• 
Reasoning as before, we may conclude, that the equation ii 
y has a real root found between and -f 1 ; whence it follows, 
that the root of the equation in x lies between and — « 1, and 
consequently between + S and -^1. 

As every case the proposition enunciated can present, may be 
reduced to one or the other of those, which have been examined, 
the truth of this proposition is sufficiently established. 

fil£. Before proceeding further, I shall observe, that whatevet 
be the degree cf on equationf and whatever its coeffidentBf roe maf 
always assign a mmberf which stibstitidedfar the unknoum quan- 
tUy TviU render the first term greater than the sum of all the cithers. 
The truth of this proposition will be immediately apparent from 
what has been intimated of the rapidity, with which the several 
powers of a number greater than unity increase (1^) ; since the 
highest of the-se powers exceeds those below it more and more in 
proportion to the increased magnitude of the number employed, 
60 that there is no limit to the excess of the first above each of the 
others. Observe moreover the method, by which we may find a 
number that fulfils the condition required by the enunciation. 

It is evident, that the case most unfavourable to the supposi- 
tion is that, in which we make all the coefficients of the equation 
negative, and each equal to the greatest, that is, whenHnstead of 
a?~ + PaJ~-* + ^ac«^ + To? +17=0, 

we take 

af»— fiTo;'"^! — So(f»^ — iSf a?— iSr= O, 

8 representing the greatest of the coefficients P, Q, .... T, 17. 
Giving to the first member of this equation the form 

Q(f^ ^ a {p(f^^ + ixf^^ + 1), 

we may observe, that 

»+a!'^.... + lsi f (158); 

a?— •! 
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the precediDg expression then may be changed into 

a5» i — L or into a:^ ; +— — ;. 

If we substitute ilf for x, fliis becomes 

%rm SM'^ 8 

a qaantityy which evidently biscomes poeitivef if we make 

TLTm 8M^ 

Now if we divide each member of this equation by Jf**, we hate 

1 = —^ or Mz=8+1. 

M — 1 ' 

By substituting therefore for x the greatest of the coefficients 

found in the equation^ augmented by unity^ we render the first 

term greater than the sum of all the others. 

A smaller number may be taken for M, if we wish simplj 
to render the positive part of the equation greater than the nega- 
tive ; for to do this it is only necessary to render the first term 
greater than the sum arising from all the others^ when their 
coefficients are each equal not to the greatest among all the 
coefficiently but to the greatest of those, which are negative i we 
have therefore merely to take for JK.this coefficient augmented by 
unity.* 

Hence it foUo^'s, that the positive roots of the pnqposed equa- 
tion are necessarily comprehended within and iS-f 1. 

In the same way we may discover a limit to the negative roots; 
fi)r this purpose we must substitute — y for x^ in the proposed 
equatioUf and render the first term positive, if it becomes nega- 
tive (178). It is evident, that by a transformation of this kind^ 
the positive values of jf answer to the negative values of x, and the 
reverse. If 12 be the greatest negative coefficient after this 
change, R+l vrill form a limit to the positive values of y ; con- 
sequently —-il — 1 will form that of the negative values of a?. 

Lastly, if we would find for the smallest of the roots a limit 
approaching as near to zero as possible, we may arrive at it by 

* In the Resolution des iquations num^riqueSj by Lagrange^ there 
are formulas, which reduce this number to narrower limits, but 
what has been said above is sufficient to render the fundamental 
propositions for the resolution of numerical equations independent of 
the consideration of infinity. 
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substituting — for x in the proposed equation, and preparing the 

equation in y, which is thus obtained, according to the direc- 
tions given in art 178. As the yalues of y are the reverb of 
fliose of X, the greatest of the first will correspond to the least 
of the second, and reciprocally the greatest of the second to ths 
least of the first. If therefore 8' + 1 represent the hif^ert limit 
to the values of y, that is, if 

y<S'+h 
which gives 

L^^' + l, 
a? 

we shall have successive]/ 

Indeed, it is very evident, that we may, without altering the 
Illative magnitude of two quantities separated by the sign 
' ^ or >- , multiply or divide them by the same quantity, and that 
we may also add the same quantity to or subtract it from each 
'side of the signs -^ and > , which possess, in this respect, flie 
same properties as the sign of equality. 

213. It follows from what precedes, that every equation of a 
degree denoted by an odd number has necessarily a real root t^edtei 
with a sign contrary to that of its last term ; for if we take iks 
number Jf such, that the sign of the quantity 

af'^+PJUf^-i + ^JHf"-' '^TM± U 

depends solely on that of its first term M^f the exponent m be- 
ing an odd number, the term Jf *" will have the same sign as the 
number M (128). This being admitted, if the last term U has 
the sign +, and we make Xz^^^M, we shall arrive at a result 
affected with a sign contrary to that, which the supposition of 
or = would give ; fi'om which it is evident, that tiie proposed 
equation has a root between and — Mf that is, a negative 
root. If the last term 17 has the sign — ^,we make x = +Mi 
the result will then have a sign contrary to that given by the 
supposition of a? = 0, and in this case, the root will be found 
between and + M, that is, it wUl be positive. 

» 

£14. When the proposed equation is of a degree denoted by 
an even number,\u9 the first term M"^ remains positive, whatever 
sign we give to M, -we are not, by the preceding observationSt 
tui*nlshed with the means of pitting the existence of a real root^ 
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if the last term has the sign -f» since, whether we make or = Of 
or a; = ± Jtf, we have always a positive result But when this 
term is negative, we find, by making 

three results affected respectively with the signs +9 •— and +9 
and consequentiy the proposed equation has, at least, two real 
roots in this case, the one positive found hetween M and 0, the 
other negative between and — M ; therefore every eqiuUion 
of an even degree^ the last term of which is negative^ has at least 
two real roots, the one positive and the other negative^ 

£15. I now proceed to the resolution of equations by approxi- 
mation ; and in onler to render what is to be offered on this 
subject more clear, I shall begin with an example. 

Let there be the equation ^ 

x^ — 4 a:* — 3 a: + 27 = ; 
the greatest negative coefficient found in this equation being 
*— 4, it follows (£12), that the greatest positive root will be loss 
than 5. Substituting *-« y for a; we have 

y*+4y»+3y + £7=0; 
and as all the terms of this result are positive, it appears, that 
y must be negative ; whence it follows, that x is necessarily posi- 
tive, and that the proposed equation can have no negative roots ; 
its real roots are therefore found between and + 5. 

The ^rst method, which presents itself for reducing the limits, 
between which the roots are to be sought, is to suppose succes- 
sively 

07=1, a: = £, a? = 3, a: = 4; 

and if two of these numbers substituted in the proposed equation, 
lead to results with contrary signs, they will form new limits to 
the roots* Now if we make 

ar= 1, the first member of the equation becomes -f £1, 

X=z2 + 5, 

x=zS — 9, 

a?r=4 + 15j 

it is evident therefore, that this equation has two real roots, tho 
one found between £ and 3, and the other between 3 and 4. To 
approximate the first still nearer, we take the number £,5, which 
occupies the middle place hetween £ and 3 (Jrith. l£9j, the 
present limits of this root 5 making then a; = £,5, we arrive at 
the result 
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+ 39^0625 — 62^5 — 7,5 + %7f=^ » 3,9575 $ 
as this result is negatiTe, it is evident, that the root sought is 
between 2 and 2,5. The mean of tliese two nambers is 2,25 ; 
takii^ X zs 2,3 we hare the root sought within about one tantb 
^ its value, and shall approximate the true root very fast by 
the fcjlowing process, given by Newton. 

Tr 3 make 07=2,3 -fy ; it is evident, that the unknown quan- 
tity jf amounts only to a very small fraction, the square and 
higher powers of which may be neglected $ we have then 

a^= (2,3)^+ 4(2,3)»y 

— 4 a:» = — 4 (2,3) » — 12 (2,3)* y 

— 3x = — 3(2,3) — 3yj 

substituting these values, the pn^sed equation becoBO^es 

— 0,5839 — ir,812 y = 0, 
which gives 

0,5839 
* ir,812* 

Stopping at hundredths, we obtain for the result of the first 
operation 

y = — 0,03 and^ or = 2,3 — * 0,03 = 2,27. 
To obtain a new value of x more exact than the preceding, ws 
suppose X = 2,27 + ff 9 substituting this value in the proposed 
equation and neglecting all the powers of y' exceeding the firsts 
we find 

—0,04595359 — 18,t464682f' = 0, 
whence 

0,04595359 ^_ 

^ 18,046468 ' • 

and consequently x = 2,2675. We may, by pursuing this pro* 

cess, approximate, as nearly as we please, the true value of x» 

If we se«k the second root, contained between 3 and 4, by the 

same method, we find, stopping at the fourth decimal place, ^ 

X = 3,6797. 
216. We may ascertain the exactness of the method above 
explained, by seeking the limit to the values of the terms, which 
are neglected. ' 
If the proposed equation were 

af^ + Pxi^^ + qxl^^ +Ta:+l/=iO, 

substituting a + y for or, we should have for the result the first of 
the equations found in art. 204, because a being not the root of 
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the eqaatioiit bat mly an •{^[iroxunate value of x, cannot re- 
duce to nothing the quantity 

tf» + Ptf»-i + Qa?*-* +Ta + K 

Bflpreaenting thia last by V, we have, instead of the equation (d) 
above referred to^ the fdlowing 

^■^-jy+ri^' + Tjrsy' +i^-=0' 

fircMn which we obtain 

' Ji 1.2J i.e.sJ .J' 

N«glectiBg the powers of y exceeding the first, we have 

F 

and this value diflTers from the real value of y by 

T7%2 l.^.SJi 1* 

If a differs from the true value of x only by a quantity less 

than — Oy the above mentioned error becomes less than that» 
P 

which would arise from putting — a in the place of y, which 

Jr 

Would give 



Finding the value of this quantity, we shall be able to determine, 
whether it may be ne^ected when considered with reference to. 

-p and if it be found too large, we must obtain fbi* a a number, 

which approaches nearer to the true value of x. 

To ccmdudiB, when we have gone through the calculation with 
several numbers jf, y', y^, &c if the results thus obtained, form 
a decreasing series, an approximation is certain* 

Sir* The method we have employed above, is called the 
JHeihod ftjf successive 8ubstituti(ms» Lagrange has considerably 
improved it* He has remained, that by substituting only 



* See SisoluHon des Equations nwmSrifues. 
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entire nainbers, we may pass over seTeral roots without pereeiv- 
ing them. In fact, if we have^ for example, the eqputioii 

(a:-.4)(rr-i)(a? — S)(a:— 4) = 0, 
by sabstituting for x the numbers 0, 1» d, ^9 &^« ^'^ sbBlI pass 
over the roots | and ^^ without discovering, that they exist ; for 
we shall have 

(0_i)(0-.i)(0_3)(0 — 4) = +|xiXSX4 
(1— i)(i—l) (1-3)0 -4) = + |xiX 2X3, 

results affected by the same sign. It will be readily perceived, 
that tills circumstance takes place in consequence of the fact, 
tiiat the substitution of 1 for x changes at the same time tlie 
signs of botli the factors x — ^ and x — |, which pass from tbe 
negative state^ in which they are when is pot in the place of 
Xf to the positive ; but if we substitute for x a number between 
^ and I9 the sign of the factor x — | alone will be changed, and 
we shall obtain a negative result. 

We shall necessarily meet with such a number, if we substi- 
tute, in the place of X9 numbers, which differ from each other by 
a quantity less, than .the difference between the roots ^ aiid -|. 
If, for example, we substitute ^9 ^, ^9 f , |, &c. there will be two 
changes of the sign. 

It may be objected to the above example, that when the frac- 
tional coefficients of an equation have been made to disappear, 
the equation can have for roots only either entire or irrational 
numbers, and not fractions ; but it will be re^ily seen, that tbe 
irrational numbers, for which we have, in the example, substitut- 
ed fractions for the purpose of simplifying the expressions, may 
differ from each other by a quantity less than unity. 

In general, the results will have the same sign, whenever the 
substitutions produce a change in the sign of an even number of 
factors.* To obviate this inconvenience we must take the num- 
bers to be substituted, such, that the difference between the smallest 
limit and the greatest, will be less than the least of the differences, 
wliich can exist between the roots of the proposed equation ; by 
this means the numbers to be substituted will necessarily fall 



* Equal roots cannot be discovered by this process, when their num- 
ber is even ; to find these we must employ the method given in art« 
9.05. 



between the successive roots» and will cause a change in the 
sign of one factor only. This process does not presuppose the 
smaUest difference Jbetween the roots to be known^ but requires 
only that the limity below which it cannot fall, be determined. 

In order to obtain this limit, we form the equation inrolving 
the squares of the differences of the roots (208)« 

Let there be the equation 

to obtain the smallest limit to the roots, we make (212) » = ^ 
we have then the equation 

m, reducing all the tcroLS to the same denominator, 

l+pv + qv^ +t'0^^ + ui>^ = 0, 

then disengaging t", 

u u u u 

and if -^ r^resent the greatest negative coefficient found in this 

equation, we shall have 

1 

'r ^*- 

u 

It is only necessary to consider here the positive limit, as this 

alone relates to the real roots of the proposed equation. 

Knowing the limit 

1 u 



r r + u* 

— + 1 
« 

tess than the square of the smallest difference between the roots 
of the proposed equation, we may find its square root, or at leastf 
take the rational number next below this root ; this number, 
which I shall designate by ft, will represent the difference, which 
must exist between the several numbers to be substituted. We 
thus form the two series, 

0, + fc, +2kf +Skf &c. 
— fc. — 2fc, — 3fc, &c. 
fhmi which we are to take only the terms, comprehended be- 
tween the limits to the smallest and tiie greatest positive t*oots, 
and those to the smallest and the greatest negative roots of the 
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proposed eqnfttion. Snlwtitathig these diflRBrent miiiibeniy Kfe 
shall arrive at a series of results, which will show by the 
changes of the sign that take place, the scTeral real roots, 
whether poiitiye or negative. 
SI 8. Let there be, for example, the equation 

«•— rx+r=so, 

fh>m which in art 208 was derived the equation 

qnaking as = — , and, after substituting this value, arranging the 
result with reference to t, we have 

ttom which we obtain 

V ^10, «>^ tV5 

we must tlierefore take ft = or <^ — =• This condition will be 

fulfilled, if we make k^\; but it is only necessary to suppose 
ft = I ; for by putting 9 in the place of v in the preceding 
equation, we obtain a positive result, which must become greater, 
when a greater value is assigned to v, since the terms v' and 
8r* ah'eady destroy each other, and ^\ v exceeds ^*y. 

The highest limit to the positive roots of the proposed equation- 

a:* — 7a: + 7 = 0, 
is 8, and that to the negative roots — 8 ; we niudt flferef<M« sub- 
stitute for X tlie numbers 

O 1 * S 4 S4 

"^ T> 7» T> -y, ..••.. • -y f 

We may avoid fractions by making a? = -- ; for in this case 

the differences between the several values of of will be triple 
of those between the values of a;, and consequently will exceed 
unity 5 we shall tlien have only to substitute successively 

0, 1, 2, 3, 24, 

in the equation 

a/* — 63 a/ + 189 = 0. 
The signs of the results will be changed between -f 4 and -f 5, 
between + 5 and -f 6, and between — 9 and — « 10, so that wt 
shall have for the positive values. 
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.'{^ 4 Md <1 5 Uhencef *«^ ^ ■»* ^4 

«nd the BegatiTB YAkie of 0^ wiU he iboiid befeiroen --^ 9 and -^ 10^ 

that of or between -— 4 ^^^ — V* 
Knowing now the several roota ct tiM propoaed equation 

within ^f we may approach nearer to the true valiie by flie 

method explained in art. M5. 

219. The methods employed in tiie exam^ given In art. 2159 
and in the preceding articley may be applied to an equation of any 
degree whateTer^ and will lead to yalues ^iproaching flie aeyeral 
real roots of this equation. It most be admitted howerery that 
the operation becomes very tediouSf when the degree of the pro- 
posed equation is very elevated ; but in most cased it will be qb? 
necessary to resort to the equation (I>% or rather its place may 
be supplied by methods, with which the study of t^ higher 
branches of analysis will make us acquainted.* 

I shall observe however, that by substituting succesnvely the 
Bumb»s 0, U ^ S9 &c. in the place of Xf we shall often be lead 
to suspect the existence of roots, that differ from each other by, 
a quantity less than unity. In the example, upon which we have 
been employed, the results are 

+ r, +1, +1, +13, 
which begin to increase after having decreased from +7 to + U 
From this order being reversed it may be supposed, that between 
the numbers -f 1 and -f 2 there are two roots either equal or 
nearly equal. To verify this supposition, the unknown quanti^ 

should be multiplied. Making x =: ^, we find 

y« — rooy+rooosso, 

an equation, which has two positive roots, one between 13 and 
14, and the other between 16 and 17. 

Tlie number of trials necessary for di^overing these roots is 
not great ; for it is only between 10 and 20, that we are to 
search for y ; and the values of this unknown quantity being 



* A very elegant method, ^ven by Lagrange for avoiding the 
use of the equation (H), may be found in the Traits ih la Resolution' 
ies Equations numfrifues. 
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determined in whole nmniienf we may find those of x within one 
tenth of unity. 

2220. When the coefficients in the equation proposed for reso- 
lution are very large, it will be found convenient to transform 
fliis equation into ariothery in which the coefficients shall be 
reduced to smaller numbers. If we have, for examplCf 
x^ — 80 a:» + 1998 a?» — 14937 x + 5000 = 0, 
we may make «= 10«; the equation then becomes 

»*_ 8 «»+ 19,98 »« — 14,937 « + 0,5 = 0. 
If we take the entire numbers, which approach nearest to the co- 
efficients in this result, we shall have 

%^ — 8»*+20«> — 15 « + 0,5=0. 

It may be readily dicovered, that % has two real values^ one 
between and i, the other between 1 and £, whence it follov% 
that those of the proposed equation are between and 10^ and 10 
and £0. 

I shall not here enter into the investigation of imaginary roQt% 
as it depends on principles we cannot at present stop to illuB« 
trato ; I shall pursue the subject in the SuppUmenL 

221. Lagrange has given to the successive substitotions a 
form, which has this advantage, that it shows immediately, what 
approaches we make to the true root by each of the several oper- 
ations, and which does not presuppose the value to be known 
within one tenth. 

• Let a represent the entire number immediately below the root 
sought ; to obtain this root, it will be only necessary to augment 

a by a fraction ; we have therefore x=:ia+ --. The equation 

involving!^, with which we are furnished by substitoting this 
value in the proposed equation, will necessarily have one root 
greater tlian unity ; taking b to represent the entire^ number im- 
mediately below this root, we have for the second approximation 

x=a + ^ But J^ having the same relation to y, which a has 

to or, we may, in the equation involving y, make j^ = b -{- -^, and 

if will necessarily be greater than unity ; representing by V the 
entire number immediately below the root of the equation in jff 
we have 
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Mibstitiituie this valiie in the ezpressioB iarxpyn hsve 

for liie third approximation to x. Yft may find a fimrth by 
making y = ^ + -^; for if V designate tlie entire number in- 
mediately below y", we shall have 

whence 

ttrisoon. 
SUS&t. I ihall apply this method to the equation 

x^^^7x + 7 = 0. 
We haTe already seen (318)rthat the smallest of the positive 
rboteof thn equation is found between ^ and f , that is^ between 1 

and 2 i we make therefore a; = 1 + — : we shall then have 

The limit to the positive roots of this last equation is 5f and by 
flobstitutiBg successively 0» 1, S, S, 4, in the place of jf, we 
immediately discover, that this equation has two roots greater 
flian unity, one between 1 and 2, and the other between S and S. 
Hence 

x^l+\ and x=:l + ^, 
that is 

OTsS and a? = |« 
These two values correspond to those, v^ch were found above 
between | and |, and between | and |, and which differ from 
each other by a quantity less than unity. 
. In order to obtain the first, which answers to the supposition 
of y=:l,to a greater degree of exactness, we make 

we then have 

We find in this equation only one root greater than unity, and 
that is between 2 and S, which gives 
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whence 

Again, if we suppose y' = S + -^, we shall be furnished wifh tiie. 
equation 

we find the value of y" to be between 4 and 6 ; taking the smallest 
of these numbers 4, we have 

1^ = 2 + 4, y = l+$=VS »=1+A=«- 
It would be easy to pursue this procesSf by makltog y'' = 4 -f- --7,, 

and SO on* 

I return now to the second value of X9 which, by the first ap- 
proumation, was found equal to |, and which answers to the 

supposition of y = 2. Making y = 2 -f --;, and substituting this 

expression in the equation involving y^ we have, after changing 
flie signs in order to render the first term positive. 

This equation, like the corresponding one in the above opera- 
tion, has only one root greater than unity, which is found be- 
tween 1 and 2 ; taking y' = 1, we have 

y = 3, a: = 4. 
Ag^in assuming 

we are furnished with the equation 

in which y" is found to be between 4 and 5, whence 

y=|, y=y, x=\^. 
We may continue the process by making y" = 4 -^ — ., and so on. 

The equation x^ — rrr + 7 = has also one negative root 
between •— 3 and — 4, In order to approach it more nearly, 

we make a? = — s -— - ; which gives 

y* — 20y2 — 9y — 1=0, y >^ 20 and -^ 21, 
whence 

**• _ ^ O __ 1 — ,i_ 6 1 
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•I 
To proceed furfher^ we may siqqNMie 9 = 20 -f~, &c. we 

If 
shall then obtain successively values more and more exact. 

The sereral equations transformed into equations in y, 1^, y", 
&c. will have only one root greater than unity, unless two or 
more roots of the proposed equation are comprehended within 
the same limits a and a+1; when this is the case, as in the 
above example, we shall find in some one of the equations in 
y, y^f &c; several values greater than unity. These values will 
introduce the different series of equations, which show the sev- 
eral roots of the proposed equation, that exist within the limits 
o and a 4-1. 

The learner may exercise himself upon the following equation 

a?» — 2 JC — 5 = 0, 
the real root of which is between 2 and 3 ; wq find for the 
entire values of jf, jfp &c. 

10, 1, 1, 2, 1, 3, 1, 1, 12, &c. 

and for the approximate values of x, 

9 91 8S 44 111 ir^ 87% 7S1. 1S07 1«41S 
T > TT' TT» UT' TV » ft 9 TT7> T^J* TJ^ * TTIT ' 

Of proportion and progressian. 

5223. AsiTHiCETiG introduces us to a knowledge of t^e defi- 
nition and fundamental properties of proportion and equidifferencCf 
or of what is termed geometrical and arithmetical proportion. I 
now proceed to treat of the application of algebra to the princi- 
ples there developed ; this will lead to several results, of which 
frequent use is made in geometry. 

I shall begin by observing, that equidifference and proportion 
may be expressed by equations. Let «9, B, C, D, be the four 
terms of the former, and a, ft, c, ^ the four terms of tlie latter | 
we have then 

B— .fl = D— C(ATtt.l27),- = -(AutA. Ill), 

equations, which are to be regarded as equivalent to the expres- 
sions 

A.B1C.B9 a : ( : : c : (7, 

and which give 

A + B:=zB + C9 ad = bc. 
Hence it follows, that in equidifference the sum of Hie extreme 
iermi i$ equal to that of the means f and in proportion the product 
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rf the extremes is equal to the product ff the means, «i has been 
shown in Arithmetic (127^ 113), by reasoningSy of which the 
aboTe equations are only a translation into algebraic e x p rtaMaa* 
• The reciprocal of each of the preceding propositioBB majf te 
easily demonstrated ; for firom the equations 

Ji + D=zB + C9 ad=zhCf 
we return at once to 

a e 

and consequently, tvhen four quuntities are such, ihai two among 
them give the same sum, or the same product, as the other two, the 
Jirst are the means and the second the extremes (or the conTerse) 
of an equidifference or proportion. 

When JS = C» the equidifference is said to be continued ; flie 
same is said of proportion, when b = c. We haye in this case 

jgi + D=:2B, ad=:h*: 
that is, in continued equidifference the sum of the extremes is equal 
to double the mean ; and in proportion, the product tf the extremes 
is equal to the square of the mean. From this we deduce 

„ Ji + D . — 

the quantity B is the middle or mean arithmetical proportioiiil 
between ^ and D, and the quantity b the mean geometrical proper^ 
fional between a and d. 
The fundamental equations 

a c 
lead also to the following ; 

C — Ji = D—B, - = 4; 

a h 

from which it is evident, that we may change the relative places 
of the means in the expressions df.B: CD, a:b::e:d, andin 
this way obtain d. C: B . D, a:c::b:d. In general, we may 
make any transposition of the terms, which is consistent with the 
equations 

Ji + D = B + C and ad = bc(Aith. 114.) 

I have now done with equidifference, and shall proceed to 
consider proportion simply. 
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9M. It is evident^ that to the two memben of the eqaation 

h d 

— = — we maj add the same quantity m, or subtract it from 

them i so that we have 

— ± tii = — ±m; 
a c 

reducing the terms of each member to the same denominatar^ 

we obtain 

b±ma d±me 

a c 

an eqoaiiffliy which may assume the form 

e ^d±mc 

7l^ b±ma 

and maj be reduced to the foltowing proportion. 

i ± ma:d± fiic::a:c; 

and as — = -Tf "we have likewise 

d±mc ^ d 
b±ma^'S 
or b±maid±mc::b:d. 

These two pn^rtions may be enunciated thus ; Tlu first const- 
(vent jriiM or winuA iU antecedent taken a given number qf times, 
if'fo Ae'Mecond eonseq^ent plus or minus its antecedetd taken the 
scone number qf times, as the first term is to tlie third, or as the 
second is to the fourth. 

Taking the sums separately and comparing them together and 
also the differences, we obtain 

d + me ^ c d'^mc ^ c 

b + ma'^ a^ fc — ma'~ a' 

whence we conclude 

rf + mc__ rf — mc 

6 + ma "" — ?ii ? 
that is 

b + ma:d + mc::b — maid^^mc^ 

or rather, by changing the relative places of the means 

b + ma:b — itia::d4-ntc:d— -*mc; 

and if we make m = 1, we have simply 

ft -{-a : 6 — a : : d -{- c : d — - c, 

which may be enunciated thus ; 

The sum of the two first terms is to ifieir differonce <u the mm if 

the two last is to their difference. 
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Sd5. The praportion a:h::c:d may be written thiis^ 

we have then 



c d 

a b 



whence 



c J; ma__ d± mh 
~a ft ' 

and lastly 

e ±ma:d ± mb::a:b or ::c:df 
from which it follows, that ti^e seocnd anteceitiU plm or mtimi 2/^ 
Jirst taken a given number qftimeSf is to the second consequent flm 
or minus thejirst taken the same number rfUmes, as any one of the 
antecedents whatever is to its eonsequentm 

This proposition may also be deduced immediately firom that 
given in the preceding article; for by changing the ordw of the 
means in the original proportion 

a:b::c:d, 
and applying the proposition referred to, we obtain successivdy 

a:e: I b :df 

c± ma:d ±mb::a:b or zicid^ 

and denominating the letters a, b, e, df in this last prcq^rtioBy 

according to the place they occupy in the original proportkm^ w^ 

may adopt the preceding enunciation. 

Making m = 1^ we obtain the proportions 

c± a:d ^biiaib 

'.icidf 
c + a:c*-^a::d + b:d»^^b; 
whence it appears, that the sum or difference of the antecedents u 
to the sum or difference of the consequents, as one antecedent is is 
its consequentf and that the sum of the antecedents is to their de- 
ference as that of the consequents is to tlieir difference. 
In general, if we have 

a c e g 

and make ~ = g, we shall have 

a ^ 

- = g, ^ = g, --=?, &c. 
c eg 

which gives 

b:=aq, d=:cqj f^eq, h=sgq, &c. 
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then by adding these equations member to member^ we obtain 

f^ + d+f+h=:aq+cq + eq+gq 
OP i+d+f+h:=zq(a + c + e+g), 

whence it follows that 

b+d+f+h _ b 
a + c +e +g a* 

This result is enunciated thus ;ina series afeqwd ratios, 

a : b : : c : d : : e : f : : g : hy &c. 
the sum of any number whateoer of antecedents is to the sum of a 
like number of consequents, as one antecedent is to its consequent. 
226. If we have the two equations 

b d A f ^ 

-* = — , and a^=— • 
a c « g 

and multiply the first members together and the second together^ 
ihe result will be 

hl_dh^ 

ae eg' 

an equation equivalent to the proportion 

ae ibfi: eg : dkf 
which may be obtained also by multiplying the ftoveral terms of 
ihe proportion 

a:b i: c:df 
by the corresponding ones in the prc^rtion 

e ;/ : : g : A. 
Two proportions multiplied thus term by term are said to be 
multijilied in order ; and the products obtained in this way^ are^ 
as will be seen^ proportional ; the new ratios are the ratios com» 
pounded of the original ratios (JMih. 123). 

It will be readily perceived also, that if we divide two pro- 
portions term by term^ or in order, the result will be a proportion. 

b d 



227. If we have 


V MM 


we may deduce from it 








which gives 


. (m . . ^m . jm • 



whence it follows^ that the squares, the cubes, and in general the 
similar powers of four proportional quantities are also proportional. 
The same may be said of fractional powers^ for since 
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and 




therefore 




m tn 



or 



w iw fn fM 

Vfl" • Vh *. •• V'c" •• S/d 9 

if a: 6 :: c : d; that is^ tht roots of the same degree (^fourprapor- 
Hotud quantities, are also proportional* 

Such are the leading principles in the theory of proportion. 
This theory was invented for the purpose of discovering certain 
quantities by comparing them with others. Latin names were 
for a long time used to express the different changes or trans- 
formations, which a proportion admits of. We are beginning 
to relieve the memory of the mathematical student from so unne- 
cessary a burden ; and tliis parade of proportions might be en- 
tirely superseded by substituting the corresponding equations, 
which would give greater uniformity to our methods, and more 
precision to our ideas. 

2£8. We pass from proportion to progression by an easy 
transition. After we have acquired the notion of three quanti- 
ties in continued equldifference, the last of which exceeds the 
second, as much as this exceeds the first, we shall be able with- 
out difficulty to represent to ourselves an indefinite number of 
quantities a, ft, c, d, &x;. such, that each shall exceed the preced- 
ing one, by the same quantity ^, so that 

6 = a + ^, c=:b + 3, dszc + ^, ei=d + i, &c. 
A series of these quantities is written thus $ 

•rr-a.b ,c,d.e.f. &c. 
and is termed an aritlimetical progression ; I have thought it pro- 
per however to ch^gc this denomination to that of progression 
by differ ences» (See Jirith. art. 127, note.) 

We may determine any term whatever of this progression with- 
out employing the intermediate ones. In fact, if we substitute 
for b its value in the expression for c, we have 
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by means of this last we find 

d=:a + 3J, then e=:a + 4i, 
and so on ; whence it is evident^ that representing by I the term^ 
the place of which is denoted by n, we have 

l=za + (n — 1) Jl 
Let there be^ for example^ the progression 

-^ 3 . 5 . 7 . 9 . 11. IS . 15 . ir, &c. 
here the first term a = 3, the difference or ratio J = 2 ; we find 
for the eighth term^ 

3+(8 — l)2 = ir, 

the same result^ to which we arrive by calculating the several 
preceding terms. 

The progression we have been considering is called increasing ; 
by reversing the order, in which the terms are written, thus, 
-5- 17 . 15 . IS . 11 . 9 • r . 5 . 3 . 1 . — 1 . — 3, &C. 

we form a decreasing progression. Yfe may still find any term 
whatever by means of the formula a + (n — 1) J, observing only, 
that ^ is to be considered as negative, since in this case we must 
subtract the difference from any particular term in order to ob- 
tain the following. 

Sd9« We may also, by a very simple process, determine the 
sum of any number whatever of terms in a progression by dif- 
ferences. This progression being represented by 

-r-a.fr.c t.fc./, 

and 8 denoting the sum of all the terms, we have 

8=:a + b + c 4. {4.^4. 2. 

Reversing the order, in which the terms of the second member 
of this equation are written, we have still 

S:^l+k + t ^c + b + a. 

If we add together these equations, and unite the corresponding 
terms, we obtain 

2^=(a+0 + (ft+fc) + (c+i).... + (i+c) + (fc+ft)+(i+a); 
but by the nature of the progression, we have, beginning with the 
first term, 

a + Jz=b, b + S'z^c, i + 3=zk, k + i^h 

and consequently beginning with the last 

i— -^=fc, ft-— J=:{, c-^^^b, b — ^ = a5 

by adding the corresponding equations, we shall perceive at 
once, that ^ 
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ind consequently that 

2£f=rit(a + I)^ 
whence it follows 

Applying this formula to the progression 

-5- 3 . 5 . r . 9 &c, 
we find for the sum of the first eight terms 

(i±iil^=80. 

230. The equation 

together with 

2 ^ 
fiimishes us with the means of finding any two of the five quan- 
tities a^i^Uyl and 8^ when the other three are known ; I shaU 
not stop t6 treat of the several cases^ which may be presented. 

231. From proportion is derived progression by qwi^mAi or 
geometrical progression^ which consists of a series of terms suchf 
that the quotient arising from the division of one term by that, 
which precedes it, is the same, from whatever part of the series 
the two terms are taken. The series 

{r 2 : 6 : 18 : 54 2 162 : &c. 
H-45: 15: 5: |: f :&c. 
are progressions of this kind ; the quotient or ratio is 3 in ths 
first, and | in the other ; the first is increasing, and the second 
decreasing. Each of these progressions forms a series of equal 
ratios and for this reason is written, as above. 
Let 

a, ft, c, (f, •••••••• fc, {, 

be the terms of a progression by quotients ; making •— = j, we 
have by the nature of the progression, 

*"a"6"~7"rf V 

or fr = a g, c = 6 g, d=::cq, e = d g, • • • { = fe g. 

Substituting successively the value of b in the expression for 0$ 
and^'the value of c in the expression for d, &c. we have 
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b^aq, e=zaq*9 d = aq*f c = ag*,.. .f = flg»"*, 
taking n to represent the place of the term (» or the number of 
terms considered in the proposed progression. 

By means of the formida Z = a q^^ we may determine any 
term whatever^ without making use of the several intermediate 
ones. The tenth term of the progression 

TT 2 : 6 2 18 : &c 
for example, is equal to 2 x S* = 39366. 

232. We may also find the sum of any number of terms we 
please of the progression 

:: aibicid, &c« 
by adding together the equations 

bszaq, c=zbq9 dzzcg* e=:dqf...l=ikq; 
for the result will be 

b+c + d + e^..+l=(a + b + e + d...+k)q} 
and representing by 8 the sum sought^ we have 

b+c + d + e. 0.^+1 :=8 — a 
a+b + c + d..,.+k=i8 — I, 
whence 8 — a=g(<Sf — Q, 

anfl consequently 

jr— 1' 

t The truth of this result may be rendered very evident, indepen- 
dently of analysis. If it were required, for example, to find the sum 

of the progression 

•H^2:6: 18:54: 162, 

multipljing by the ratio we have 

^6:18:54: 162:486. 

The first series being subtracted from this gives 486^*2, equal to so 

many times the first series, as is denoted by the ratio minus one, that is 

3x162 — 2 
2 + 6 + 18+54+ 162«:^-il — . 

If we multiply by the ratio q the general series 

4f a : h : c: d : e I 

we have -^ aq :bq :cq':dq:eq Iq^ 

Then, because htmaq^ &c. the second series minus the first is Z 9 -— a, 
equal to so many times the first series, as is denoted by the ratio 
minus one. 

Hence a + b + c + d + e + Z = -^ — - . 

^—1 
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In the above example, we find for the sum of tlie ten first 
terms of the progressign 

-77 2:6: 18: &c. 

zJlZ r = 310 — 1 = 59048. 

2 

233. The two equations 

comprehend thQ mutual relations, which exist among the five 
quantities a, Qf n, I and i9 in a progression by quotients, and 
enable us to find any two of these quantities, wb^n the other 
three are given. 

■ 

234. If we substitute a (f^^ in the place of { in the expression 
for 8, we have 

q—l 

When 9 is a whole number, the quantity 9* will become greater 
and greater in proportion to the increased magnitude of ti» 
number n ; and 8 may be made to exceed any quantity what- 
ever, by assigning a proper value to n^ that is, by taking a 
sufficient number of terms in the proposed progression. But if 

5 is a fraction represented by — , we have 

al lU amll ) am — 

^^ \m« /__ \ m« / in»-i 

■" 2 1 "" «*— 1 ^ m— 1 ' ^ 

m 

and it is evident, that as the number n becomes greater, the term 
— - will become smaller, and consequently the value of 8 ^111 
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f»— 1 



' approach nearer and nearer to the quantity , from which 

m— 1 

it will differ only by 



therefore, the greater the number of terms we take in the pro* 
posed progression, the more nearly will their sum approach to 

t Multiplying the numerator and denominator by — « in. 
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^^ . It may even differ from by a quantity less tliaii 

any assignable quantity^ without ever becoming in a rigorous 
sense equal to it. 

The quantity , which I shall designate by L^ forms^ we 

perceiye, a limit, to whicli the particular sums represented by 
9f approach nearer and nearer. 
Applying what has been said to the progression 

.i: -1.1.1.1. 1 . firp 

we have 

whence 

m=:25 -^= ;=2; 

m— 1 

and the greater the number of terms we take in the above pro- 
gression, the nearer their sum will approach to an equality 
frith 2. 
We have, in fact 

1 =1 =2 — 1 

111 — s — o_«i 

tj_iiij.i If a __ 1 

1lll.lll-J_ 1 81 o ___ 1 

&C. 

The expression for L may be considered as the sum of tlie 
decreasing progression by quotients, continued to infinity, and it 
is thus, that it is usually presented ; but in order to form a clear 
idea of it, we must represent it in a limited view. 

235. We may obtain from the expression 

all the terms of the progression, of which it denotes the sum ^ 
for if we divide o" — 1 by g — 1 (158), we find 

which gives 

8z=za + aq + aq^ + a qr«-i. 

We may employ the value of L for the same purpose i in this 
case m is to be divided by m — 1, as follows ^ 
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m 

— m + l 



m — l 






■•ii"^ 



m 

We begin by dividing, accord^ing to tbe usual mefhod, by the 
first temif and find 1 for the quotient ; we multiply this quotient 
by the divisor and subtract the product from the dividend ; then 
dividing the remainder by the first term of the divisor, we ob- 
tain — for the quotient, and have — for a remainder ; we go 
m III 

through the same process with this remainder as with the pre- 
ceding. Pursuing this method, we soon discover the law, to 
which the several particular quotients are subjected, and per- 

AM 

ceive that the expression is equivalent to the series 

1+- + — +— 5 + &C. 

continued to infinity. Substituting for m its value — , and multi'- 

plying by a, we find as before 

a + aq+aq^ +aq^ +&C. 
for the progression, of which L represents the limit. 
236. The series 

wi in" III* 

is considered as the value of the fraction , whenever it is 

m — 1 

convergingf that is, when the terms, of which it is composed, be- 
come smaller and smaller the further they are removed from the 
first. 

Indeed, if we make the division cease successively at the first, 
second, third remainder, we have 
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the quotieBts 1 



1+1 

i+i+i. 



and the remainders 1 

1 






the former of which approach the true value, exactly ii> propor- 
tion as the latter are diminished ; 4nd this takes place, only 
when m exceeds unity. In all other cases we must have regard 
to the remainders, which, increasing without limit, make it evi- 
dent, that the quotients are departing further and further from 
the true value. 

To render this clear, we have only to make successively 
111 = 2, fn = l,m=:|. Upon the first supposition, we have 

-^^=2 = l+i+|+i+^V+&c. 

and it has been shown (234), that the series, which constitutes 
the second member, approaches, in fact, nearer and nearer to £• 
The second supposition leads us to 



m 



= 4=1 + 1 + 1 + 1 + 1+1 + 1 &c. 



m— 1 

This result, 1 + 1 + 1 + 1 + 1, &c. continued to infinity, presents 
in reality an infinite quantity, as the nature of the expression ^ 
implies ; yet if we neglect the remainders in this example, we 
are led into an absurdity; for since the divisor, multiplied by the 
quotient, must produce the dividend, we have 

l=fl+l + l + l+ )0; 

but the second member is strictly reduced to nothing, we have 
fiierefore 1 = 0. 

The third supposition leads to consequences not less absurd, if 
we neglect the remainders, and consider the series, which is ob- . 
tained, as expressing the value of the fraction, from which it 
18 derived. Making m = ^9 we find 

— 5_ =—1 = 1 +2+4 + 8 + 16 + &c. 
m — 1 

which is evidently false. 

There will be no contradiction of this kind, if we observe, that 
in the second case, the remainders 

.11 ^ a^r. 

1,—, — r, —5, &c. 
31 . , 
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, are each equal to 1, and that since they do not diminisU^ they 
can neyer be nei^lected, to whatever extent the series is con- 
tinued. If we add therefore one of these remainders to the 
second member of the equation 

1 = (1 + 1 + 1 + 1+1+ .)0f 

the equation becomes true. In the third case^ the remainders 

- 1 1 1 . 

^"z:? z^^ :m' "^^* 

W W* til'* 

form the increasing progression 1^ 2^ 4^ 8^ 16^ &c. and if we add 

to the several quotients the fractions^ arising from the correr- 

m 

ponding remainders^ the exact expressions for will be 

^~ i» •— 1 



m m(m — 1) 



m m* m*(m-— 1) 
&c« 

each of which gives — 1^. when 7ti== |« 

If we take m = — w^. the fraction becomes ; th* 

m — 1 n + 1 

series, which is produced by developing this fraction^ assumes 

the form 

and making n = 1, we have 

1 — l + l-«l + l_l + &c. 
a series, which becomes alternately 1 and 0, and which con^ 
sequently as often exceeds^ as it falls below the true value of 

— — -, equal in this case to 4 ; but as the above series is not 

w + 1 ^ 

converging, it cannot give this true value ; and we must there- 
fore take into consideration the remainder, at whatever term 
we stop. 
If we suppose, in the preceding series, n = 2, we have 

a series, in which the particular sums 1, |, ^^ f » &^* ^^ alten- 

nately smaller and greater than the true value of — ^, which is 

n + 1 
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|, but to which they approach continuaUyy because the proposed 
series is conyerging. 

Although diverging series, that is, those, the terms of which go 
on increasing, continue to depart further and further from the 
true value of the expressions from which they are derived, yet 
considered as developments of these expressions, they may servo 
to shov^such of their properties, as do not depend on their sum- 
mation. 

£37. If we continue any process of division in algebra, accord- 
ing to the method pursued above (235) with respect to the quan- 
tities m and m — 1, the quotient will always be expressed by an 
infinite series composed of simple terms. Infinite series are also 
formed by extracting the roots of imperfect powers, and contin- 
uing the operation upon the several successive remainders.; but 
th^y are, obtained more easily by means of the formula for bino- 
mial quantities, as will be shown in the Supplement, where .1 shall 

'treat of the more common series* .-^ 

••--■" ■' - 1. / 

Theory ff exponential quantities and of logarithms* 

238. In the several questions, we have resolved thus far, flie 
unknown quantities have not been made subjects of considera- 
tion as exponents ; this will be requisite however, if we would 
-determine the number of terms in a progression by quotients, 
x>f which the first term, the last term, and the ratio are given. 
In fact, we are fiimished by a question of this kind with the 
-equation 

i=zaq^^ (231), 
in which n will be' the unknown quantity ; abridging the expres- 
sion, by making n *— 1 = ^, we have l=zaq^. This equation 
cannot be resolved by the direct methods hitherto explained ; 
and quantities like x cannot be represented by any of the signs 
already employed. In order to present this subject in a more 
clear light, I shall go back to state according to Euler, the con- 
nexion, which exists between the several algebraic operations, 
and the manner, in which they give rise to new species of quan- 
tities. 

239. Let a and b be two quantities, which it is required to add 
together 5 vre have 

a + b=ic; 
'fHid in seeking A or>( from this equation^ wc find 



, V 
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a:=zc — bf b = c — a; 
hence the origin of subtraction ; but when this laatoperatiimCltti-* 
not b^ perfoimied in Che (M*iler in Sfhich it is indicatod^ the iMiiH 
becomes negative. 

The repeated addition of the same quantity gives rise t^ mul- 
tiplication ; a r^resenting the inultii4ier> h the midtiplicawl^ 
and c the product^ we have 

ah=:Cf 
whence we obtain 

c j^ e 

«=F ^ = 75 

and hence aiises division, and fractions, in which this difbion 
terminates, when it cannot be performed without a remainder. 

The repeated multiplication of a quantity by itsetf produces 
the powers of this quantity ; if b represent the number df titties 
a is a factor in the power under consideration, we have 

This equation differs essentially from the preceding, as the quan* 
tities a and b do not both enter into it of the same form, and hence 
the equation cannot bo resolved in the same way with respect to 
both. If it be required to ^d a, it may be obtained by simply 
extracting the root, and this operation gives rise to a new species 
of quantities, denominated irrational ; but b must be detemun*- 
ed by peculiar methods, which I shall proceed to Hlustrate, after 
having explained tlie leading ^operties of the equation a^=c. 

240. It is evident, that if we assign a constant value greater 
than unity to a, and suppose that of b to vary, as may be requi* 
site, we may obtain successively for c all possible numbers. 
Making 6=0, we have c = 1 ; then since b increases, the oor^^ 
responding values of c will exceed unity more and more, and 
may be rendered as great, as we {dease. The contrary will be the 
case, if we supposed negative; the equation a^ = c being then 

changed into a"^= c, or -1 = c, the values of c will go on de- 
ft 

creasing, and may be rendered indefinitely smalU We may 

therefore obtain from the same equation all possible positive 

numbers, whetlier entire or fractional, upon the supposition, that 

a exceeds unity. The same is true, if we have a ^ 1 ; only the 

order, in wliich the values stand, Vill be reversed ; but if we 

suppose a = 1, we shall always find c = 1, whatever valiie bp 
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assigned to ft ; we must therefore consider the observations^ 
which tMoWf as applying only to cases^ in which a differs essen*' 
tiriiy from unity. 

In order to express more cleai^y, that a has a constant Tallies 
and that the two other quantities b and c are indeterminate, I 
shall represent ^hem by the letters x and y ; we then have the 
equation a' = y, in which each value of y answers to one value of 
Xf so that either of these quantities may be determined by means 
of the other. 

241. This fact, that all numbers may be produced by means 
of the powers of one, is very interesting, not ouiy when con- 
sidered in relation to algebra, but also on account of tlie facility, 
with which it enables us to abridge numerical calculations. In- 
deed, if we take another number 9', and designate by xf the cor- 
responding value of a:, we shall have af^ = y', and consequently, 
if we multiply y by yf, we have 

y y'^r a* X a*' = a*+*'; 
ii we divide the same, the one by the other, we find 

y fl* 
lastly 5 if we take the m^ pow^ of y, and the n^ root, we have 

y~ = (a*)*" = fl^ 
for the one, and 



n 



y* = (a*y = a 
for the other. 

It follows from the two first results, that knowing the exponents 

X and a/ belonging to the numbers y and y, we may, by taking 

their sum, find the exponent, which answers to the product y y', 

and by taking their difference, that whicli answers to the quo- 

tient ^« From the two last equations it is evident, that the ex- 

y 

ponent belonging to the m^ pow^r of y may be obtained by sim- 
ple multiplication, and that, which answers to the vf^ root, by 
simple division. 

Hence it is obvious, ihat by means of a table, in which against 
die several nunlbers y, are placed the corresponding values of 
x, y being given, we may find x^ and the reverse ; and the 
multipiicatum of any two numbers is redwced to simple additionf 
because, instead of employing these numbers in the operation, 
we may add the corresponding values of x, and then seeking 
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in the table the number^ to which this sum answers, we obtain 
Ibe product required. The quotient of the proposed numbers^ 
may be found, in the same table, opposite the difference be- 
tween the corresponding values of ooy and therefore division t^ 
performed by means of svbtraciiinu 

These two examples will be sufficient to enable us to form an 
idea of the utility of tables of the kind here described, which 
have been applied to many other purposes since the time of Na^ 
pier, by whom they were invented. The values of x are termed 
logarithm's, and consequently logarithms are the exponents of the 
powers, to which a constant number must be raised, in order tliat 
ail possible numbers may be successively deduced from it. 

Tlie constant nuniber is Cfdled the base of the table or system of 
logarithms. 

1 shall, in future, represent the logarithm of y by l;^,; we have 
then J? = ly, and since y = u^, we ure furnished with the equa- 
Jtion y = aK 

242. As the properties of logarithms are independent of any 
particular value of the number a, or of their base, we may form 
^n infinite variety of different tables by giving to this number all 
possible values, except unity. Taking, for example, a =10, 
we have y = (10)% and -we discover at once that tiiie numbers 

1, 10, 100, 1000, 10000, 100000, &C. 
which are all powers of IX), have for logarithms, the numbers 
0, 1, 2, 3, 4, 5, &c. 

The properties mentioned in the preceding article may be 
verified in this series ; thus if we add together the logarithms 
of 10 and 1000, which are 1 and 3, we perceive, that their sum 
4 is found directly under 10000, which is the product of the pro- 
, posed numbers. 

243. The logarithms of the intermediate numhers, between 
I and 10, 10 and 100, 100 and 1000, &c. can be found only by 
approximation. To obtain, for example, the logarithm of 2, we 
must resolve the equation (10)* = 2, by the method given in art 
221, finding first the entire number approaching nearest to the 
value of or. It is obvious at once, that x is bd;ween and 1, 

since (10)® = 1, (10)* = 10 ; we make therefore ir= — , the 

1 
equation then becomes (10)* = 2, or 10=2*; now » is found 
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between 3 and 4 ^ we suppose therefore %=zS + -^.and hence 

10 = 2 ^*' = 2» X a*' = 8 X 2** 

or 2«' = V=f, 

or lastly 2 = (f )*'. 

As the value of »' is between 3 and 4^ we make 

1 

»' = 3 + *"5 
we have then 

whence we obtain 

1 

and after a few trials we discover that »" is between 9 and 10; 
The operation may be continued further ; but as I have exhibited 
this process merely to show the possibility of finding the loga- 
rithms of all numbers^ I shall confine myself, to the supposition 
of ^''^rs 9 ^ we have then, going back through the several steps>. 

This value of Xy reduced to decimals^ is exact to the fourth 

figure, as it gives 

X = 0,30107. 

By calculations carried, to a greater degree of exactness it is- 

found, that 

a? = 0,30 10300, 

the decimal figures being extended to seven places. 

Regarding this value of a: as an exponent, we must conceive 
the number 10 to be raised to the power denoted by the number 
3010300, and the root of the result to be taken for the degree de- 
noted by 10000000 \ we thus arrive at a niunber approaching^ 

8010 300 

very nearly to 2 ; that is (10) TTnnru^ir^u^ --. 2, very nearly ; the 

_3 1 o 2 9 r 

first member is a little greater than 2; but (10) i^^^^^^^is 
smaDer."^ 

* The method explained in this article becomes impracticable, 
when the numbers, the logarithms of which are required, are l&rge^ 
another method however, which may be very useful, is given by Long^ 
an English geometer, in the Fhilasophical Transactions for the year 
1^24,. No. 339. 



£48 EUmtxds rf JUgebra. 

£44. By multiply iDg the logarithm of £ successively by Z, 3| 
4, &c. we obtain logarithms of the numbers 4, S, 16^ &c. which 
are the 2^, 3^, 4*, &c. powers of 2. 

By adding to the logarithm of 2 the logarithms of 10» 100, 

IOOO9 &c. we obtain those of 20, 200, 2000, &c. it is evident 

therefore, that if we have the logarithms of the former numbers, 

we may find the logarithms of all numbers composed of them, 

which latter can be only powers or products of the former. 

The number 210, for example, being equal to 

2X3X5X7, 
its logarithm is equal to 

12+13+I5+Ir, 

and since 5 = V^ we have 

15 = 110 — 12. 



As the proeess for determining x in the equation (10)^ « y is 
very laborioas, we may, reversing the order, furnish ourselves with 
the several expressions for or, then forming a table of the values of y 
correspondir^ to those of Xf we shall afterwards, as will be perceived, 
be able, in any particular case, to determine x by means of ^. 

"W e take first for x the values comprehended between 0,1 and 

0,9 ; we have then only to determine tiie value of y, which answers to 

1 
07 = 0,1, or (10)^^, because the several other values of y, namely 

(10)"^^ (10)T5^,&c. 
are the £^, 3^, &c. powers of the first. 
By extracting the square root, we discover at once, that 

(10)^ or (10)'5^ « 3,162277660 5 
then taking the fifth root of this result, we have 

(10)^'^ ==: 1,258925412. ' 
By a similar process, we deduce from 

(10)^ = 1,258925412 ' 
the value of 



\ (10)^ = (10)^^^ = (10)T^ = 1,1^2018454 5 
then taking the fifth root, we have 

(lO)T^ =. 1,023292992 ; 

and raising the result to the 2^ 3*^ 9^^ powers, we obtaia the 

values of y, corresponding to those of a? comprehended between 0^1 
and 0,09. 
It will be readily seen, that by this method, We may also find the 

\ 
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845. Logaritbtna, vhich ara alwa^ exprefned bj dednuK - 
re composed of two parts, namely^ the units placed on the \tit 
t the comma, and the decimal fl^m found on the ri^L Tha 



lines of y 
aAfiJ3009 



for thotc of ;r between 0,001 ind 0,009, between 0,0001 
thus we shall be furnished with ihe following table; 





NU. Nuou 


Lus. 




0,9 

8 

6 

3 
4 
3 
& 
1 


r,94328t34r 
6,309573445 
5,011872336 
3,981071706 
3,162277660 
3,5tl88643S 
1,995362315 
1,584893195 
1, 2589254 1« 


0,0000!> 
8 
7 
6 

5 
4 
S 
« 

1 


1,000207254 
1,000184234 
1,000161194 
1,000138165 
1,000115136 
1,000092100 
1,000069080 
1,000046053 
1,000023036 


0,09 

6 
7 
6 
S 
4 
S 
2 
1 


1,230268771 
1,202264433 
1,174897555 
1,14B1536S] 
1,132018434 
1,096478196 
1,071519305 
l,04712854B 
1,023392992 


0,00000V; 
8 

G 
S 
4 

£ 
1 


1,000020724 
1,000018421 
1,000016118 
1,000013816 
1.00001 151 3 
1,000009210 
1,000006908 
1,000004605 
1,000009302 


0,809 
8 

6 
5 

4 
3 

2 

1 


l,02U9394B4 
1,018591388 
1,016248694 
r,0139ll386 

1,011579454 
1,009252886 
1,006931669 
1,004615794 
1,002305238 


0,0000009 
8 

7 

e 

5 
4 
3 
2 
1 


1,000002072 
1,000001842 
1,000001611 

K0OO0OI381 
1,000001151 

1,000000921 
1,000000690 
1,000000460 
1.000000250 


0,0008 
8 
7 
6 
5 
4 
S 
9 
1 


1,00:^074473 
1,001843766 
1,001613109 
1,001382306 
1,001151956 
1,000921439 
1,000691015 
1,000460623 
1,000330285 


0,0000000;' 
8 
7 
6 
5 
4 
S 

s 
1 


1,000000207 
1,000000184 
1,000000161 
1,000000138 
1,000000115 
1,000000092 
1,000000069 
1,000000046 
l,0000000il 



By meaiu of thi§ table, we may find the Ic^rithra of any nnmber 
tateror, by diridingh by 10 « sufficient nnmber of times. To obtain, 
■ example, the togtrithm «tf S549, we fint divide thia number by 
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first of these is called the diaraderisHc^ because in the logarithms 
under consideration^ which are adapted to the supposition of 
a = lOf and which are called common logarithms, this part shows^ 

(10)^ or 1000, which is the greatest power of 10 it contains; we 
have then 

2549 = (10)3 X 2^49; 
we then seek in the table the power of 10 immediatel j below 2^49; 
and find 

(10)o»* =2,511886432; 
dividing 2,549 bj this last number, we have 

2,549 = (10)°'^ X 1,014775177. 
Again seeking in the table the power of 10 immediatelj below 
1,014775177 we find 

(10)o>oo6 = 1,013911386; 
then dividing the preceding quotient 1,014775177 by this number, 
we obtain a third quotient 1,000851742. 

This process is to be continued, until we arrive at a quotient, which 
differs from unity only in those decimal places we pr<qK>se to neglect 
If we consider, in the present case, the third quotient as equal to 
unity, the proposed number will be resolved into factors, which will 
be powers of 10, for we shall have 

2549 = (10)3 X (10)^* X (10)o»o«« = (10)»'*oS 
from which it is evident, that 3,406 is the logarithm of the number 
2i49. By extending the divisions to 7 in number, this logarithm will 
be found to be 3,406369. 

The same table enables us with still more ease to find a number b j 
means of its logarithm, as in the following example. 

Let 2,547 be the given logarithm ; the number sought will be 
{10)«.«*7 ^ (10)* X (10)o»« X (lO)O'O* X (10)o»o*^ ; 
it will therefore be equal to the product of the numbers 

(10)a = 100 
{10)0,6 = 3,162277660 
(10)0 04 =1,096478196 
(10)o,Vo7 := 1,016248694 
taken from the table ; and will consequently be 

2,547 == 1 . 352,357. . 
A table of the same kind with the above, but much more extended, 
has been published in England, by Dodson, the object of which is to 
furnish the means of finding tlie number answering to a given loga* 
ritlim. 
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to what order of units the niamber corresponding to the loga- 
rithm belongs* The several logarithms of the numbers between 
1 and IO9 as thejr are between and I, have necessarily for 
their characteristic : those of the numbers between 10 and 100 
have 1 for their characteristic ; those of the numbers between 
100 and 1000 have 2 ; in general, the characteristic of a loga- 
rithm contains as many units, as the proposed number has figures, 
minus one. 

&46. It is important also to remark, that the decimal part of 
the logarithms of numbers, which are decuple the one of the 
other, is the same ; for example, 
the logarithm of 54360 is 4,7352794, 



5436 


3,7352794, 


543,6 


2,7352794, 


54,36 


1,7352794, 


5,436 


0,7352794 ; 



f(N* as eacli of these numbers is the quotient of that, which pre- 
cedes it, divided by 10, the logarithm of the one is found by tak- 
ing an unit from the characteristic of that of the other (241,242). 

247* According to what has been said in art. 240, the loga- 
rithms of fractional numbers are, upon our present hypothesis, 
negative ; and we may easily deduce them from those of entire 
numbers, if we observe that a fraction represents the quotient 
arising from the division of the numerator by the denominator. 
When the numerator is less than the denominator, its logarithm 
is also less, than that of the denominator, and consequently if we 
subtract the latter from the former, the result will be negative. 

In order to obtain the logarithm of the-fraction |, for exam- 
ple, wc subtract from.O, which denotes the logarithms of 1, the 
fraction 0,3010300, which repAsents that of 2 ^ tl^e result is 

— 0,3010300. 

If we subtract from the number 1,3010300, which is the loga- 
rithm of 20, wc have the logarithm of ^*^, equal to 

— 1,3010300. 

The logarithm of 3 being 0,4771213, that of | will be 
0,3010300 — 0,4771213 = — 0,1760913. 
248. It is evident from the manner, in which the logarithms of 
fractions are obtained, that, considered independently of their 
signs, they belong (241) to the quotients, arising from the divis- 
ion of the denominator by the numerator^ and consequently an- 
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8wer to the number^ by which it is necessary to divide uaiigr m 
order to obtain the proposed fraction. Indeed^ |y for ezam]^ 

may be exhibited undei* the form i, and 1 1 s IS — 12 = 091760918. 

It would be inconvenient in order to find the value of a frac? 
iion, to which, a given negative logarithm beloogs^ to employ, 
the number to which the same logarithm answers when pomtive^ 
since it would be necessary to divide unity by this number.; hoi 
if we subtract this logarithm from 1, 2f 3, &c* units, the remain- 
der wiU be the logarithm of a number, which expresses the firac- 
tion sought, when reduced to decimals, since this subtraction 
answers to the division of the numbers 10, 100| 1000, &c, by the 
number to which the proposed logarithm belongs. 

Let there be, for example, ^- 0,3010300 ; if without regard- 
ing the sign, we take this logarithm from 1, or 1,0000000, the 
remainder 0, 6989700, being the logarithm of 5, shows, that tfa^ 
fraction sought is equal to 0,5, since we supposed unity to be 
composed of 10 parts. 

If in seeking the logarithm of a fraction, we conceive unity is 
be made up of 10, or 100, or 1000, &c, parts, or which ammmti 
to the same thing, if we augment the characteristic of the loga- 
rithm of the numerator by a number of units suflScient to enable 
lis to subtract that of the denominator from it, we obtain in this 
way a positive logarithm, which may be employed in the place of 
that indicated above. 

In order to introduce uniformity into our calculations, we 
most frequently augment the characteristic of the logarithm of 
the numerator by 10 units. If we do this with respect to the 
fraction f, for example, we have 

10,3010300 — 0,4rrifil3 = 9,8239087. 
It will be readily seen, that this logarithm exceeds the nega- 
tive logarithm — 0,1760913 by 10 units, and that consequenitly» 
whenever we add it to others, we introduce 10 units too much 
into the result ; but the subtraction of these ten units is easily 
pertbrroed and by performing it we effect at the same time the 
subtraction of 0,1760913. Let A* be the number, to which we 
add the positive logarithm 9,8239087 ; the result of the operation 
will be represented by 

JV*+ 10 — 0,17609135 
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nd if ne Bubtract 10^ we have simply 

JV— 0,1760913. 

According to ttie preceding obsenrationB, we cause addition to 
take the place of subtraction, by employing, instead of the num* 
bertobe subtracted, its arithmetical complement, that is, what 
remains, when this number is subtracted from one of the num* 
bers 10, 100, lOOO, &c. a result, which is obtained by taking 
the units of the proposed number from 10 and the several other 
fig^ures from 9. We add this complement to the number, 
from which the proposed logarithm is to be subtracted » and from 
the sum subtract an unit of tlie same order as the complement. 

It is evident, that if the complement is repeated several times, 
we must subtract after the addition, as many units of the same 
order with the complement, as there are in the number, by which 
it is multiplied ; and for the same reason, if several complements 
are employed, we must subtract for each an unit of the same 
order* or as many units as there are complements, if they are 
all of the same order. 

Sometimes this subtraction cannot be effected ; in this case, 
the result is the arithmetical complement of the logarithm of a 
fhurtion, and answers in the tables to the expression of this frac- 
tion reduced to decimals. If 10 units remain to be taken from the 
characteristic, as is most frequently the case, the result is the 
same as if we had multiplied by 10000000000 the numerator of 
the fraction sought, in order to render it divisible by the denom- 
inator ; the characteristic of the logarithm of the quotient shows 
the highest order of the units contained in this quotient, consider- 
ed with reference to those of the dividend. In 9,8239087, the 
characteristic 9 shows, that the quotient must have one figure 
less than the number, by which we have multiplied unity; and 
consequently if we separate 10 figures for decimals, the first 
significant figure on the left will be tens ; and we\sball find only 
hundredths, thousands, &c. for the numbers the arithmetical 
complements of which have 8, 7, &c. for their characteristics. 

349. What has been said respecting the sijstem of logarithms, 
in which a = 10, brings into view the general principles neces- 
sary for understanding the nature of the tables ; for more particu- 
lar information the learner is referred to the tables themselves, 
which usually contain the requisite instruction relating to their 
arrangement and the method of using them. I will merely 
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mention the tables of Callet, stereotype edition, and those of 
Borda, as very complete and very convenient. 

250. If we have the logarithm of a number y for a particular 
value of a. Or for a particular base, it is easy to obtain the loga- 
rithm of the same number in any other system. If we have 
a* = y ; for another base A^ we have ^^ = y, X being diflTeront 
from X ; hence we deduce wf = a'. Taking the logaritiims ac- 
cording to the system the base of which is a, we have 

. l.^=la'; 
BOW 1 a' = a: by hypothesis, and 1 wfl* = XI •fl (24 1) ; therefore 

Xl«^ = a7,orX==^; but if we consider .^ as a base, X will be 

the logarithm of y in the system founded on this base ^ if there- 
fore we designate this last by Ly, in order to distinguish it from 
the other, we have 

and we find the logarithm of y in the second system, by iiroiding its 
logariihm taken in the first by the logarithm of the base of tht 
second system. 

The preceding equation gives also ^ = 1 -^ j from which it is 

evident, that whatever be the number y, there is betwean the 
logarithms 1 y and L?/, a ratio invariably represented by Iwf. 

251. Ill every system the logarithm of 1 is always 0, since 
whatever be the value of a we have always a^ = I. As loga- 
rithms may go on increasing indefinitely, they are said to be- 
come infinite at the same time with the corresponding numb^^ ; 

and as, when i/ is a fractional number, we have y = — = a""*, it 

tt 

is evident, tbat in proportion as y becomes smaller, x in its nega- 
tive state becomes greater, but we can never assign for x a 
number, which shall render y strictly nothing. In this sense it 
is said, that the logarithm of %ero is equal to an infinite negative 
quantity f as we find in many tables. 

252. I now proceed to give some examples of the use, which 
may be made of logarithms in finding the numerical value of 
formulas. It follows from what is said in art. 241 , and from the 
definition of logarithms, by which we are furnished with the 
equation a*^ = y, that 
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1 1 

n 
Applying these principles to the formula 



s 
Cs/D^EF 

which is Very complicated, we find 



9 



1 {A^ s/B* — C«) = 1 [J» s/{B + C){h— cy] 



\{Cs/D^EF)::=lC + i\D + \\E + i\F, 
and consequently 

V cI/Wef J 

If we take the arithmetical complements of 1 C, 1 1 jD, -^ 1 J^, -^ IF, 
designating them by (f, ff, Fly F\ instead of the preceding re- 
sult, we have 

9l^ + |l(5 + C) + |l(5 — CO + C' + iX + ^ + F', 
only we must observe to subtract from the sum as many units of 
the same order with the complements, as there are complements 
taken, that is 4. When we have found the logarithm of the pro- 
posed formula, the tables will show the number, to which this 
logarithm belongs, which will be the value sought. 

£53* Logarithms are of most frequent use in finding the 
fourth term of a proportion. It is evident, that if a : b : : 6 : d we 

have 

he 
d=: — , whence ld:=l&-f-lc — la: 
a 

that is, the logarithm of the fourth term sought is equal to the sum 

of the logarithms oj the two means f diminished by the logarithm of 

the known extreme, or rather to the sum of the logarithms of the 

means phis the arithmetical complemetU of the logarithm of the 

known extreme, 

254. If we take the logarithms of each member of the equa- 

tion _=— , which presents the character of a proportion, we 

AC 

have 

li— la=:l<i — lo(fl52); 
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whence it follows^ that the four logarithms 

form an eqnidiflference (2S$). 
The series of equations 

a c o A 

leads also to w 

Ifr— la = lc— Usld— lc=le— Id&c. 
and hence we infer^ that the progression by quotients^ 

H- a : ft : c : d : e, &c 
corresponds to flie progression by differences^ 

'^la.lbAeAdmle, &c. 
and consequently the loganthms rf fmmbergin jfogrtmon ftjf qm- 
tuntSfform a progre!$sion by differmces. 

&55. If we have the equation h^szc, we may easily re- 
solve it by means of logarithms ; for as 1 6* is equal to a; 1 i^ 

le 
we have « 1 6 = 1 c^ and consequently x si q.' The equation 

X 

lfz=:d may be resolved in the same manner ; making c* = % ws 
have 

b^=zd, ulbzsldf ^ = TT9 ^^ ^^Tl' 

again taking the logarithms, we find 

«lc = l/lj)=lld-116 and « = Ui=iL*. 

In this last expression, 11 ft rrpresents the logarithm of the loga* 
rithm of ft, and is found by considering this logarithm as a nura- 

ber. The quantities ft*, ft' , and all which are derived firom 
them, are called exponential quantities. 

Questions relating to the interest of money. 

S56. The principles of progression by quotients and of loga^ 
rithms will be found to occur in the calculations relating to 
interest. To understand what I have to offer on this subject it 
must he recollected, that the income derived from a sum of money 
employed in trade or in executing some productive work will be 
in proportion to the frequency with which it is exchanged in 
either case. Hence it follows, that he, who borrows a sum at 
money for any purpose^ ought upon returning this money at the 
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expiration of a giren time to allow the lender a premlnvi eqnir* 
alent to the profits^ which he might hare receivedj if he had 
employed it himself. Such is the view in which the subject of 
interest presents itself. In order to determine the interest of 
any sum, we compare this sum with 100 dollars taken as unity^ 
having fixed the premium, which ought to be allowed for this 
Iblast at the end of a particular term, one year for example. I 
shall not here consider those things, which in the different kinds 
of speculation, occasion the rise and fall of interest ; this belongs 
to the elements of political and commercial arithmetic, which 
should he preceded by some account of the doctrine of chances. 
My object in what follows is simply to resolre certain questions, 
which refer themselves to progression by quotients. 

To present the subject in a general point of view, I shtdl sup- 
pose the annual premium^ allowed for a sum 1, to be represented 
by r, r being a fractiop ; it is evident, that the interest of a sum 
100, for the same tim^ will be lOOr, that of any sum whatever 
a will be denoted by a r ^ if we designate this last by ^ we have 

By means of this formula, it is eaBy to find the interest of any- 
sum whatever, when that of 100 or of any other sum, for a known 
time, is given ; questions of tills kind belong to what is called 
simple interest. 

9,57 • But if the lender instead of receiving annually the inter- 
est of his money, leaves it in the hands of the borrower to ac« 
cumulate, together with the original sum, during the following 
year, the value of the whole at the end of this year may be 
found in the following manner. The original sum being a, if 
we add to it the interest ar^ it becomes at the end of the first 
year 

a + ar^a(l +r). 
Now if we make 

a(l+r)=ra', 
the interest of the sum al for one year being a!r, that of t^e sum 
a (1 -f r) will be, for a secondyear, ar (1+0 I ^^^ ^» <^t the end 
of the first year, the principal a, augmented by the interest, be- 
comes a (1 -f- r), the principal o! amounts, at the end of the 
second year to, 

o'(l+r)=a(l+r)»=:a". 
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that we BK«t wtth rdating to tills sabjecL We wj^pos^ that Mm 
lender during a number n of years, adds each, year a wm 
sum, to the amount of this year ; it is required to find wliat 
will be the value of these several sums^ together with the com- 
pound interest that may thence arise, at the ei^iration of tb» 
term proposed. Let a, t, e, d, » • • • k, be tiie sums added the 
first, second, third, fourth, kc. years ; the sum a remaining in tiw 
hands of the borrower during a number n of years, amonnts to 

a(l+r)«; 
ttie sirai b, which remains only «— * 1 years, becomes 

tiMsam e, which remains n — 2 years only, becomes 

and so on ; the last sum, fc, wliich is employed only one year, be* 
comes simply 

*(l+r); 
we have therefore 

w3 = a (1 +r)»+6 f 1 +r)«-* + c (1 +r)»-«. . . • + fc(l +r). 
By calculating the several terms of the second member sepa- 
N rately, we obtain the value of d» 

The operation is very much simplified when 

a = 6 = c = df«.* = ft, 
for in this case we have 

J=:a(l+r)«+a(l+r)»-» + a(l+r)»-«.... + a(l+r); 
the second member of this equation forms a progression by quo- 
tients, of which the first term is a (1 + r), the last term a (1 +r)*, 
the quotient 1 + r, and the sum consequently 

fil±ll:iL=fIl±l)(232)i 
we have therefore in this case 

r 
This equation gives rise also to four questions corresponding to 
those mentiiMied in connexion with the equation 

260. By reversing the case we have been considering we may 
represent those annual sums, or sums due at stated intervals, call- 
ed annmties; here the borrower discharges a debt with the 
interest due upon it by diflferent payments made at regular 
periods^ These payments^ made by the borrower before the 
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ddM in qoMtum is diflchargedU may be conaideredy is mum aiU 
Yanced to the lender toward the discharge of flie deb^ die Yaloe 
of which sums wiH dcspend upon the interval of tiiae between the 
payment and the expiration of the annuity. Thusy if we repre- 
sent each sum by a^ the first paym^itf which will take place 
n*^ 1 years before the expiration of the term of the annuilj^ 
referred to this time, is worth a(t+r)*-^; the secondy re* 
ferred to the same epochs is worth only a (i ^ry^i tlie^hM* 
a (1 -f r)^ and so on to the last, which amounts only to the 
value of a. But on the oflier hand the sum lent being repre- 
sented by A, will be worth in the hands of the borrower^ after n 
years, w9 (1 -f- r)*, which must be equal to the amount of the sot* 
eral payments advanced by him to the lender i we have therefore 

•fl(l + r)«= a (1 + r)»-"H « (1 +ry^+a (1 +r)»-*. . • +a, 
or taking the sum of tiie progression, which constitates the se*^ 
ccmd member 

an equation, in which we may take for the unknown quantity sue-: 
cessively, the quantity .4, which I shall call the vahie of the an* 
unity, because it is the sum, which it represents, the quantity a> 
which is the qaota of the annuity, the quantity r, which is the 
rate of interest, and lastly the quantity n, which denotes the tena 
of the annuity. In order to find this last we must have recounMh, 
to logarithms. We first disengage (1 + r)*^ which |pves 

(»+»•)• =Tir/ 

then taking the logarithms, we have 

nl(l+r)=la~l(a— iflr), 
whence 

*^ 1(1 + r) • 

£61* To give an instance of the application of the above fiuv 
mulas, I shall take the following question. 

Tojind what sum must he paid ammaUai to caned in 12 years a 
debt of 100 dolls, with the interest dwringihat time, the rate cf vn^ 
terest being 5 per cent. 

In this example the quantities given are 

^=100, ^n=12, ^5=g5» 
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and the annuity a is reqoired to be found ; resolving the equation 

^(i+r>=iiiL±i):i=i3 

with reference to the letter Of we have 

Jirfl +r> 

(l+r)«— 1 

The values of the letters A, r and n, are to be substituted in this 
expression ; and it will be found most convenient in the first place 
to calculate^ by the help of logarithms^ the qnantity (1 + r)*, 
which becomes (|^)^^ ; and 

(|^)i> = 1,79586. 
By means of this value^we obtain 

100.^.1,79586 _ 5 . 1,79586 ^ 
^^ 1,79586—1 "" 0,79586 ' 

and determining the values of this last expression either directly 
or by means of logarithms, we find 

fl= 11,2826; 
an annuity of 11,28 dolls, therefore is necessary to cancel in 12 
years a debt of 100 dolls, the rate of interest being 5 per cent. 

262. I am prevented from entering into further details on this 
subject by the limits I have prescribed myself in this treatise ; I 
will merely add therefore, that in order to compare the values of 
different sums, as they concern the person, who pays or receives 
them, they must be reduced to the same epoch, that is we must 
find what they would amount to when referred to the same date. 
A banker, for instance, owes a sum a payable in n years ; as an 
equivalent he gives a note, the nominal value of which is repre- 
sented by b, and which id payable in p years, the first sum, at the 

time the note is given, is worth only 7- r- , because it must 

° "^ (l + r)» 

be considered as the original value of a principal, which amounts 
to a at the expiration of n years ; the sum b, for the same rea- 
son, is worth at the time the note is riven r- : the differ- 

ence 

a b 



(l+r)« {l+ry 
represents thei*efore, according as it is positive or negative, what 
the banker ought to give or receivelby way of balance ; if this 
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balance is not to be jpaid until after a number of years denoted 
by q, c representing its value at the time the exchange is made, 
it will amount at the expiration of this term, to 

c(l+r)S- 
so that it will be equivalent to 

The several sums a, 6 k, in art. £59, were reduced to 

the time of the payment of the sum Ji, and in art. 260, each of 
the payments, as well as the sum Jy was referred to the time, 
when the annuity was to cease. 
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NOTE. 



(PageSL) 



In articles 66 and 75 I have interpreted the negative solutions by 
the examination of the equation, which thej immediately yerifj) as I 
had done before, and this method appeared to me always exact, as 
the object is merely to show, that these solutions have a rational 
sense, since they resolve questions analagous to the one proposed 9 
but there are often several ways of forming these questions, and the 
following, which was communicated to me by M. Francis, a distin- 
guished geometer, Professor at the School of Artillery of Mayence, 
seemed to me more simple, than that given in these Elements. 

^^ He thinks, that we ought to leave out of the enunciation of the 
question of art. 65 the idea of the departure of the couriers, and to 
suppose them to have been travelling from an indefinite time ; the 
question then would be stated thus. Two couriers travel the same 
route in the same direction C A B C (page 72) ; after they havepro- 
ceededj each a certain time, one finds himself in A at the instant that 
the other is in B ; their distance and rate of going are known ; itis 
asked, at what point of the route they w%U encounter each other*^' 

This enunciation leads to the same equation, as that of art. 65 ; 
but '^ the continuity of the motion being once established, the negative 
solution admits of an explanation without the necessity of changing 
the direction of one of the couriers. Indeed, since their motion does 
not commence at the points •^ and B, but both, before arriving at 
these points, are supposed to have been going in the same manner for 
an indefinite time from C toward B, it is easy to conceive, that the 
courier, who at this point is in advance of the one at Ji, who travels 
slower, must at a certain time have been behind him and have over- 
taken him before his arrival at the point w9. The sign — « then indi-^ 
cates (as in the application of Algebra to Geometry) that the distance 
•fl JB' is to be taken in a direction opposite to ^ Rj which is regarded 

as positive* The change, to be made in the enunciation, to render 

34 
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the negative solution positive, is reduced to supposing, that the two 
couriers must have come together before their arrival at the point A, 
instead of its taking place afterward." 

Indeed, when we place the point R' between A and C instead of 
putting it between A and 5, we find AB^BR' — AR'^ whence re- 
sults the equation y— a: =fl, instead of a? — y= ff, which we first 
obtained ; and there is no need of changing the sign of c, the second 

equation remaining --.•= ^. 

be 

M. Fran^ais applies not less happily these considerations to the 

case of art. 75j by substituting, for the couriers, moveable bodies^ 

subjected to a continued motion commencing from an indefinite time. 

lie enunciates the problem thus. '^ Two moveable, bodies are carried 

uniformly in a straight line C B (page 80) one in the direction B C 

and the otlier in the direction C B with given velocities ; tkat^ which 

is carried in tlie first direction^ is found in B, a Icnown number of 

hours before the otlier has arrived at A^ it is asked at what point of 

the indefinite straight line B C their meeting takes place ? 

The solution x = — 4 &"*'»• implies, that the two moveable bodies 

met at tlie point R^ before tliat, which is carried f -om C towards B^ 

had reached tlie point A^ and that the second, which moves from B 

towards C, was at the point C, where he is found when the other is at 

the point AP 

Tlie position assigned to the point jR, verifies itself bj observing, 

that there results from it A C = B C — A B = cd — a, instead of 

jjc cd ■^■" a ^•-" J? 
a + cdf as first obtained (page 80,) and consequently -r- ss , 

an equation which gives or = 48. 

In this manner there is no change to be made in the direction of 
the motion ; indeed there is a difference in the circumstances of the 
problem, and as I said before, this proves, that there are several phys- 
ical questions corresponding to the same mathematical relations. But 
the enunciations, here given, have the advantage of not breaking the 
law of continuity, and this is derived from the consideration of lines, 
which represent, in a manner the most simple and general, the cir- 
cumstances of a change of sign in magnitudes. (See the Elementary 
Treatise of Trigonometry and Application of Algebra to Geometry.) 
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NOTE. 

(page 185,) 

It may be thought that^ iu order to discover the roots of any equa- 
tion of the fourth degree 

a:* +px^ + qx^ +r j? + s asO, 
it would be sufficient to compare it with the product of article 183) 
observing to put equal to each other the quantities by which the 
same power of x is multiplied ; and it is in this manner that most 
elementary writers think to demonstrate, that an equation of any 
degree whatever is the product of as many simple factors^ as there 
are units in the exponent of its degree, it will be seen by what fol- 
lows, that the reasouing by which this is attempted to be proved, is 
defective. We stated the proposition with qualification in article 
IBS, because it is necessary, in order to establish it unconditionally} 
to show that an equation of whatever degree has a root, real or imagi- 
nary, which is not easily done in an elementary work, and which 
happily is not necessary. Some remarks relating to this subject may 
be found in the Supplement. 
By forming the equations 

— a — & — c — (]{=p 

ab + ac + ad + bc + bd + cd = q 

-^abC'-^abd'~'acd''^bcd=sr 

abed =»s \ 

in order to deduce from them the value of the letters a, 6, c, d^ the 
roots of the proposed equation, the calculation would be very com- 
plicated, if, in the determination of the unknown quantities a, 6, c, d^ 
we adopt the method of article 78 ; but if we multiply the first of the 
above equations by a^, the second by a^, the third by a, and add 
these three products to the fourth, member to member, we shall have 

— a* = pfl* -t-ga* + ra + Sj 
from which we derive, by simple transposition, 

a* + pa* +^ a« + ra +ss=0. 
This equation contains only a, but it is entirely similar to the one 
proposed. The difficulty of obtaining a therefore i& the same as that 
of obtaining x, 
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<<Thus,'* says Castillon (M6m. de Berlin, ann^e 1789) "< it is 
shown in every work on algebra, that an equation, of any degree we 
please, is formed of several simple binomials, but it is not so evident 
that an equation, formed by the multiplication of several simple bi- 
nomials, can have such cocfRcients as we please." 

If instead of multiplying the three first equations in a, 6, c, d, by 
a', a', and a respectively, we multiply them by 0^, ft', and (, or by 
c^, c*, c, or by d^, d*^ d, and add the prodacts to the fourth equa- 
tion, we shall have in the first 

— M Tsip 63 + g ft* + r ft + *, 
in the second 

in the third ' • 

— rf*«prf3+gda+rrf + sj 

from which it follows, that we are conducted to tho same eqaation in 
the case of n, in that of ft, &c« Indeed the quantities a, ft^ c, df being 
all -disposed in the same manner in each equation, it is not to be sop^ 
posed that one should be detennined by a different operation from 
that of the others } and in general, if in the investigation of several 
unknown quantities, we are obliged to employ for each the same 
reasonings, the same operations, and the same known quantities, aU 
these quantities will necessaiily be roots of the same eqoatidn* 
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